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INTRODUCTION 


Nautical astronomy is a science that combines two areas of-know- 
ledge: navigation and astronomy. 

All the sciences that contribute to navigation have one basic aim— 
(o ensure safe, rapid and economical transportation from one point to 
another by sea. It is here that astronomy is linked with navigation. 

Navigation, as we know, deals not only with the solution of gene- 
ral geographical problems that arise when travelling by sea (the 
shape and dimensions of the earth, cartography and its applications, 
ic.) but also with determining positions and instrument corrections 
lrom observations of terrestrial objects like beacons, signs and so 
forth. 

The solution of these very same problems via the observation of 
celestial bodies is considered in nautical astronomy. Thus, here, 
celestial bodies are the objects of observation. Hence, nautical astro- 
nomy is intimately bound up with astronomy as such. 

let us take a look at the subject of astronomy, its subdivisions, 
wnd the place that is occupied by nautical astronomy. 

Strictly speaking, astronomy is the science of celestial bodies. For 
u long time, astronomy dealt only with the movements of celestial 
ladies. However, at the present time astronomers investigate all 
observable mechanical, physical, chemical and biological processes 
accurring in the universe, so that we must define astronomy as the 
science of the structure and development of the universe. This multi- 
plicily of objects of study has led to the subdivision of astronomy 
into a number of specialized fields. 

Spherical astronomy studies methods of constructing coordinate 
nyvatems of astronomical bodies on the surface of an auxiliary sphere, 
(lu variation of these coordinates due to a variety of causes, and 
ulmo (he principles of measuring time. 

2* 
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Practical astronomy studies methods of determining the coordina- 
tes of celestial bodies from observations, the methods of obtaining 
from astronomical observations geographical coordinates of the 
observer, true directions on the earth’s surface, exact time, and so 
on. Practical astronomy also deals with instruments used for obser- 
vations and with methods of operating them. 

Depending upon the aims of such observations and also on the 
techniques and facilities employed, practical astronomy is subdivi- 
ded into four independent areas: 


(a) observatory astronomy (sometimes called fundamental astro- 
nomy), in which the observations are carried out by large stationary 
observatory instruments, by special high-precision methods, while 
the results of observations mainly serve basic scientific purposes and 
are used as starting data for the general solution of theoretical and 
practical problems; 

(b) geodetic astronomy (or field astronomy), in which observations 
are carried out with precision instruments moved from point to 
point on land (under field conditions) and serve mainly the purely 
practical aims of determining the coordinates of a point and true 
directions; 

(c) nautical astronomy, in which these very same problems are 
solved at sea with cruder instruments and with less accuracy; 

(d) aviation astronomy, in which the very same problems are 
solved in application to aircraft transport; the accuracy is still 
lower than in nautical astronomy. 

Celestial mechanics applies the laws of mechanics and the law of 
universal gravitation to the study of the true motions of astrono- 
mical bodies in space, their masses and shapes. This branch is closely 
tied in with theoretical astronomy. 

Theoretical astronomy is engaged in studying methods of determi- 
ning the apparent motions and positions of celestial bodies on the 
sphere on the basis of their actual motions in space (computation 
of ephemerides), and, conversely, methods of determining the true 
movements from the apparent positions of celestial bodies on the 
sphere and in determined time (computation of orbits). 

Astrophysics investigates the physical and chemical processes that 
occur on Celestial bodies and in the universe at large. 
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Stellar astronomy studies the distribution of stars (and matter) 
in space, their classification, and so forth; it likewise makes a study 
of all the processes that occur in stellar worlds. 
Radio astronomy studies the radio emission of celestial bodies and 
(he requisite techniques and facilities. This branch appeared after 
the Second World War and has been expanding rapidly. 


Astrobiology deals with problems of life, the possibility of life 
und the conditions of life on celestial bodies, the planets of the solar 
xystem for example. , ~ 


Cosmogony considers problems of the origin and development of 
celestial bodies, their systems and also of other accumulations of 
inatter in space. 


General (or descriptive) astronomy gives brief outlines of all the 
branches of astronomy for the purpose of general surveys of methods 
und results and for educational purposes. 

All the above-mentioned branches of astronomy are closely re- 
luted as to objects of observation and the techniques employed. 

Nautical astronomy employs the general methods of practical 
und spherical astronomy, but the results of observations and computa- 
tions serve the purposes of navigation. For this reason, the demands 
lmmposed on nautical astronomical observations and their treatment 
ure quite different from those relating to “land” observations, namely: 
(1) the observations have to be made quickly and with sufficient 
accuracy from the deck of a moving ship; (2) the computations must 
he simple and handled rapidly and accurately by one person. These 
requirements have led to the construction of specialized instruments, 
methods and manuals that differ considerably from the “land” type. 
Al present, the methods of nautical astronomy are so simplified and 
udapted to navigation that nautical astronomy is sometimes regarded 
4 u Component part of the former (celestial navigation)—a kind of 
uxt{ronomical check on the plotting of courses. However, this view 
1m somewhat limited since nautical astronomy handles certain other 
uuvigational needs as well: determination of the natural lighting 
af the horizon by celestial bodies, the time service, and others. 
Therefore, the subject of nautical astronomy may be defined as 
the application of astronomical knowledge to the needs of naviga- 
Hon, 
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The basic problems handled by nautical astronomy are: determi- 
ning positions at sea from observations of astronomical bodies and 
determining true directions to obtain compass corrections. 

Astronomical determinations at sea are widely employed both 
in routine sailing in the open sea and, especially, in areas poorly 
equipped with radio facilities. At the present time, compass correcti- 
ons in the open sea can still be made only by methods of nautical 
astronomy. 

The methods of nautical astronomy are in certain respects inferior 
to radio techniques, but the former have a number of advantages, 
which include complete independence, secrecy of determinations, 
relatively high accuracy with simple and cheap apparatus, which 
has the added advantage of not requiring sources of electricity. 
At the same time, astronomical methods have a number of definite 
drawbacks: they are hampered by bad visibility and time-consuming 
computations, which sometimes restrict their application. 

The course of nautical astronomy includes the following basic 
divisions: 

(1) the principles of spherical astronomy, which studies the coor- 
dinates of celestial bodies and their variations and timekeeping; 

(2) instruments of nautical astronomy, which include the sextant, 
the chronometer, the celestial globe and dipmeter; 

(3) methods of determining compass corrections; 

(4) methods of determining the position of a ship at sea or its 
coordinates. 

In the U.S.S.R., the following tables are used for solving astro- 
nomical problems at sea: The Nautical Astronomical Almanac (MAE), 
Nautical Tables (MT-63) and special tables “TBA-57”, “BAC-58”", 
“Azimuth Tables of Celestial Bodies”, and others. 


PART ONE 


THE PRINCIPLES OF SPHERICAL 
ASTRONOMY AND THE NAUTICAL 
ASTRONOMICAL ALMANAC (MAE) 


C H APT E R 1 


THE SPHERICAL COORDINATES OF CELESTIAL BODIES 


SEC. 1. THE CELESTIAL SPHERE 


When solving astronomical problems, it is frequently necessary 
to establish exact mathematical relationships between various direc- 
lions in space and to analyze their variations. 

The simplest way to obtain such relationships is by means of a so- 
called auxiliary sphere (see Appendix JI). The auxiliary sphere is 
introduced for passing from directions and angles in space to points, 
lines and triangles on the surface of a sphere, which permits us to 
utilize the formulas of spherical trigonometry and thus to simplify 
the solution of such problems. 

In astronomy, wide use is made of a special auxiliary sphere 
(called the celestial sphere) with systems of spherical coordinates 
constructed on it and with the indicated positions of celestial bodies. 
This auxiliary sphere is a purely mathematical construction and 
should in no way be identified with the actually observed vault of 
the heavens. 

The significance of the celestial sphere is not confined to the solu- 
tion of problems on finding angles in space; the sphere likewise gives. 
n pictorial view of various movements of celestial bodies. 

‘he centre of the celestial sphere, as an auxiliary mathematical 
coustruction, can obviously be located at any arbitrary point of 
yyuuces however, its construction is much more pictorial and conve- 
nient if the centre is assumed at certain specific points like, say, the 
wve of the observer, the centre of the earth, or the centre of the solar 
xyslem. [t will vary accordingly. Incidentally, it is very simple to. 
puss from one representation to another, for they actually repre- 
non the same auxiliary sphere. Representation of the celestial sphere 
with contre at the centre of the earth is inherited from the ancients. 
wud their view of the world system. | 

let us first consider a construction of the celestial sphere on the 
weaimiption that its centre coincides with the observer’s eye on the 
mirth's surface, and then transfer it to an arbitrary point. In Fig. 1 
wi lave the earth, PyPg is the earth’s axis, points Py and Pg are 
(ls north and south geographic poles, and eq is the earth’s equator. 
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An observer is located at A, the geographic latitude of which is 
~--arc eA. If we take the earth to be a sphere, then the radius AC 
will represent the plumb-line direction for the observer; the plane 
H, tangent to the earth’s surface at A and perpendicular to the 
plumb. line, will represent the plane of the true or mathematical 
horizon of the observer; the line NS, which lies in the plane of the 
geographic meridian, and the line EW, which is perpendicular to it, 


Fig. 1 


determine the main directions or the points of the compass for 
this observer. Let us also assume that the straight lines As,; As); 
As, ... represent directions to celestial bodies s,; sj; s, ... loca- 
ted in space at different distances from the observer. 

Let us now construct a sphere of arbitrary radius with centre at A 
and draw, through its centre, lines and planes parallel to the cor- 
responding lines on the earth. From the figure it will be seen that, 
where the planes of the true horizon, the geographic meridian and 
the plane parallel to the equator intersect the sphere, they form 
great circles. In this way the celestial sphere produces a geometric 
representation of the sky. 

As constructed, the line P yA, which is parallel to the earth’s 
axis, forms with the plane H an angle equal to the geographic lati- 
tude @. On the surface of the sphere, we can obtain the points s,, 
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S$», S$; and so forth, which are projections on this sphere of the apparent 
directions from the centre of the sphere to celestial bodies. If such 
a sphere is put into motion in the direction from E to W (as indi- 
cated by the arrow) with the velocity of the earth’s rotation, then 
the diurnal motion of the celestial bodies for a given observer will 
be completely reproduced. 

However, as we have already pointed out, to construct a celestial 
sphere and solve problems there is no necessity to put the centre 


in the eye of the observer. All constructions may be carried out at an 
arbitrary point O of space. Through O (Fig. 2) draw lines and planes 
parallel to the corresponding directions and planes on the earth. It 
is clear that the points and lines obtained on the sphere will have 
(he same configuration as those seen by an observer at A (see Fig. 1). 
This auxiliary sphere of arbitrary radius with centre at an arbitrary 
point of space and with indicated basic lines and locations of celestial 
hadies is called a celestial sphere.* 

In Fig. 2, let the diameter ZOn be drawn parallel to the plumb 
line AC (see Fig. 1); its intersection with the sphere yields two 
points: the zenith Z, which represents the uppermost point of the 
sphere (above the observer’s head), and the nadir n, a point opposite 
the zenith. 

If the sphere is cut by a plane parallel to the true horizon, we 
ul (on the surface of the sphere) a great circle NESW, which is called 
(lhe celestial horizon. This circle divides the sphere into two parts: 


* It should be borne in mind that spherical astronomy deals with a conven- 
fional representation of the sphere (Fig. 2) which does not correspond exactly 
(4 its perspective but is more convenient. 
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the visible hemisphere, that above the horizon with the zenith, and 
that located below the horizon. 

If the sphere is cut by a plane parallel to the geographic meridian 
of the observer, we get, on the surface of the sphere, a great circle 
PynPsZ, called the observer’s meridian or the local meridian. 

The diameter PyPs, parallel to the earth’s axis, is called the 
celestial axis and is an imaginary axis round which occurs the appa- 
rent diurnal rotation of the sphere. The points of intersection of the 
celestial axis with the celestial sphere are called the celestial poles, 
the closest to the north pole of the earth being called the north pole 
Py, and the closest to the south pole of the earth, the south pole 
Ps. 

During the diurnal rotation of the celestial sphere, the celestial 
poles remain stationary. The celestial pole located in the part above 
the horizon is termed the elevated pole, that below the horizon, the 
depressed pole. 

The intersection of the plane of the true horizon with the plane 
of the observer’s meridian defines the noon line NS, whose inter- 
section with the sphere yields the points N and S. 

Intersection of the plane parallel to that of the earth’s equator 
eq with the sphere yields the great circle KQ, which is known as the 
celestial equator. Its plane is perpendicular to the celestial axis 
P yPg. The celestial equator divides the sphere into two parts: nor- 
thern and southern hemispheres, in accord with the names of the poles. 

Intersection of the plane of the celestial equator with the plane 
of the true horizon defines the line EW, which is perpendicular , 
to the upper meridian. Intersection of the celestial equator with the 
celestial horizon, yields points E and W on the sphere. 

The observer's meridian divides the sphere into two parts: eastern 
(E) and western (W). 

The directions NS and EW divide the plane of the true horizon 
into four quadrants: NE, SE, SW and NW. 

From Figs. 1 and 2 it will be seen that for northern geographic 
latitude of the position of the observer, the north pole of the cele- 
stial sphere P , will be the elevated pole; and for an observer located 
in a southern latitude, Ps will be the elevated pole, so that the 
name of the elevated pole is always in accord with the name of the geo- 
graphic latitude of the observer. 

From the construction of the sphere it will be seen that no matter 
which pole is elevated (N or S), the closest point to Py on the hori- 
zon will be N, and the closest point to Ps will be S. It should also 
be noted that the celestial axis (points Py and Pg) divides the 
observer’s meridian into two parts: the upper branch PyZPs, on 
which the zenith point is located, and the lower branch PynPg 
with the nadir (the wavy line in Fig. 2). 
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If through the centre of the sphere we draw lines parallel to direc- 
(ions towards celestial bodies, we get on its surface the so-called 
apparent places of the bodies s;, S2, $3, etc., which from now on will 
simply be called celestial bodies. 

Let us now introduce systems of auxiliary circles. 

The great circles on the celestial sphere (Fig. 3), whose planes 
pass through the plumb line, are called vertical circles. Each verti- 
cal circle passes through the points Z and n, and the plane of any 
vertical circle is perpendicular to the plane of the true horizon. 

The vertical circle that passes through the place of a_given cele- 
slial body on the sphere is called the vertical circle of this body. When 


Fig. 3 Fig. 4 


using this term, however, we shall mean not the entire vertical 
circle (360°) but only that half of it (from Z to n) which includes the 
celestial body; thus, the vertical circle of some body B is the arc ZBn. 

The vertical circle that passes through the points E and W is 
culled the prime vertical, which is divided into east and west parts 
ly the line Zn. 

Small circles on the sphere with planes parallel to the celestial 
horizon are called parallels of altitude: that one which passes through 
(lhe place of a given celestial body on the sphere is called the parallel 
uf altitude of the given body (aa, in Fig. 3). 

The great circles of the sphere whose planes pass through the 
‘volostial axis are called celestial meridians or declination circles 
(Ii. 4). Thus, every meridian passes through both poles, P yPs, 
und the plane of every meridian is perpendicular to the plane of the 
celestial equator AQ. 
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The meridian passing through the place of a given celestial body 
on the sphere from pole to pole and passing through the body is cal- 
Jed the meridian or declination circle of the body. Thus, the meridian 
of some body B is the arc PyBPsg. 

The small circles of the sphere whose planes are parallel to the 
celestial equator are called parallels of declination (by analogy with 
terrestrial parallels of latitude). The one which passes through the 
place of a given celestial body on the sphere is called the parallel 
of declination of that body (sometimes called daily parallels, since 
celestial bodies describe parallels in their daily motion: bb, in 
Fig. 4). 

Of the infinitude of meridians on the sphere, one is of special 
significance: this is the meridian that passes through the points Z 
and n and is called the observer's meridian. 

At the same time, this meridian is the vertical circle that passes 
through the celestial poles and is called the principal vertical circle. 
Since this particular meridian (and vertical circle) occupies for 
the given observer a very definite and invariable position, it will 
serve as the basic meridian and vertical circle for coordination of cele- 
stial bodies on the sphere. 


SEC. 2. COORDINATES OF CELESTIAL BODIES ON THE CELESTIAL 
SPHERE 


In geography and navigation, the coordinates of various points 
of the earth’s surface are found from their relationship to two mutu- 
ally perpendicular great circles—the equator and the Greenwich 
meridian, which occupy very definite positions on the surface of 
the earth. The same method is employed for developing coordinate 
systems of celestial bodies on the celestial sphere: systems are 
chosen of two mutually perpendicular great circles that occupy 
very definite positions on the celestial sphere. Such systems of 
circles are: 

(1) the celestial horizon and the principal vertical circle (obser- 
ver’s meridian); 

(2) the celestial equator and the observer's meridian; 

(3) the celestial equator and the meridian that passes through 
a definite point of the sphere, the first point of Aries (Y ). 

These circles serve as the basis for three systems of coordinates: 
(he horizon system and two equatorial systems. 

Spherical astronomy makes use of two other systems of coordina- 
(es: an ecliptic system with the ecliptic as the basic circle, and a 
galactic system with the basic circle close to the centre of the Milky 
Way. However, these systems are not used in nautical astronomy. 
The ecliptic system will be briefly discussed in Sec. 14. 
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J. HORIZON COORDINATE SYSTEM 


In this system, the principal direction relative to which the con- 
struction is carried out is the direction of the plumb line; the basic 
circles are the celestial horizon and the principal vertical circle 
(observer’s meridian). The place of any point of the sphere is deter- 
inined relative to these circles by two horizon coordinates: azimuth 
and altitude. 

(1) The azimuth (A) of a celestial body is the arc of the celestial 
horizon which lies between the observer's meridian and the vertical circle 
of the body. 

This arc (for instance VD in Fig. 5) measures the corresponding 
central angle A and, hence, also the spherical angle A at the zenith 


7, x0 that either of these angles may be called the azimuth of the 
badly ©, 

lor this reason, the spherical angle at the zenith between the obser- 
iors meridian and the vertical circle of the celestial body is also called 
the azimuth, 

There are several systems of reckoning azimuth, depending on the 
nlarting point, the direction and the limits used for reckoning. 
Nutitical astronomy makes use of three systems of reckoning azimuth: 
mmlelrenlar (O°-180°), circular (0°-360°), and quadrantal (0°-90°). 

(un) Iu semicircular reckoning, the azimuth (azimuth angle) is 
mewn by the arc of the celestial horizon from the lower branch 
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of the meridian (points N or S) in the direction of E or W to the ver- 
tical circle of the celestial body from 0° to 180°. Since in the inter- 
section of the horizon on the lower branch of the meridian we have 
a point of the compass of the same name as the latitude, the first 
letter of the azimuth designation in semicircular reckoning is always 
the same as the latitude name of the observer. The second letter of the 
designation depends on the half of the sphere (east or west) in which 
the celestial body is located. To take an example, a celestial body’ 
C is written in the semicircular system as follows (Fig. 5): 
A =N 105°E. If the observer is situated in a southern latitude, 
the azimuth of a body will be written as follows: A =S 105°E, 
and so forth. The semicircular system of reckoning azimuth is used 
in solving spherical triangles by means of formulas and tables 
of logarithms, and also with the aid of special tables or instru- 
ments. 

(b) In circular reckoning, the azimuth is measured by the arc of 
the celestial horizon from the point N in an easterly direction to the 
vertical circle of the celestial body, reckoning from 0° to 360°. For 
instance, A = 105°. As may be seen, this computation of azimuths 
coincides with that of the true bearings in navigation. Circular 
computation is used for determining compass corrections. 

(c) In the quadrantal system of computing, azimuth is measured 
by the arc of the horizon from the point N or S towards E or W to 
the vertical circle of the celestial body, reckoning from O° to 90°, 
similar to the quadrantal reckoning of compass points in navigation. 
For example, A = 75°SE (Fig. 5). Quadrantal computation is used 
in one of the formulas of the line of position method. Sometimes 
amplitude is used: the arc from E or W to the vertical circle of the 
celestial body. 

Nautical astronomy requires frequent conversion from one system 
of calculating azimuth to another, and so it is necessary to learn, 
to convert azimuths rapidly and accurately. By way of illustration 
the azimuth of celestial bodies are written as follows in the three 
systems: 


Semicircular Circular Quadrantal 
1. N 118° W = 242° = 62°SW 
2. S 145°W = 325° = 30°NW 
3. S 95°E — 85° = 85°NE 


(2) The altitude (h) of a celestial body is the arc of its vertical circle 
from the celestial horizon to the place of the body on the sphere. This 
arc measures the central angle h; for this reason, the altitude is also 
the vertical angle with the centre of the spheré between the plane of 
the true horizon and the direction to the body. 
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For example, the altitude of a celestial body C is the arc DC or 
(he central angle DOC. Altitude is written thus: h = 47°. 

If the body is above the celestial horizon, then its altitude is 
considered positive (C); but if it is located below the horizon (B), 
(hen its altitude is considered negative. 

rom the definition it follows that no celestial body can have 
wn altitude numerically greater than 90°. The zenith point has an 
wltitude of +90°, the nadir point, —90°. The altitude of any point on 
the horizon is 0°. 

The altitude, as a coordinate of a celestial body, may be replaced 
ly the arc of the vertical circle of the body from the zenith to~the place 
uf the body. This arc is called the zenith distance, and is denoted by z. 
‘hus, the zenith distance of a body C is arc ZC, etc. 

The zenith distance of a celestial body is measured from O° to 
180°. If the body is above the horizon (C), then z< 90°, if it is 
lwlow the horizon (B), then z > 90°. For any point of the horizon, 

90°; for the zenith point, z = 0°; and for the nadir point, z = 
180°. 

As will be seen from the figure, the altitude and zenith distance 
always complement one another to 90°: 


z=90°—h 
an n=90°—2 (1.1) 
ln these formulas, the altitude should be taken with its sign. 
Thus, if A = 47°, then z = 43°; if h = — 29°, then z = 90° — 


( -29°) = 119°; and so forth. 

If a celestial body lies on the observer’s meridian (C’ or C”), then 
ltx altitude is called the meridian altitude and is designated by H; 
i\4 zenith distance is then called the meridian zenith distance (Z). 

‘lo the meridian altitude H and the meridian zenith distance Z 
we add the designations N or S: to the meridian altitude, according 
( the point of the horizon above which this altitude is measured; to 
(lhe moridian zenith distance, the reverse. For example, in Fig. 5, 
tlh calestial body C’ has a south meridian altitude H = 65°S or Z = 

oN, 

‘I'he horizon coordinates A and h that we have just considered are 
lutly sufficient to specify the position of a point on the sphere. A sin- 
nl coordinate defines the position of some one circle of the sphere: 
weimutlh, the position of the vertical circle; altitude, the position 
ul the parallel of altitude. 


Wi, VIRST EQUATORIAL COORDINATE SYSTEM 


ln this system, the principal direction is that of the celestial 
wain, amd the basic circles are the celestial equator KQ and the 
“ulmorver's meridian (Fig. 6). The position of any point of the sphere 


t'th 
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in this system is defined by two equatorial coordinates: the hour 
angle and declination. 

(1) The hour angle (t) of a celestial body is the arc of the equator 
reckoned from the upper meridian of the observer westwards to the meri- 
dian of the body. 

Due to the fact that this are (KAWQD, Fig. 6) measures the angle 
at the centre of the sphere or the spherical angle for the elevated pole, 


Fig. 6 


the hour angle is also defined as the spherical angle for the elevated pole 
between the upper meridian of the observer and the meridian of the 
celestial body. 

An hour angle reckoned westwards can have any value from 0° 
to 360° and is called the west or ordinary hour angle. If the west-hour 
angle is greater than 180°, then its complement to 360° is called the 
east hour angle. For example, a celestial body (Fig. 6) has ¢ = 255°W 
=105°E. The east hour angle can never be more than 180°. | 

The hour angle (east or west, but less than 180°) is used in the 
solution of spherical triangles and is therefore called the practical 
hour angle (east or west, respectively). Obviously, for a celestial 
body situated on the upper meridian, the hour angle ¢ = 0°; for 
the lower meridian, ¢-=180°; for point W—t = 90°W; for point 
E—t = 270°W = 90°E. | 

(2) The declination (5) of a celestial body is the arc of the meridian 
(declination circle) of the body from the celestial equator to the place 
of the body. 
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Due to the fact that this arc measures the central angle 6 (see 
‘ig. 6) in the plane of the meridian, the declination of a celestial 
body is also defined as the angle between the plane of the celestial equator 
and the direction from the centre of the sphere to the body. If the cele- 
stial body is located in the northern hemisphere, then N is prefixed 
to its declination, if it is in the southern hemisphere, S is prefixed. 
Irom the definition of declination it follows that it is measured 
lrom 0° to’90°. The declination of any point of the equator is equal 
to O°, the declination P y is 90°N, while the declination Pg is 90°S. 
The declination of a celestial body C (Fig. 6) is written as 6 = OO N; 
that of celestial body C,, as 6 = 35°S. 

For this equatorial coordinate, in place-of the declination we can 
luke the polar distance (A) of the celestial body; this is the arc of 
the meridian of the body reckoned always from the elevated pole 
(o the place of the body. The polar distance is measured from 0° to 
180°. Thus, for any point of the equator A = 90°, for the elevated 
pole, A = 0°, for the depressed pole, A = 180°. 

The declination 6 and the polar distance A are mutually comple- 
mentary to 90°, that is, 


6=90°—A 


A =90°—6 (1.2) 


The declination and latitude of a place may be of the same name 
(N or S) or of opposite (or contrary) names. 

ln nautical astronomy, declination of the same name as latitude 
lx considered positive (+); declination of name contrary to latitude 
iy considered negative (—). Hence, sometimes south declination is 
liwative and sometimes north declination. 

‘or example, for a body C (see Fig. 6): A == 90° — 55° = 35°: 
for Cy, we get A = 90° — (— 35°) = 125°. -- 

Thus, the position of any point of the sphere is defined by two 
roordinates: £ and 6. The hour angle taken alone defines the position 
ol! the meridian (declination circle), the declination, the position 
uf the parallel of the celestial body. 


tli, SECOND EQUATORIAL COORDINATE SYSTEM 


li this system, the basic circles are the celestial equator and the 
meridian of the vernal equinox (or first point of Aries), which is 
enotled by the symbol Y of the constellation Aries. 

The point Y occupies a very definite place (independent of the 
ilmerver) on the celestial equator; therefore the choice of the meri- 
linn of this point as the reference origin is extremely convenient, 
mqoclally when reckoning time. 
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In this system, the place of a celestial body is determined by two 
equatorial coordinates: right ascension and declination (Fig. 6). 

The right ascension (a) of a celestial body is the arc of the equator 
from the vernal equinox (Y ) to the meridian of the body reckoned from 
0° to 360° in a direction opposite to the reckoning of west hour angles 
(counter to the diurnal rotation of the sphere). For example, a cele- 
stial body C has a = 65°. 

In modern Soviet and foreign manuals (for instance, in nautical 
astronomical almanacs), right ascension of stars is replaced by the 
so-called sidereal hour angle (S.H.A. or t) which is the complement 
of a up to 360°, that is, 


t= 360°—a 


Obviously, the sidereal hour angle t is the arc of the equator from 
the point Y to the meridian of the body reckoning towards west hour 
angles. | 

For instance, for a body C we have a = 65°, t = 295°. 

The quantity t is not generally considered a special coordinate 
but only an auxiliary quantity; however, when it is introduced for 
stars, the coordinate a is no longer needed. Right ascension (or the 
quantity +) defines the position of the meridian of a celestial body 
on the sphere. 

The second coordinate of this system is the declination, 5, which 
was considered in the first equatorial coordinate system. 

Thus, the second equatorial system differs from the first only in 
the position of the initial or prime meridian. . 

To pass from the first equatorial system to the second, and conver- 
sely, all that is needed is to know the position, on the equator, 
of the vernal equinox Y , which is defined at each instant by its west 
hour angle (Fig. 6, the are KWy) denoted by ¢Y. From the figure 
it will be seen that the arc KWD, which is equal to the west hour 
angle of the celestial body C, and the arc Y D, equal to its right ascen- 
sion, are together equal to the arc KWY, that is, to the hour angle 
of the first point of Aries, hence 


t'=t+a (1.3) 


This formula may be used to pass from coordinates of the first 
equatorial system to the second, provided ¢Y is known. 

Later on we shall learn that sidereal time is measured by the 
quantity ¢Y and so the latter may be obtained for any time by a 
chronometer. 

In concluding this examination of systems of spherical coordina- 
tes, let us touch on the question of units of measurement of the 


coordinates. 


4‘. RELATIONSHIP BETWEEN GEOGR. LAT. AND SPHER. COORDINATES 37 


Spherical coordinates are arcs of great circles and so may be measu- 
rod with the same units as arcs and angles, that is, in degrees and 
radians. For conversion from degrees to radians, use Tables 38 MT-63 
or general rules (see Appendix III, 7). 

Time units are also used. Here, the unit is an interval of time 
of 24 hours during which the earth completes one rotation of 360°; 
thus the circle contains 24 hours. Whence we get the following rela- 
tions: 24h = 360°; th = 15°, 1m =15’, 1s = 15” = 0'.25 or 
1° = 4m; 1’ = 4s, etc. The rules for conversion from one system 
(o another are given in Sec. 33. 

Time units are sometimes used to measure the quantities @, t, ¢Y 
und sometimes also geographic longitude. 

For example: a = 220° = 14h 40m; tY = 110° = 7h 20 m, ete. 


SEC. 3. THE RELATIONSHIP BETWEEN THE GEOGRAPHIC 
LATITUDE OF THE OBSERVER’S POSITION AND THE 
SPHERICAL COORDINATES OF POINTS OF THE SPHERE 


The spherical coordinates of certain points of the celestial sphere 
inuy be related to the geographic coordinates of the observer. For 
(he longitude of a place, this problem is rather involved and will be 
considered later on. However, the relationship between geographic 
Intitude and the spherical coordinates of the points Py and Z is 
roadily seen from an inspection of Fig. 1. Indeed, the angles eCA 
wil AAZ are equal as corresponding angles of the parallel lines 
“(’ und KA. Hence, the arc KZ is equal to the latitude @ of the 
pluco, the arc ZP y is equal to 90° — g, the arc PNN is equal to qg, 
wud so forth. But the arc PjN (see Fig. 2) is the altitude of the 
wluvated pole, the arc ZK is the zenith distance of the point K, 
utl the arc ZP y is the zenith distance of the elevated pole (Py), 
lances 

(1) the altitude of the elevated pole, which is equal to the zenith 
(lintunce of point K of the equator, is equal to the eRe lahaene latitude 
uf the observer: 


hp=Ze=9 (1.4) 


(2) the zenith distance of the elevated pole is equal to the 
romplement of the latitude (to 90°), i.e., 


= 90° — (1.5) 


‘Thou arcs may also be expressed in terms of declination. Indeed, 
Inn une AZ is the declination of the zenith, while the arc P yZ is 
Ie polar distance of the zenith, hence: 
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(1) the declination of the zenith is equal to the latitude of the place 
and has the same name, that is, 


z—-® (1.6) 


(2) the polar distance of the zenith is equal to the complement 
of the latitude (to 90°) or 


Az =90°—@ (1.7) 


These relations are very important in constructing the sphere and 
especially in determining geographic latitude. 


SEC. 4. REPRESENTATIONS OF THE CELESTIAL SPHERE USED IN 
NAUTICAL ASTRONOMY 


The representation most frequently used in spherical and nauti- 
cal astronomy is the one we have already considered: the celestial 
sphere is depicted on the plane of the observer’s meridian (see Fig. 2 
et al.), that is, when the meridian of the observer coincides with 
the plane of the drawing. 

However, in a number of cases it is more convenient to use other 
representations of this same auxiliary celestial sphere: (a) in the 
plane of the celestial equator; (b) in the plane of the horizon; (c) 
in the plane of an arbitrary meridian. These representations may 
be spatial and plane. In addition, frequent use is also made ofa repre- 
sentation of the sphere with centre at the earth’s centre. Sometimes 
the sphere is given with the centre at the centre of the solar system. 
All of these representations are actually only different aspects of 
one and the same auxiliary mathematical sphere. Let us consider 
some of the more typical ones. 

Representation of the sphere in the plane of the celestial equator 
is shown in Fig. 7. The circle KWQE represents the celestial equator 
with pole Py at the centre, the straight line KQ is the observer's 
meridian at latitude @y, the lower branch of the meridian is indica- 
ted by a wavy line; the straight lines PyD and PjB are meridians 
of celestial bodies C, and C.; the ellipse NESW is the celestial 
horizon, and the part of the ellipse ZC, n is the vertical circle of C,. 

From an examination of the figure we conclude that this represen- 
tation of the sphere is convenient for reckoning hour angles and 
right ascension of bodies and is not convenient for measuring the 
horizon coordinates A and h. This factor determines its use. 

Let us now consider a representation of the celestial sphere that 
is somewhat different from the foregoing types. In this representa- 
tion (Fig. 8), the centre of the sphere is placed at the centre of the 
earth, while the celestial sphere itself is concentric with the earth, 
which is taken to be a sphere. Here, the celestial sphere remains 
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an auxiliary mathematical construction, but, unlike earlier repre- 
sentations, it holds for all observers on the earth. 

The representation is constructed in the plane of an arbitrary 
celestial meridian, and the radius of the sphere is likewise arbitrary. 
To obtain the basic circles and directions on the celestial sphere, 
it is necessary to continue the basic planes and directions on the earth 
to intersection with the sphere; then we get PyPsg as the celestial 
axis, QQ’ as the celestial equator, and C,;, C. as the places of the 
celestial bodies. 

Let point M be the position of some observer on the surface of 
the earth, whose geographic coordinates are gm and A; p,Mp, is the 
geographic meridian of the observer M; p,Grp, is the initial or prime 
meridian (Greenwich meridian). On the celestial sphere we accor- 
dingly get Z,, (or Z1,,) as the zenith of the observer M; PyZyPs 
as the observer’s meridian (its upper branch); Z,, is the zenith 
of Greenwich; PyZ,,Ps is the upper branch of the Greenwich meri- 
dian; this celestial meridian is taken as the initial one. Hour angles 
are reckoned along the celestial equator Q’Q from the indicated upper 
branches of the meridians (points K and K,). Thus, for the celestial 
body C, we have t¢;,,, the local hour angle, which corresponds to 
the meridian of the position of the observer M, and ¢#,,, which is the 
Greenwich hour angle corresponding to the initial meridian. From 
Fig. 8 it is evident that t;., — tg, = d. 

Let Y be the place of the first point of Aries on the equator, then 
the arc a is the right ascension of C,; it is obvious that. for all obser- 
vers, a will be the same. From the figure it will be seen that the 
equatorial coordinate systems are absolutely analogous to the system 
of geographic coordinates, this makes possible simple conversion from 
the celestial coordinates of points of the sphere to the geographic 
coordinates of the place. In this figure, the coordinates of the hori- 
zon system are represented at the zenith of the observer without 
indicating the horizon. Thus, for the celestial body C, the observer 
M has a zenith distance z, = 90° — h. and azimuth A,.; the arc 
ZiocC2 is the vertical circle of the body. This representation of the 
sphere may readily be reduced to ordinary representation for a given 
observer if we draw a plane through the centre perpendicular to 
the plumb line Z,,.O of the observer. 

Representation of the sphere with centre at the earth’s centre 
is widely used in practical astronomy when considering ways of deter- 
mining geographic coordinates. 

Representation of the sphere in the plane of the horizon of the obser- 
ver is also shown in Fig. 21. 
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CONVERSION FROM ONE SYSTEM OF SPHERICAL 
COORDINATES TO OTHER SYSTEMS 


SEC. 5. CONSTRUCTING THE CELESTIAL. SPHERE 


When solving astronomical problems it is frequently necessary 
(o pass from one coordinate system to another, that is, to transform 
the coordinates of one system to other systems. Transformation of 
coordinates is carried out in a variety of ways: 

(a) graphically (approximately) by means of a drawing of the 
celestial sphere; 

(b) graphically (more precisely) by means of special grids or 
instruments; 

(c) analytically, by the solution of the spherical triangle to the 
roquired accuracy. 

In this section, we shall consider the graphical solution of a prob- 
lom by construction of the celestial sphere. 

Constructing the celestial sphere consists in representing it for 
tho latitude of the observer and indicating on the sphere the equato- 
rlal or horizon coordinate system of the given body. The sphere thus 
obtained not only permits us to get an approximation of the coordi- 
nutes of another system, but also pictorially illustrates a number 
of astronomical phenomena (we shall make wide use of this later on). 

Tho sphere is constructed in the plane of the observer’s meridian 
ly «w conventional drawing; it is also done as if the observer were 
viewing the celestial sphere from the outside. 

llore are some pointers that should be remembered when making 
(he drawing: 

(1) On the half of the sphere visible to the observer, draw the 
cirelos as solid lines; on the opposite half (and inside the sphere) as 
Wished lines. 

(2) All great circles (with the exception of the observer’s meri- 
(linn) aro depicted as ellipses which are carefully drawn freehand. 

(4) Whon laying off the arc values roughly, keep to within 5° in 
(lw mente of angles and arcs. For this purpose, the observer’s meri- 
(linn should be taken as the arc measure, the construction being 
tine from the middle of the drawing where the arcs are less distor- 
Vovl, 
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(4) In order to indicate a body, it is, of course, necessary to know 
any two of its coordinates, even if they belong to different systems. 
Each specified coordinate defines the position of only one circle of 
the sphere, for instance, declination defines parallels, altitude defi- 
nes the position of the parallel of equal altitude, dnd the like. 


Example 1. Construct the celestial sphere for @ == 55°S and indicate a body 
‘with hk — 50° and A — 70°NE. From the drawing find the equatorial coordinates 
of the body ¢ and 6. 

Draw a circle of arbitrary radius and a vertical diameter; we get the points Z 
and n (Fig. 9). Draw the celestial horizon. Since the azimuth of the NE quadrant 


is given, for the body to be on the side facing the reader, point N must be on the 
right of the drawing, and point S on the left side. Since the latitude is south, the 
elevated pole must be Pg and at a distance from the point S of the horizon 55° 
upwards along the meridian. Then draw the celestial axis PgPy, the celestial 
equator KQ; the points E and W, where E will be in the hemisphere facing the 
reader. Mark with a wavy line the lower branch of the meridian PgnPy. Indicate 
the celestial body: from the point N lay off A along the horizon eastwards arc 
ND = 70° and through D draw the vertical circle of the body ZDn. Along this 
vertical circle lay off an arc of 50° — h from the horizon (from point D) towards 
the zenith and we obtain the place of the celestial body on the sphere, the 
point C. 

To obtain from the drawing the equatorial coordinates of the body, draw 
through C the meridian PsCPy and mark the point B as the intersection of this 
meridian with the equator. 

Then arc BC, which is approximately equal to 30°, will represent the declina- 
tion of the celestial body C (it will be southwards), that is, 6 — 30°S; but the 
arc of the equator AB, equal approximately to 45°, will represent the east hour 
angle of the body, i.e., ¢ = 45°E (or 315°W). 
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In the examples given below it is required to construct the sphere from the 
given latitude @, to indicate the celestial body on the basis of its coordinates, 
and from a freehand sketch to give a rough approximation (to within 5°) of the 
desired coordinates. 


7 Examples 


No. Given Find 


. Mm-=50°N, 6=-60°N, ¢=—135°W h, A 
J p=20°N, h=25°, A= 5d0°NE “§, t 
4 | p=45°S, 1t=60°E, A=—75°NE h, 6 
9 | @=50°N, h=30°, t=50°W 6, A 
;} @=30°S, h=20°, 6=15°N celestial body is in eas- A, I 
tern hemisphere 
7 | p=25°S, 6=-10°S, body on western vertical circle h,t 
4% | @p=50°N, 6=:20°S, body on horizon in western part i, A 
() (p= A0°N, hour angle of first point of Aries iY —30°W; t, h, A 
right ascension of body a==60°; 5==20°N 
0} @m::70°N, h--35°, A=80°NW, T == 345° 5, t, tY 
(1 | ~p-=0°, h=30°, A=45°SE, 1Y 240° 6, t, t 


2| @—-60°N, 6-=10°S, t~=120°E, tY — 30° h, A, « 


SEC. 6. SPECIAL GRIDS FOR TRANSFORMATION OF 
COORDINATES (FUNDAMENTALS) 


‘rom what has been said about conversion from one set of coor- 
dinates to another by means of a drawing of the celestial sphere, 
lt follows that a more exact solution of the problem is possible by 
miuns of a cartographical projection of the sphere on the plane of 
Iw observer’s meridian. 

Indeed, let us imagine the circle of an observer’s meridian drawn 
ln the plane of the paper (Fig. 10a), with a grid of the vertical circles 
wn parallel of altitude, say, at intervals of 5° (Fig. 10 has intervals 
uf JO") in a projection convenient for this purpose, for example, in 
wit wzimuthal equidistant (Postel) projection or in a stereographic 
projection. Qn another sheet of paper, a similar grid in the same 
projection is constructed for the celestial meridians and parallels 
(Ii. 106). Label each grid with the appropriate letters as in Fig. 5 
wil lig. 6. Both grids are absolutely identical. only one represents 
(lis horizon coordinate system, while the other represents the equa- 
torlal system. 

lf the horizon grid has been drawn on a transparent sheet of tra- 
tlio pupor and if we now indicate the celestial body on the equato- 
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rial grid from the data 6 = 61°N; ¢ = 135°W (q@ = 50°N) and supe- 
rimpose the horizon grid on it at the centre (Fig. 10b), then after tur- 
ning point Z of the horizon grid through an angle of 90°— @ relative 
to the point of the elevated pole (Py), we readily obtain from the 
horizon grid the values A = 23°-NW and h = 27°. The accuracy 
of the ccordinates obtained depends on the grid scale. 

The reverse problem of finding equatorial coordinates from the 
horizon coordinates of the body is solved in similar fashion. 


Fig. 10 


For the foregoing solution, a number of authors (for instance, 
Professor Wulf, Kohlschitter, and others) have published 20-to- 
25-cm-diameter grids that yield coordinates accurate to about 1°-3°. 
However, this problem may be solved in a still more simple fashion 
by means of a single grid and a piece of tracing paper. Indeed, from 
Fig. 10b we see that if the diameters PyPg and Zn are superposed, 
the two grids coincide. Conversion from one system of coordinates 
to another is effected by rotating the diameter Zn through an angle 
of 90° — @. Hence, we may confine ourselves to a single grid and a 
piece of tracing paper pinned at the centre O. Using the grid as an 
equatorial grid, we indicate the position of a body C on the tracing 
paper on the basis of ¢ and 6 and at the point Py we prime Z (Z’). 
Then turn Z’ with the sheet through an angle of 90° — @ relative 
to the point Py (leftwards in Fig. 10b). The grid now represents 
the horizon coordinate system and enables us to find the coordina- 
tes A and h of the body C. A grid constructed on this or a similar 
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principle in an azimuthal equidistant projection with the places 
of the stars indicated is known as Kavraisky’s planisphere. Later, 
this same principle was utilized for the construction of a special 
instrument “Vega” (German instrument called ARG, Astronomische 
Rachengerdt) in which a fine-grid is viewed by microscope and is 
turned by a special device (see Sec. 108). 


SEC. 7. THE ASTRONOMICAL TRIANGLE OF A CELESTIAL BODY 
AND ITS SOLUTION 

In various astronomical problems, a more exact solution of prob- 

lams in conversion from one coordinate system to another is required, 

und this should obviously be done analytically, by calculation. 

lor this purpose, we need strict formulas relating the coordinates. 


Construct the celestial sphere for a given latitude and on it draw 
(lus vertical circle and meridian of a body C (Fig. 11); on the sphere 
we pol a spherical triangle ZP yC, whose vertices are the zenith, the 
‘erated pole, and the place of the celestial body. This triangle is 
lurmoed by the arcs of great circles: the observer's meridian, the vertical 
iitele'of the body, and its meridian. 

li astronomy, this is a very important triangle and is variously 
‘ullod the parallactic, navigational, or astronomical triangle of the 
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celestial body. From Fig. 14 we immediately see that the sides of 
this triangle are: 


side ZPyn is equal to colatitude (90° —q@); 
side PyC is equal to codeclination (90°—85); 
side ZC is equal to coaltitude (90° —h). 


Its angles are: 

the angle at the zenith Z is equal to the azimuth A always in semi- 
circular reckoning; 

the angle at the pole P is equal to the local hour angle ¢,,,, which 
is always practical, that is, less than 180° (in the figure it is east). 

The angle at the body C is called the parallactie angle g and is 
hardly ever used in nautical astronomy. 

The astronomical triangle of a celestial body relates the horizon 
coordinates of the body to its equatorial coordinates and, what is 
particularly important, to the geographic coordinates of the obser- 
ver (the longitude of the observer enters implicitly into the local 
hour angle ¢,,,, see Fig. 8, body C,). If at least three elements of 
this triangle are known, it may be solved by the ordinary formulas 
and rules of spherical trigonometry to the requisite degree of accura- 
cy. In nautical astronomy, computations are performed to within 
Q’.1-1'.0, and sometimes to 0°.1, that is, with the use of five-place 
and four-place tables, and sometimes with the aid of calculating 
charts. In the general case, if the sides and angles are arbitrary, the 
astronomical triangle of a body will be oblique; if one of the angles 
is equal to 90° (for example, the body is on the first vertical circle?’ 
A = 90°), then the triangle will be right-angled; but if one of the 
sides is equal to 90° (for instance, the body is on the horizon; h = QO), 
then the triangle is quadrantal. Accordingly, its solution may be gene- 
ral or particular; the latter will be considered in Chapter ITI. 


\ 


THE GENERAL CASE FOR SOLVING THE ASTRONOMICAL TRIANGLE 


When solving the astronomical triangle, that is, when seeking 
the unknown elements from known elements, it is necessary to 
abide by the general rules of spherical trigonometry for solving 
such triangles, namely: (a) make a drawing of the triangle (someti- 
mes outside the sphere) and label the knowns and unknowns; (b) choose 
and write down the formulas relating the knowns and unknowns; 
simplify these formulas and express the unknowns explicitly; (c) 
investigate the signs of the formulas abiding by the general trigo- 
nometry rules and remarks made below. The aim of the investiga- 
tion is to establish the sign and magnitude of the desired coordinate 
and to determine which tables (for sums or differences) should be: 
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used in solving by nonlogarithmic formulas and by tables of logari-- 
thms; (d) perfornt the computations in a specific sequence using 
four- and five-place tables of logarithms (MT-43, MT-53, MT-63); 
(©) check your computations. 

When investigating the signs, bear in mind the following: 

1. The latitude (p) is always considered positive, since it is the 
hasis for constructing the sphere. The latitude is always numeri- 
cally less than 90°; for this reason, all its trigonometric functions. 
have the plus sign. 

2. The declination (5) may be of the same name as the latitude; then 
it should be considered positive; or it.has a contrary name to the. 
latitude; then it is negative; the declination is always less than 90°. 
lor this reason, if the declination and the latitude are of the same 
umes, all trigonometric functions of declination will be positive; 
hut if the declination and latitude are of opposite names (the fourth 
quadrant trigonometrically), then cos 6 and sec 6 will be positive, 
wnd the other functions, negative. 

4. The altitude (h) may be positive or negative, but numerically 
lt is always less than 90°. Therefore, if h is positive, then all its. 
lrigonometric functions are positive; if it is negative, then cos h and 
mu A are positive, and all the other functions are negative. 

4. The azimuth (A) in semicircular reckoning cannot be greater: 
Hhan 180°, that is, it may be in the first and second trigonometric 
quadrants. If A <90° (first quadrant), then all its trigonometric. 
functions ave positive; if A > 90° (second quadrant), then sin A 
wid cosec A are positive, and the other functions are negative. 

lt should be noted that the azimuth always enters into the astro- 
tomical triangle of a body in semicircular units; therefore, if the 
welmulh is given in quadrantal or circular units, it must first be con- 
verlad to semicircular reckoning, and only then can the formula 
luv lnvostigated. 

, The hour angle (t) in the astronomical triangle of a body may 
Ins west or east, but not greater than 180°, which means in the first 
mi mecond trigonometric quadrants; therefore, if a west hour angle. 
ivwtor than 180° is indicated, it must first be cohverted to. east, less. 
Ilion THO. Tf the hour angle, west or east, is less than 90°, then all 
its Irigonometric functions are positive; if the hour angle ¢ > 90°, 
Ilivtt mint / and cosec ¢ are positive, and all the other functions are. 
TOT eae 

NW Parallactic angle (q) may be either less or greater than 90°. 

i A\ttor investigating the signs of the formulas, note the follo-- 
wit if as a result of investigation the signs of the first and second 
lovin of the formula are different, then the sign of the left-hand 
dileoof the formula (the function being computed) will be the same. 
no the nipn of the greater term; if the signs of the terms are the same, 
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then the sign of the desired function will coincide with it. If the 
triangle is right-angled or quadrantal, the formulas for the desired 
quantities will be single-termed and their signs will be found imme- 
diately after investigation. 

8. When computing any part of the astronomical triangle by 
a formula that has been investigated as to sign, one should remember: 

(a) when computing altitude, that the altitude is never greater 
than 90° and that a negative altitude indicates reduced height; 

(b) when computing azimuth, that the azimuth computed from 
the astronomical triangle of a celestial body is always in semicircular 
units, which numerically may be less or more than 90°. Compute the 
numerical value of the azimuth according to the investigation, and 
then give it a name; here, the first letter of the name of the azimuth 
will always be the same as that of the latitude, the second will 
either be the same as the practical hour angle that enters into the 
triangle (west or east), or, if the hour angle is not given, it will 
depend on whether the body is in the western or eastern half of the 
sphere. 

To check the correctness of computations, we can use: 

(a) intermediate checking of the values of the chosen logarithms; 

(b) approximate checking of the results obtained by constructing 
the celestial sphere (or on the basis of the relations between the sides 
and angles of the triangle, or in other ways); 

(c) exact checking of the final results by special check formulas 
which relate the obtained results to the given data. Checking will 
be illustrated in examples. 

Let us consider the principal cases of solving the astronomical 
triangle that occur in nautical astronomy. 

I. Given: g, 6 and ¢; to find h and A. 

Depict the astronomical triangle in the general form (Fig. 12) 
and label the knowns and unknowns. Applying the formulas of the 
cosine of a side and of the four adjacent parts,* we get 


cos (90° —h) = cos (90° — g) -cos (90° — 8) + 
+ sin (90° — @)-sin (90° —8)-cost 
and 
cot A-sint = cot (90° — 8) -sin (90° — ~) — cos (90° — @) -cost 
Simplifying and isolating the unknowns, we finally get 
sinh =sin @-sind-+ cos g-cos 6-cos ¢ (2.1) 
cot A = tan 6-cos @-cosec/— sin @-cott (2.2) 


* See Appendix III. 
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‘lo check, apply the formula of sines: 


sin A at sin t 
sin (90°— 5) sin (90—h) 
or 


sin A-cosh = sint-cos 6 


‘rom now-‘on, when computing the azimuth, we will also make 
use of this formula in the form 


sin A=sint-cos 6-sech (2.3) 


‘Fig. 12 


Iixample 2. Given: a 92°19'.7N 
6 = 14°43’.88 
t — 293°29’ .6W 
ind A and A of the celestial body. . 
Since the hour angle is greater than 180°, we convert it to the east hour angle; 
( (36°30’.4E. Investigate the signs of formulas (2.1) and (2.2): 


+ = + + + 

sin h=sin pesin 5-+ cos 9 -cos 6- Cos ¢ (—I-+1I) 
= a + ecg 

cot A= tan 6-cos m-cosec t—sin g-cot t (—I—II) 


\V« place the plus sign above all the functions 9; since 6 and @ have contrary 
niameon, that is, 6 is negative, we put minus above sin 6 and tan 6, and plus above 
‘a A: wince the hour angle ¢ < 90°, we put the plus sign above all its functions. 
\Wo nally get sink — —I term -+II term and cot A — —I term —II term. 

Arrango the following form and perform the computations with the aid of 
luhin Sa MT-63 (see top of p. 50). | 

Iv Investigation, cot A — —I — II, that is, it is negative; this can occur 
nuly if tho azimuth A > 90°; therefore, the arc A’ chosen from the tables by the 
lngarithm of cot A’ will be 180° — A. After computing the azimuth A — 

ee we give it the name N-E, since the latitude is north and the hour 
mogle de oast. 


' Ta i) 
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6 = 14°43’ .8S | sin | 9.40528 | cos | 9.98549 || tan | 9.41980 | — 


@p==02°19’.7N | sin | 9.89846 | cos | 9.78614 || cos | 9.78614 | sin | 9.89846 
t— 66°30’ .4E | — cos | 9.60058 | csc | 0.03758 | cot | 9.63816 


Arg| 0.06847 | B | 9.16393 | Arg | 0.29310 a 0.17875 


I | 9.30374 | IT | 9.37221 I 9.24352 II | 9.53662 
sinh} 8.53614 cot A’! 9.71537 


h=1°587 .2 180° — A= 62°33’ .6 
A=N 117°26’ .4E 
When computing the altitude we see that the logarithm II > I and, hence. 
II term > I term in absolute value, and since sinh — — I ++ II, the computed 
altitude will be positive. 


Check: 
(a) Intermediate checking is possible for the second and third lines of the 


scheme; indeed, 
log sin 6— log cos 6= log tan 6 
and 
log cos t+- log cosec ¢= log cot t 


Performing the indicated operations we get 
9.41979 ~ 9.41980 and 9.63816 = 9.63816 
(b) Applying the checking formula (2.3), we get 


sin A 9.94817 sint 9.96242 
cos h 9.99974 cos 6 9.98549 
9.94791 = | 9.94791 


which shows that the computations are correct. 
e 2 e 
Formula sin? on (haversine z or hav 2). 


For computing h, formula (2.1) does not always ensure sufficient 
accuracy, especially when working with four-place tables. For this 
reason, for altitudes greater than 30°, use is sometimes made of ano- 
ther formula in which in place of sin z we apply the more precise fun- 


ction sin? 5 *. In formula (2.1), replace kh by 90° —z and apply the 


trigonometric formula cosz = 1 —2 sin? 53 we get 


cos Z= sin @-sin6-+ cos @- cos 6- cos t 


* See Appendix IV. 


- 
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or 
1—2sin? = =sin g-sind + cos g-cos (1—2sin?— ] 


‘uking into account that sin @-sin 6+ cosq@-cos 6= cos (g—§4), 
we Obtain 


{—2sin?>=1—2sin ae — 2c0S ©-Ccos 6-sin? > 


und, finally, 


sin? = =sin? vS + cos @-cos 6-sin? + (2.4) 


When performing computations with this formula, no investiga- 
(lun is required since both terms are always positive; when working 
with logarithms, always use tables for sums (a). The values of 


liye sin? — , in Table 5a and 6, MT-63, are given in a special side 
column. It should be borne in mind that for @ and 6 of contrary 
numeos, the formula will contain: @ — (—d) = @ + 6, which is a 


num; for @ and 6 of same name, we have the difference @ — 6, the 
nimuller value being subtracted from the greater. 


Kxample 3. Given: p=52°12’.5N, 6==-12°22’.6N, t=11°52’.7W. 
letormine h. 


t 211°52’.7 | sin? | 8.02965 
= 52°42’.5 | cos | 9.78734 
& 12°22’.6] cos | 9.98979 


a 


y 8 s19".9 | I | 7.80675 | sin? | 9.06459 


Arg | 1.25784 a 0.02335 
sin? | 9.08794 
h=49°2'.4 z= 40°57’ .9 


il. Giiven @, h, and A; to find 6 and ¢. 


lndlento in Fig. 143 the known and unknown quantities; apply 
i Gonine formulas of a side and four adjacent parts: 


rua (MW 8) cos (90° — @)- cos (90° —h) + 
+ sin (90° — q)-sin (90°—h)-cos A 
veel 
‘otfexin A cot (90°—k)-sin (90° — @) —cos A-cos (90° — g) 
he 
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Simplifying we get 
sind=sing-sink-+cosq-cosh-cos A (2.5) 
cot t = tanh-cos p-cosec A —cot A-sing (2.6) 


We leave it to the student to solve this problem by the indicated 
formulas. Formula (2.3) may be used as a check. 


Fig. 13 


In addition to these basic cases of conversion from one system 
of coordinates to another, there are other possible variants. 

III. Given: g, 6 and h; to find ¢. 

Using the cosine formula of a side, we get formula (2.1) from 
the astronomical triangle PZC. ° 

Solving (2.1) for cos t, we get 


cos t = sinh-sec @-sec 6 — tan @- tan 6 (2.7) 
This formula may be reduced to the function sin? = ; replacing 
cos¢ in’it by 1 —2sin? > and simplifying, we obtain 

wo t cos (p—4) = sinh 

SIF ~ Feos @-cos § | cos (p—§) (2.8) 


The foregoing examples, of course, do not exhaust all possible 
solutions. In each specific case, one should seek the solution that 
is best in the sense of accuracy and simplicity of computation. 

The following examples are for independent solution by the student. 


Examples 
No. Given Find 
15 p= 24°91’ .9N, 6 = 74°45’ .6N, t = 143°20’ .2W h, A 
16 (p= 79°53’.4S, 6=2°22’.4N, t= 163°7' .OE h, A 
47 p=51°52’.48, 6=7°28'.9N, h=2°3’.7, the t, A 
body is in the western hemisphere 


18 p=0°30’.7N, h= 68°43’ .4, A=39°11’ .2SE t 
19 m=59°25’.3N, t=—104°1’.7W, A=67°19’ .4NW h, 
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APPARENT DIURNAL MOTION OF CELESTIAL BODIES 


SEC. 8. GENERAL CHARACTERISTICS OF THE DIURNAL MOTION 
OF CELESTIAL BODIES. CONDITIONS FOR THE RISING AND 
SETTING OF BODIES. THEIR PASSAGE THROUGH “THE 
ZENITH AND SO FORTH 


direct observations of stars with the unaided eye on a clear night 
will soon convince us that all the stars are in constant motion across 
the sky, their mutual relationships remaining substantially unchanged; 
this motion is such that in approximately 24 hours they occupy the 
dame positions, the same altitude and the same azimuth. Such motion 


aa 


9 folari 


—- -—- —--0O— — — — —— 


\ . 
x | 
Westwardas | Eastwaras 
<_—_— Horizon —$>> 
Fig. 14 


is called the apparent diurnal motion of celestial bodies. For most 
‘tars, this motion is from east to west, but there are some (that 
never set) which at times move from east to west, and at other times, 
from west to east. 

Fig. 14 shows the diurnal motion of the constellation Ursa Major 
which never sets in the latitudes of the Soviet Union. In the figure, 
the observer is looking at the heavens in the northerly direction. 
During 24 hours, the constellation describes a small circle about 
the celestial pole, near which is located Polaris. In the autumn, 
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Ursa Major occupies position I in the evening, position II at mid- 
night, position III in the morning, and position IV in the daytime, 
when it is not visible. The constellation moves from east to west 
from III to I; and (below) from west to east in position I, I, III. 

This apparent motion of celestial bodies is known to be due to the 
earth’s rotation on its axis, which takes place uniformly from west 
to east at a constant angular velocity. 

If we disregard the reasons for this phenomenon, and consider 
it purely geometrically, then it occurs as if the earth were stationary 
(Figs. 8 and 1), while the celestial sphere with all its stars rotated 
about the celestial axis with the same angular velocity and just as 
uniformly but in a direction reverse to that of the actual rotation 
of the earth, that is, from east to west. Therefore, the apparent diurnal 
motion of celestial ea is called retrograde motion, as distinct 
from forward motion, the earth’s rotation on its axis. 

If we take it that the ee rotates about the celestial axis, then 
each body on the sphere will, in its diurnal motion, move round 
the celestial axis parallel to the equator and will describe its own 
parallel. 

On this assumption, all the planes and circles associated with an 
observer on the earth, namely: the plumb line, and true horizon, 
the observer’s meridian and the prime vertical, must be considered 
stationary. Therefore, various bodies and points of the sphere located 
on the cc, parallel (Fig. 15) will pass, for instance, through the zenith 
point in the diurnal rotation of the sphere. All bodies will invariably 
cross both the upper and lower branches of the stationary meridian 
of the observer, etc. 

Let Fig. 45, be a sphere constructed for some observer at lati- 
tude @y. 

The small circles of the sphere aa,, bb,, cc,, etc., represent paral- 
lels of bodies with declinations of different magnitude and name. 

During the diurnal motion along a parallel, a body is constantly 
varying its altitude; the altitude is greatest when the body passes 
across the upper branch of the observer’s meridian (points a,, b,, 
C;, dj, ...) and least when crossing the lower meridian (points 
a, b,c,d,...). These passages are called meridian passages or tran- 
sits (Sometimes culminations): the wpper transit (U.T.) in the former 
case, and the lower transit (L.T.) in the latter case. 

If the parallel of diurnal motion of some celestial body crosses. 
the horizon (for instance, dd,; ee,), then the body will rise and set. 

The points of intersection of the parallel of the body with the hori- 
zon of the observer are called rising points (in the eastern hemisphere, 
for instance r) and setting points (in the western hemisphere). 

Some bodies do not set (aa,, Fig. 15); some do not rise at all (ff;); 
some just graze the horizon at the instant of lower transit (bb,). 
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li diurnal motion, bodies can cross the prime vertical in the abo- 
vt horizon part (parallel dd,) or in the below-horizon part (ee), 
wt not cross the prime vertical at all (bb,, aa,). At upper transit, 
tls colestial body C (parallel cc,) only touches the prime vertical 


Z by, 


Fig. 15 


wil passes through the zenith. It is obvious that these peculiari- 
(lox in the diurnal motion of various bodies are associated with 
(lw place of the body on the sphere and the inclination of the cele- 
ntlal axis to the horizon, that is, with the numerical relationships 
lut{weon the declination of the bodies and the latitude of the obser- 
vis position. 


!. CONDITIONS OF RISING AND SETTING OF CELESTIAL BODIES 


l'rom Fig. 16, which depicts a sphere projected on the plane of 
(lh observer’s meridian, it will be seen that arc Qd = 5p is less 
(hin arc QV = 90° — o and the parallel of the celestial body D 
\voasos the celestial horizon. The parallel of B with declination 6, 
lonches the horizon, therefore 56, = 90° — q; the parallel of F is 
wlinilurly located; the parallel of C passes above the horizon, obviou- 
aly &;, >> 90° — gm. Hence, for the parallel of the body to cut the 
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horizon, that is, for the body to rise and set, it is necessary that its 
declination be less than the colatitude 90° — gq, irrespective of 
the name of the declination; thus, the condition of the rising and 
setting of the celestial body will be 


|5|< 90°—@ (3.1) 


If, here, 6 and @ are of the same name (dd,), then the greater part 
of the parallel of the body will lie above the horizon and the smaller 


part in the subhorizon part of the sphere (rd, > rd); but if 6 and 
are of opposite names (ee,), then we have the converse: the smaller 
portion of the parallel of the body will lie in the above-horizon 
part, and the greater portion will be in the subhorizon part (eyp < pe). 
When the declination is 6 = 0°, the body moves along the equa- 
tor, and the above-horizon part of its diurnal path will be equal 
to the part below the horizon, since the equator is divided in half 
by the horizon. : 
If 6 = 90° — @ and is of the same name as @ (the parallel 6),), 
then the body does not set at all and only touches the horizon (at 
the point VV) at lower transit. But if 6 and @ are of opposite names 
(the parallel ff,), the celestial body does not rise at all and only 
touches the horizon (at the point S) at the instant of upper transit. 
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For 6 > 90° — g, the bodies will not touch the horizon at all and 
their entire diurnal path will lie above the horizon, if m and 6 are 
of the same name, or below the horizon, if m and 6 are of opposite 
names. The former are called nonsetting bodies, the latter, nonrising 
(invisible) bodies. For this reason, an observer at, say, the latitude 
of Leningrad (p = 60° N) cannot see celestial bodies whose 6g, > 30°. 


s 


II], CONDITION FOR CELESTIAL BODIES INTERSECTING THE PRIME 
VERTICAL 


From Fig. 16 it is readily seen that the prime vertical will be cros- 
wed by parallels ef those celestial bodies whose declination (irre- 
spective of the name) is less than the latitude of the observer; for 
instance, arc Kb,, arc Kd, and arc Ke, are less than arc KZ; thus 
the condition of intersection of the prime vertical by a body is 


[s|<@ (3.2) 


lf the 6 of the body is of contrary name to q, then the prime verti- 
cal will be intersected in the subhorizon part of the sphere (the paral- 
lols ff,, ee,), but if 6 and @ are of the same name, then the intersec- 
tion will be in the above-horizon part (the parallels dd,, bb,). 


I1[. THE SEQUENTIAL PASSAGE OF A BODY THROUGH THE QUADRANTS 
OF THE HORIZON 


In the case of celestial bodies intersecting the above-horizon por- 
tion of the prime vertical, the azimuths will be located in all four 
quadrants of the horizon. Thus, for a body D moving along the 
parallel dd, (Fig. 16), from point r (rising) to intersection of the east 
part of the prime vertical (point m), the azimuth will be in the NE 
quadrant; in motion from the point m to the upper transit d,, in 
the SE quadrant; from the upper transit to the west part of the prime 
vertical (point m,), in the SW quandrant, and, finally, from the 
wost vertical circle to the point r, (setting), in the NW quadrant. 

[In southern latitudes, the sequence of passage through the qua- 
ilrants of the horizon by bodies that intersect the above-horizon 
portion of the prime vertical will be different, namely, rising in the 
Sli and then the NE, NW quadrants and setting in the SW quadrant. 

‘or bodies whose declinations are of contrary names to the latitude 
(ma ee; in Figs. 145 and 16), the azimuths will lie only in two quadrants: 
Sli and SW for north latitude, and NE, NW for south latitude. 

Mut if the declination of the body is of the same name as the lati- 
tudo, and is greater than the latitude (parallel aa,), then this body 
loos not intersect the prime vertical; its upper transit will occur 
lotweoen the zenith and the pole. For these bodies, the azimuths 
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will not go beyond two quadrants of the horizon: NE and NW for 
north declination of the body and SE and SW for south declination. 

The position J (see Fig. 15) of such a body, when it is farthest away 
in azimuth from the observer’s meridian is called its elongation. 
Elongation is easterly and westerly depending on the hemisphere 
in which it occurs. The azimuths of such bodies will be the same at 
the | aa of upper (a,) and lower (a) transits: N for 6, or S 
for 5g. 


IV, CONDITION FOR PASSAGE OF A BODY THROUGH THE ZENITH 


If the declination of a body is of the same name as the latitude 
and is exactly equal to the latter (parallel cc,), then at upper transit 
the body will pass through the zenith and in so doing will only touch 
the prime vertical without crossing it. Thus, the condition for a body 
passing through the zenith is that = q@ and that they have the same 
name. 

In the examples given below, use a hand drawing of the celestial 
sphere and trace the diurnal motion of the indicated celestial 
bodies*, determine the phenomena associated with this motion, and 
answer the questions: 

(a) Will the given body rise and set? If so; note the above-hori- 
zon portion of the parallel and write the azimuths for its rising and 
setting in quadrantal and semicircular units. 

(b) Will the body cross the above-horizon part of the prime verti- 
cal? If so, give the approximate values of h and ¢ on the prime ” 
vertical. 

(c) Will the body pass through the zenith? 

(d) For bodies transiting between the zenith and the pole, deter- 
mine the approximate values of h and A at the instants of elonga- 
tions. 

(e) Compute the meridian altitude H and the zenith distance Z 
of a body at the instant of its upper transit (this is done after read- 
ing Sec. 9, Item IV). 


Examples: 1. p=43°N. (a) 6=15°N. 2. Pp=20°S. (a) 6=20°S 


(b) * Spica (b) * Rigel 
(c) * Dubhe (c) * Arcturus 
(d) * Achernar (d) * Canopus 
3. P=56°N. (a) 6=34°S 
(b) 6=56°N ; 
(c) 6=59°N 
(d) * Vega 


* Declinations of stars are given in Table 5, Sec. 31. 
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SEC. 9. SOME PROBLEMS ASSOCIATED WITH THE DIURNAL 
MOTION OF CELESTIAL BODIES 


Let us consider the solution of problems for various particular 
positions of celestial bodies in their diurnal motions. The solutions 
reduce to an approximate construction of the sphere and the solu- 
lion of the astronomical triangle in the given particular case. 


[. TRUE RISING (SETTING) OF A BODY 


ow 


‘It is required to determine the azimuth and hour angle of a body 
on the celestial horizon (rising or setting) if we know the latitude 
of the place and the declination of the body. 


(‘onstruct the sphere for a body lying on the celestial horizon, for 
wvumplo, when rising (Fig. 17), denote the body by C, and find the 
wpproximate values of A, and f,. 

‘or this position of the body, the astronomical triangle P,ZC, 
111m into a quadrantal triangle (ZC, = 90°), since h = 0. 
Irom the cosine formula of the side PyC, we get 


con (90° — 6) = cos 90°- cos (90° — g) + sin 90°-sin (90°— @)-cos A, 


whence 


cos A, = sin 6-sec @ (3.3) 
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By the same formula, but for the side ZC,, we get 
cos 90° = sin g-sin 6+ cos @-cos6-cos t; 
whence 
cost, = —tang-tan6 (3.4) 


The signs in (3.3) and (3.4) are investigated according to the gene- 
ral rules; the investigation shows in what quadrant (I or II) the 
unknowns ¢ and A will lie; the hour angle of rising (¢,) will always 
be east, of setting (t,), west. From the computed hour angles ¢, and 
t, we can obtain the time of rising and setting of the given celestial 
body (see Sec. 47). 

To check the calculations, you can use the sine formula: 


sint,-cos6 = sin A,-sin 90° 
or 


cos 6 = sin A,-cosec t,; (3.5) 


Example 4. ee — 42°37'.4S; 6 — 12°10’.8N, the body is in the western part 
of the celestial horizon (setting). Determine t. and A 
(a) Investigate the signs of formulas (3. 3) and es *4) 


+ + 
cos t¢,= —tan -tan 6 (ts < 90°) 
=< + = 
(b) cos A,=sec g-sin 6 (As > 90°) 
(= 42°37’ .48 tan | 9.96393 | sec | 0.13323 
6= 12°10’ .8N tan | 9.33414 | sin | 9.32425 
cos | 9.29807 | cos | 9.45748 
(<= 18°32" .0W. 73°20’ .2= 180° — Ag 
As=S 106°39’.8W = 73°20’ .2NW= 286°39’ .8 
Check: 
cos 6 | 9.99041 | sin A | 9.984137 
cosc t | 0.00874 
| 9.99044 | | 9.99014 


II, PASSAGE OF BODY ACROSS PRIME VERTICAL 


It is required to determine the altitude and hour angle of a body 
on the prime vertical from known @ and 6. 

Extending the parallel of celestial body C, in Fig. 17, to ‘inter- 
section with the prime vertical at the point C,, we approximately 
get h, and ¢. 
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‘rom the astronomical triangle PyZC,, which in this case becomes 
right-angled (A = 90°), and using the cotangent formula, we get 


cot A,-sin t, = cot (90° — 4) -sin (90° — ) — cos (90° — g) -cos ¢, 
whence for A = 90° or 270° we obtain 


cos t; = cot g- tan 6 (3.6) 


I'rom the computed hour angle ¢, we can obtain the time of passage 
of the body across the prime vertical (Sec. 47). 
Irom the cosine formula of the side PyC, we obtain 


cos (90° — 6) = cos (90° — hy) - cos (90° — g) + 
-+ sin (90° —h,)-sin (90° — g)-cos A, 


whence for A=90° or 270° we obtain 


sin h, = sin 6-cosec @ (3.7) 


l‘ormulas (3.6) and (3.7) are investigated as to sign by the general 
rules; the investigation shows the quadrant that ¢, will be in and 
the sign of hy. 
‘These same results may be obtained by using the mnemonic rules 
of Napier* for a right triangle: 
cos t; =cot [90° — (90° — g)]-cot (90° — 8) 
in 
cos (90° — 6) = sin [90° — (90° — h,)] -sin [90° — (90° — g)] 
or 
cos ty = cot m- tan 6 
nnd 
sin h, =sin 6-cosec @ 


ln MT-53, Tables 21a and 216 were computed from formulas (3.6) 
und (3.7). In these tables, the values of ¢, and h, afe given to within 
('.1 from the arguments g and 6 (of same name). In MT-63 only 
Tnble 21 is based on formula (3.7). 


xample 5. @=71°19'.5N; 6=—8°41'.6N; A4=90°. Determine ¢, and hy. 


+ + + 
cos t4= cot g-tan 6 (t, << 90°) 
ee ye 
sin h; =sin 6-cosec @ (hy > 0°) 


“See Appendix III. 
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9.52891 
9.18441 


0.02349 
9.17940 


cosc 
sin 


(p= 71°19’ .5 | cot 
6= 8°41’ .6 tan 


cos | 8.71332 | sin | 9.20289 

t, =87°2’ .3E hy==9°10' .8 

From Tables 21a and 216 we get t,;=87°.OE, 
hy=9°.2. 


III. TRANSIT (MERIDIAN PASSAGE) OF A CELESTIAL BODY. 
RELATIONSHIPS BETWEEN H, 6, AND 


For the instant of upper transit of a celestial body, t = 0°, A = 
= 180°, and gq = O°. An inspection of Fig. 17 shows that we can 
establish an important relationship between the coordinates H, 
6 and g. For the body C in the position of upper transit Cyr we 
have arcCS = AH; arc KC =6 and arc KS = 90° —q; taking 
this into consideration, we obtain 


H = 90° — gy -+ bn ! 
Qn = 90°— H + dy 


If the declination is of contrary name to g, then it obviously 
must be subtracted; that is, 


—— 
Pv = 90°— H — dg 


These relations are widely used in the practical part of the 
course. 


or 


(3.8) 


(3.9). 


or 


Example 6. Determine H from the given quantities of Examples 1, 
a and 3, a. 


(1) H=90°— oy +5y = 90°—43°-+ 15°= 62 southwards 
(2) H = 90°— oy —Ss = 90° —56°— 34° = 0° 


Exam ples 
No. Given Find 
7 (= 29°37’.6S, 6=39°47’.2N, body on horizon in east t, A 
8 p=59°57’.6N, 6==7°411’.3N, body on horizon in west t, A 
9 p=55°19’.3S, 6&—18°41’.1S, body on east prime vertical ‘| h, ¢ 
10 p= 4°21'7N, §— 2°49’.4S, body on west prime vertical h, t 
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SEC. 10 PECULIARITIES IN THE APPARENT DIURNAL MOTION OF 
CELESTIAL BODIES FOR AN OBSERVER AT THE EQUATOR 
AND AT THE POLES 


I], OBSERVER AT THE EQUATOR (qg = 0°) 


In this case (Fig. 18), the celestial poles Py and Pg coincide with 
N and S of the horizon, the celestial axis coincides with the meri- 
dian NS,’and the equator coincides with the prime vertical. For 
this reason: 

1. The parallels of diurnal motion of all bodies are perpendicu- 
lar to the horizon and are divided in half by the latter; hence, 


ZiK 


Fig. 18 


(un) all celestial bodies (without any exceptions) rise and set. 
(4 -< 90°); | 

(b) all bodies spend the same time above the horizon as below it. 

2. No body crosses the prime vertical in its diurnal motion, 


ninco | 6 | >> @; hence, the azimuth of any body may lie only in two 
lulvos of the horizon: N for north declination of the body and S for 
notith declination. 


4. A body with 6 = 0° moves along the prime vertical in its diur- 
ul motion, and its azimuths will be: east from rising to upper 
(ransit, and west from upper transit to setting. 

‘4. At the instant of upper transit, all bodies have Z = 6 and 
i yo? — 6. 

i, The azimuths of rising (setting) of bodies are equal to their. 
polar distances. 
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II, OBSERVER AT POLES (9 = 90° N OR S) 


In this case (Fig. 19): 

1. The elevated pole coincides with the zenith point, the depress- 
ed{ pole with the nadir, and the celestial axis with the plumb line, 
hence: 

(a) there is no observer’s meridian (Fig. 19, in the plane of an 
arbitrary meridian); 

(b) there are no N, E, S, W points of the horizon; for the north 
pole, all directions are southwards; for the south pole all dire- 
ctions are northwards. 


Fig. 19 


, 2. The celestial equator coincides with the true horizon, the 
parallels of declination with the parallels of altitude, the meridians 
with the vertical circles. 

od. In their diurnal motion, all bodies describe parallels of alti- 
tude (h = const). There is no upper and lower transit. 

4. The altitude of a body is always equal to its declination. 

5. Bodies do not rise and do not set (6 > 0°). 

6. The observer never sees bodies whose declination and latitude 
are of opposite names; but bodies whose declination is of the same 
name as the latitude are always above the horizon. ; 

Thus, change in latitude of the observer affects the nature of 
diurnal motion of bodies: as the latitude increases, the angle of 
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inclination of the parallels to the horizon diminishes becoming zero 
wi. the poles. These peculiarities in the motions of bodies exert 
iw great influence on a number of astronomical and climatic pheno- 
mona, 


SEC. 11. CHANGES IN THE COORDINATES OF BODIES DUE TO THEIR 
“APPARENT DIURNAL MOTION 


Above it was noted that in the diurnal motion of the sphere every 
vclestial body changes its place relative to the planes of the horizon 


Fig. 20. 


wind the meridian of the observer, which do not take part inthe 
rotation of the sphere. 

Tho diurnal rotation of the sphere, which is a reflection of the 
vurth’s rotation, is quite uniform* and so the hour angles of bodies 
connected with the sphere (reckoned from the observer’s meridian) 
will likewise vary uniformly in proportion to the angle of rotation 
if the sphere. Hence, the west hour angle of any body and any point 
in the sphere will, due to diurnal motion, continuously and uniformly 
Increase from O° to 360°. | 


i If we neglect certain fluctuations mentioned in the section dealing with 
lmekeeping. 


Mao 
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As we have already discovered, the diurnal motions of bodies 
occur along parallels with the property 5 = const; therefore, the 
declinations of bodies (due to their diurnal motion) will not vary. 

The first point of Aries (Y), relative to which we reckon right 
ascensions (or the quantities t) of bodies, is fixed in the sphere and 
moves with it; therefore, a and t of bodies will not vary due to diur- 
nal motion. 

As has been noted, the coordinates of the horizon system (altitude 
and azimuth of a body) will undergo continual change as the sphere 
rotates. Since the rotation of the sphere may be evaluated by the 
uniformly varying hour angle of the body, we shall consider that 
the altitude and azimuth of a body are functions of its hour angle. 

Let us assume that for an observer with latitude @ a body C with 
declination 6 (Fig. 20) is in motion along the parallel CC’. At some 
instant the body occupies the position C,, its altitude will be hy, 
the azimuth A, and the hour angle ¢,,. Upon rotation of the sphere 
through some angle Af, the hour angle will take on the value % = 
= tip — At, the altitude h. = h, + Ah, the azimuth A, = A, + 
+ AA, and the declination will remain without change. Let us 
derive formulas for the differential variations of altitude and azi- 
muth of a body, or the quantities Ak and AA. 


eee 


I. VARIATION OF ALTITUDE 


The relationship Ah = f(g, A...) At may be obtained geometri- 
cally, by means of a drawing of the sphere, or analytically, by diffe- 
rentiating the formula relating the indicated coordinates. In nau- 
tical astronomy, .both methods are used in such problems, and so 
let us determine Ah by both methods. Later on we shall use some 
one method, mainly the analytical method. 

(1) Geometric solution. 

For sufficiently small increments At, the triangle C,C.D (Fig. 20) 
will be small and may be taken as a plane triangle. Here, the angle 
C, = 90° — q, the side C,D = Ah, and the side C,C, may be expres- 
sed in terms of the increment At. Indeed, the arc of the parallel 
C,C, will be cos 6 times less than the arc of the equator ee¥ equal 
to —At (where the minus sign indicates that the east hour angle 
is diminishing), that is, C,\C. = —At-cos 6. 

From the right triangle C,C,.D we get 


Ah == C,C,-cos (90° — q) = —At-cos6-sing | (3.10) 
Applying the sine formula, from the astronomical triangle PC,Z 


we get 
sin g-cos6 = sin A;-cos @ (3.11) 


* See Appendix IT. 
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Wutting (3.41) into (3.10), we finally obtain in the general form 
Ah = —cosq-sin A-At (3.12) 


l'rom this same triangle C,C,D we can also obtain geometrically 
(ly variation in azimuth [see formula (3.18)]; this problem is left 
to the student. 

(2) Analytical solution. 

I'rom the astronomical triangle of the body PyZC, we get a formula 
Ihat' relates the variable h and the independent variable 2: 


Ad 


sinh=sing-sin6-+-cos @-cos6-cost 


where @ and 6 are constants. 
Differentiating this formula with respect to h and t, we get 


cosh-.dh = —cosq-cos6-sint-dt . 
whence 
cos§6 
dh = — cos p-—_— -sint-dt (13.13) 


We reduce this formula to A and g, which are more convenient 
lor analysis; to do this, we replace the second factor by the sine 
formula: 

cos6_ sin A 
cosh sint 


After substitution into expression (3.13) and replacement of the 
ilifferentials by finite increments (this is permissible for very small 
vilues of At), we obtain 


Ah = — cos g-sin A-At (3.14) 


‘This formula permits computing the change in Ah for the change 
li A¢ expressed in the same units. In practical work, it is common 
(0 «xpress the arc Ah in minfites of arc and A¢ in minutes or seconds 
uf time on the basis of the relation 15’ = 1 m or 1’ = 4s. Hence, 
formula (3.14) will take the form 


Ah' = —15cosq-sin A-Atmin (3.15) 

(ot ° 
. Ah’ = — 0.25 cos g-sin A-Atgee (3.16) 
‘hese formulas have been used in the compilation of special 
tubles 15a, 156, 158, MT-63, which are used for checking measure- 


ments of altitudes and for deriving their accuracy. 
formula (3.14) written in the form of a derivative 


dh 


Fr = — cos p-sin A (3.17) 


Ae 
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is the rate of change of altitude of a body for a given latitude and‘a 
given portion of the diurnal circle, or the rate of motion of the body 
in altitude. 


Example 7. Determine the change in altitude at 
@=o97°.5N for Ag = 42°, At = +2m.5 (150s)W. 
(a) Using a slide rule and Table 6a, MT-63, 
Ah’ = —0.25-0.537-0.669-150 = —13’.5. 
(b) Using Table 15a, MT-63: 
Ah’ = —5’.4/14m-2m.5= — 13’.6. 


Let us analyze formulas (3.14) and (3.17). 

(a) Let us determine in what latitudes the altitudes of the body 
vary most; to do this, put A = const in formula (3.14). For g =-0°, 
cos g@ = 1 and Ah = —sin AA?t; but if @ = 90°, then Ah = 0, 
that is, the greatest change in altitude for the observer will be at the 
equator, and the least change at the pole, where celestial bodies do 
not alter altitude, they move in parallels of altitude. 

A similar conclusion may be drawn from an analysis of formu- 
la (3.17): on the equator the rate of motion of a body in altitude is 
greatest; at. the poles it is zero. It should be pointed out that we will 
have the highest rate of motion in altitude for a body moving along 
the celestial equator for an observer at latitude @ = 0. Indeed, 


cos g = 1; sin A = 1 and “ = —1 or Ah = —At; the altitude 


varies exactly as the hour angle. 

(b) Analyzing formula (3.14) for a given latitude, we find that 
variation of altitude will be nonuniform and will depend exclusi- 
vely on the body’s azimuth. For A = 90° or 270°, sin A = +1 
and Ah = + cos q-At; hence, on the prime vertical the variation 
in altitude will be greatest and will be proportional to the time, which 
means that the altitude varies unifosmly. 

For the azimuth of a body not equal to 90° (270°), but close to 
these values, sin A varies very slowly; for this reason, the variation 
in altitude will be practically uniform close to the prime vertical 
as well. 

From this peculiarity of motion of celestial bodies there follows 
an. important practical consequence: if several altitudes of a body 
are measured close to the prime vertical and if the instants are clo- 
cked, the arithmetical mean of the altitudes will correspond to the 
mean instant (or the mean hour angle). | 

At A = 0° (180°), sin A = 0 and Ah = 0. Therefore, on the obser- 
ver’s meridian the altitude of the body does not change and the body 
moves parallel to the horizon. Near the meridian, the altitude of the 
body varies nonuniformly due to the nonuniform variation of sin A 
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lor small azimuths. Thus, for a large intervai of time (Af), the 
inean altitude will not correspond to the mean instant (hour angle), 
und theoretically it is not permissible to compute the arithmetical 
moan [see formula (3.27)]. 

(c) For a body that does not cross the prime vertical, the greatest 
tariation in altitude will be at elongation, where from formula (3.10) 
wo have Ak = + cos 6-At; here Ah will vary in uniform proportion 
lo Ad. 

(d) Analyzing formula (3.17), we can determine the maximum and 


er ; : P P ‘ h = 
ininimum altitude in diurnal motion. Putting = = 0 or — cos@ X 


- sin A = 0, we find that the extremal values of this function will 
aecur at A = 0° and 180°. From an analysis of the second deriva- 


live [formula (3.25)] it follows that [2 <0 for A = 180° and 
deh 


yi 70 for A = 0°; hence, the altitude will be greatest at upper 
transit. Thus the analysis confirms what we derived graphically. 


II. VARIATION OF AZIMUTH 


To obtain variation of azimuth, let us apply the analytical 
mothod. To do this, take the formula 


cot A-sin t=cos p-tanéd—sin@-cost 


which relates A and ¢, and differentiate it with respect to these 
viriables, holding the other quantities constant: 


sin t 
sin? A 


dA-cot A-cost-dt=sing-sint-dt 
whence 
ae a 
dA — ot cos ¢ sin @ sin ¢) sin A it 
sin t 


Putting sin A in brackets in the numerator and noting that the 
mxpression obtained, cos A-cos ¢ — sin g-sin t-sin A is, by the 
cosine formula, equal to —cos q, we get 


GA 2 e622 
sint 
Substituting, in accord with the sine formula, ue 
Sint cosh 


wid passing to finite increments, we obtain 
AA = —cos q:cos 6-sech-At (3.18) 
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For the purpose of analysis, it is more convenient to transform 
this formula so as to eliminate q; to do this, we write (by the 
formula of five parts) 


cos g-sin (90° — 8) = sin (90° — h) -cos (90° — g) — 
— cos (90° — h)-sin (90° —q)-cos A 
whence 
cos g-cos 6 = cos h-sin g —sinh-cos g-cos A 
Substituting and dividing by cosh, we finally get 
AA = —(sing—tanh-cos g-cos A)-At (3.19) 


In the expressions (3.18) and (3.19), the minus sign indicates 
that with increasing practical hour angle (less than 180°), the azi- 
muth of the body (in semicircular reckoning) will decrease, and 
vice versa. 

Formulas (3.18) and (3.49) may also be written in the form of 
derivatives: 4 

dA 
Fr = — 008 ¥- cos 5-sech (3.20) 
or 


= = — (sin m — tan h-cos g-cos A) (3.21) 


These expressions represent the rate of change of the azimuth of 
a body under different conditions. 

For computing the variation of azimuth, expression (3.19) may 
be represented in the form 


AA® = — 0.25 (sin gp— tanh-cos g-cos A) Atmin (3.22) 


Formula (3.22) was used to compile Table 15r, MT-63, which 
gives change of azimuth in one minute of time. To obtain AA for 
‘the interval AT, the tabulated value is multiplied by AT. This 
may be done with a slide rule. 


Example 8. Determine the change of azimuth in 5 minutes at p=18°N 
for h=53°, A=150° (30°SE). 
(1) Using the slide rule, we get 


A A® == +-0.25 (0.309-+ 1.33-0.954-0.866)-5== ++ 1°.76 


(in 5 minu es) | 
(2) From Table 15r, MT-63, we obtain 


AA=0.3°/m-d5m=1°.5 
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An investigation of the formulas obtained shows that: 

(1) In the general case the azimuth of a body varies nonuniformly. 
li special cases, however, its variation is sometimes uniform; indeed, 
lor kh = O° or A = 90°, AA = —sin g-At, and for g = 90°, AA = 

--At, which means that at rising, setting, and on the prime ver- 
\leal the azimuth varies in proportion to the hour angle (i.e., the 
(imo), while at the poles the azimuths of bodies vary just as their 
lour angles do. 

(b) The rate of change of azimuth of a body will be different over 
dilferent sections of the diurnal path and also at different latitudes. 

At a given latitude, i.e., for g = const, the highest rate of change 
o/ the azimuth of a body will be near its upper transit. Indeed, for 


4 180° and h = H, tan H will have its greatest value and st 
will be a maximum. For upper transit (¢ = 0), from (3.18) we get 


AA° = cos §-sec H -At® = 0.25 cos 6-sec A -Atinin (3.23) 


(his same formula is also used to compute AA near transits. 

The smallest rate of change of azimuth will be between the prime 
trlical and the rising of the body, and if it does not cross the prime 
vertical, then near the instants of elongations. Indeed, investigat- 
luge the signs of (3.19), we see that the second term has a plus sign 
lutween rising and the prime vertical and in the formula we get 
w difference; in all other cases both terms have a minus sign and 
ur’ summed. For the time of elongations gq = 90° and AA = 0. 

In Fig. 24, constructed in the plane of the horizon NESW, we 
uu’ that to identical sections of the diurnal path of a body ajo, 
Aully, QgQ5, Ag47, ... there correspond different changes of azimuth 
im the horizon, and AA, > AA, > AA3. 

Uhus, near upper transit the azimuths of celestial bodies vary 
with maximum speed, and if it is required to obtain the greatest 
ilifference of azimuths during one and the same interval of time 
(in in the lines of position method), the body should be observed 
‘loser to its upper transit. 

(©) When the observer’s latitude changes, the nature of the varia- 
(ion of azimuth also changes. 

As has already been pointed out, for all bodies, irrespective of 


(heir position, at the poles (g = 90°), AA = —At. 
Al. the equator (@ = 0°) we have 
AA = tanh-cos A-At (3.24) 


lor all practical purposes, this expression likewise holds true for 
niall latitudes where m =40. At rising and setting of a body, h = 0 
wid AA = 0; near the instants of transits, the altitude of the body 
will be great and AA may be many times greater than At. 
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As may be seen, in low latitudes azimuth varies extremely nonuni- 
formly: either very rapidly or hardly at all for a long time. This is 
important to bear in mind in practical work. 

(d) The azimuths of bodies crossing the prime vertical increase 
from 0° to 360° continuously, though nonuniformly. For bodies 
not crossing the prime vertical, the azimuths (after lower transit) 


Fig. 24 


increase from 0° to A,,,x at the instant of elongation and then dimi- 
nish to 0° at the time of upper transit. A similar change occurs in 
the west half. 

Not in all cases are. formulas (3.14) and (3.19) sufficiently exact, 
since they give increments of altitude and azimuth only for very 
low values of At. 

When more exact values of the increments Ah and AA for finite 
At are needed, one should apply Taylor’s formula for determining 
the increments of functions: 


f(z +Az)—f (2) =AF=f' (2) Ae + 49 avy FO 


Let us consider the increment in altitude as the only one of 
practical value and let us confine ourselves to the first two terms 
of the expression(*): 


f” os 


Ax® + ...(*) 


dh 1 dh 
Ah=--At+5— 7 AG+. 
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We already have the first derivative: 


a —cos@-sinA 


2 op F ° 
The second derivative = is obtained by differentiating the 


lirsl with respect to h and A (as functions of 2): 
@h a 4 aA 
Fr = — cos p-cos A —— 


Substituting the earlier obtained . we get 


"SY = cos (p-cos A-cos 6-cos q-sech (3.25) 

Th 
d?h : . 
ar = (sin p—cos g- tan h-cos A)-cos p-cos A (3.26). 


‘Thus, a more exact expression for the increment in altitude is 
Ah = —cos g-sin AAt +5 Cos g-cos A-cos q-cos 6-sec hAt? (3.27) 


If. is the rate of change of altitude, then the second derivative 
J 
He is the acceleration of the body in altitude, or the acceleration in 
thange of altitude. The acceleration will be greatest for A, q close 
tu 180° or O°, that is, on the observer’s meridian or near it. It is. 
to be noted that in low latitudes, for high altitudes of a body, the 
wceleration is considerable and cannot be ignored. For instance, 
timder these circumstances and for At = 5-10 minutes the second 
(orm may be of the order of 3’ and more. 

The above-mentioned peculiarities in the variation of coordinates. 
ul different systems show that each of these systems is convenient 
lur solving specific practical problems; thus: 

(1) hour angles varying uniformly are convenient for measuring 
(lines | 

(2) horizon coordinates vary markedly with the latitude and 
lour angle, and are also readily obtainable from observations; for 
(his reason, these coordinates are convenient for practical observa- 
(loans when obtaining geographic coordinates and directions; 

(3) the coordinates a and 6 do not depend on the diurnal motion 
(connected with the sphere, as it were), and therefore are convenient 
for compiling star catalogues and maps, lists of apparent positions 
uf stars and in the study of diverse movements of celestial bodies 
uvor the sphere. 
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SEC. 12. THE APPARENT DIURNAL MOTION OF CELESTIAL BODIES 
EXPLAINED | 


Above we considered the diurnal motion of bodies as if the earth 
and the observer on it were stationary, while the celestial sphere 
with its bodies was in uniform rotation about the earth, and that 
this rotation of the sphere accounted for the variations in azimuth, 
altitude and the hour angle that we actually observe. 

Even in ancient times there were thinkers that doubted the cor- 
rectness of the then accepted doctrine of a stationary earth in space, 


ae . Wii; é 
~~ “Witt Ws 


Fig. 22 


but it was only in the sixteenth century that Copernicus explained 
the apparent diurnal motion of celestial bodies (rising and setting, 
variations in azimuth and hour angle) as due to the rotation of the 
earth about its axis. Modern science is in possession of a wealth of 
unquestionable and cogent proofs of the earth’s rotation, as, for 
instance, the variation of the force of gravity with change in lati- 
tude, deviation eastwards of a freely falling body, the Foucault 
pendulum, the behaviour of the axis of a free gyroscope, the ellip- 
soidal shape of the earth, and others. 

We will not dwell on these proofs, which are not included in the 
course of nautical astronomy, and will only demonstrate how varia- 
tions in azimuth, altitude and the hour angle of a celestial body can 
be explained by the earth’s rotation. 

Referring to Fig. 22, let the vector of angular velocity of the earth 
«0s be laid off along the earth’s axis of rotation from its centre O. 
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ho vector is laid off towards P y since the rotation of the earth occurs 
counterclockwise as viewed from Py. The quantity w, is equal to 
360° 900’ 

(000073 rad/s, or —— ain Of aE 

‘ho plumb line OZ of an observer A fixed on the earth will descri- 
lu « conical surface as the earth rotates. The noon line NS connected 
(0 the plumb line will likewise describe a conical surface about the 
mirth’s axis, which is to say that the true horizon H will be constan- 
(ly changing its position in space, as a result of which the direction 


Fig. 23 


towards some fixed body C (in Fig. 22 the azimuth changed from 
south to north in 12 hours) will also change. 

To analyze the motion of the horizon, consider an auxiliary cele- 
xtial sphere which we will now consider fixed with centre at the cen- 
lro of the earth (Fig. 23). Through its centre draw a plane parallel 
lo the plane of the horizon H (see Fig. 22); we obtain the celestial 
horizon. 

The vector of angular velocity of the earth ws will now be directed 
ulong the celestial axis at an angle @ to the horizon. Decomposing 
it into two components: @, directed along the meridian NS and w, 
long the plumb line OZ, we get (from the drawing) 


@, = 4 -COS @ (3.28) 
wind 


W. = Ws -SiIN@ (3.29) 
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The first formula shows that due to the rotation of the earth the 
plane of the true horizon is in constant rotation about the meridian 
with a velocity w;, i.e., the eastern half of the horizon is continuous- 
ly tilting while the western half is continuously rising. The vector 
w, is called the horizontal component of terrestrial rotation. . 

The second formula shows, in addition, that the plane of the 
horizon is also in rotation about the plumb line with a velocity we 
in the direction indicated by the arrow. The vector w, is called the 
vertical component of terrestrial rotation. 

‘On the equator, when o = 0, w; = ws and we = 0, that is, on 
the equator we only have dip of the horizon without rotation about 
OZ. For @ = 90°, wo, = 0, a = ws which means that at the poles, 
the horizon does not tilt but enly rotates in a single plane about 
the plumb line. Obviously, in the first case, the altitudes of bodies 
should change with maximum rapidity, while in the second case 
they should not change at all. 

Variation of azimuth is similar. Thus, the rotation of the earth 
accounts for the diurnal motion of celestial bodies just as well as the 
imaginary rotation of a sphere about a fixed earth does; however, 
it is mathematically more convenient to introduce a fixed auxiliary 
“celestial sphere”. 
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APPARENT ANNUAL MOTION OF THE SUN 


~~ 


SEC. 13. A CHARACTERISTIC OF THE APPARENT MOTION OF THE 
SUN. THE ECLIPTIC 


From direct observations of the diurnal motion of the sun (astro- 
nomical symbol @) and stars during the year or at least for several 
weeks, one notices the following: 

1. A star rises and sets every day at the same points on the hori- 
zon; the rising point and setting point of the sun are in constant 
notion: for north latitudes they move northwards in the spring and 
southwards in the autumn. | 

2. The meridian altitude of any star remains the same from day 
io day; the meridian altitude of the sun is constantly changing: 
the altitudes of the sun in winter and summer differ markedly. For 
oxample, at Leningrad at the end of December the sun rises just 
slightly above the horizon at noon with maximum altitude about 
(5; a half year later, at the end of June, its maximum altitude 
IN DO LO. 

3. For one and the same hour at night, the stellar sky does not 
rmain constant and is continually changing. A northern observer 
ln the evening sees the constellation Orion near the eastern horizon 
in the middle of November, while in the middle of January, it is 
in the south rather high above the horizon, and in the middle of 
Murch, in the west near the horizon. Thus, at night one sees diffe- 
tant sections of the sky with different constellations. 

rom these and other facts it may be concluded that in addition 
lo ils diurnal motion with the entire celestial sphere and with the 
"lixed” stars, the sun has its own apparent motion over the celestial 
nphere. 

The first two peculiarities in the apparent motion of the sun indi- 
cule that the sun approaches the equator and recedes from it, which 
In lo say that it changes its declination (65); the third factor indica- 
lox that the sun is also in motion along the equator, which means 
that its right ascension (a>) is undergoing change. Numerous obser- 
vilions have shown these phenomena to recur periodically, every 
your. Whence the name, the apparent annual motion of the sun. : 
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If a and 65 are determined for every day of the year and if these 
positions of the sun are plotted on the celestial sphere, they will all be 
found to lie on a large circle whose plane is inclined to that of the 
equator at a constant angle e; this large circle, which represents. 
the apparent path of the annual motion of the sun among the stars 


Fig. 24 


is called the ecliptic* and the angle ¢, equal to 23°27’, is called the 
obliquity of the ecliptic (Fig. 24). 

The diameter MM’, perpendicular to the plane of the ecliptic 
is called the axis of the ecliptic, while points of its intersection 
with the sphere M and M’ are the poles of the ecliptic. 

The pole of the ecliptic closest to the north celestial pole Py is 
called the north pole of the ecliptic (M), the other pole, closest 
to Pgs; is the south pole of the ecliptic (7’). The north pole of the 
ecliptic is situated in the constellation Draco in the direction from 
Polaris to Vega; its coordinates are a = 270°0’; 6 = 66°33’N. 

In Fig. 24, constructed on the plane of the meridian P,QPgQ’, 
the great circle VY 1=*l’ is the ecliptic; Q’Q is the equator; the arrow 
at the pole indicates the direction of diurnal rotation of the sphere. 
The apparent annual motion of the sun in the ecliptic is counter 
to the diurnal rotation of the sphere, it is direct motion as indicated 
by arrows on the ecliptic. 


* This circle is called the ecliptic because eclipses of the moon and sun can 
occur only when the moon is located on this circle or near it. 
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As has been pointed out, the sun makes a complete revolution 
wround the ecliptic in roughly one year, that is, 365 days; hence, 
(he sun eovers about 1° a day along the ecliptic. This figure varies, 
xince, as we shall see later on, the motion of the sun along the eclip- 
lic is net quite uniform. 

Since the equator divides the ecliptic in half, half of the year the 
wun is in the northern hemisphere (Y / =+) and has north declination, 
while the other half of the year it lies in the southern hemisphere 
(%:- VY) with south declination. 

The points of intersection of the ecliptic and the equator (equino- 
elial) are called equinoctial points: the vernal equinox, \ (or the 
lirst point of Aries), in which the sun passes from the southern 
lmisphere into the northern hemisphere, and the autumnal equi- 
nox, —& (or the first point of Libra), in which the sun passes from the 
northern hemisphere into the southern hemisphere, i.e., changes. 
its declination from north to south. These points are called equino- 
‘lial points because on the day that the sun (moving in the ecliptic) 
reaches these points, its declination 6 = 0°, the portion of the 
xun’s diurnal circle above the horizon will be equal to that below 
(he horizon and for the inhabitants of the earth day is equal to night. 

The first of these points, Y , iscalled the vernal (or March) equinox, 
und the second, ~~, the autumnal (or September) equinox, because 
the sun in the northern hemisphere of the earth crosses the first in 
(he spring, about March 21, and the second in the autumn, about 
Soptember 23. 

In the northern hemisphere points of the ecliptic 1 and l’, 90° 
from the equinoctial points, are called solsticial points: summer 
(or June) solstice 1 when the.sun is in the north, and winter (or Decem- 
lor) solstice l’ when the sun is in the south. The sun passes through 
(he first point in summer, about June 22, the second in winter, about 
locember 22. They are called solsticial points because the sun appe- 
u's to move parallel to the equator. At these points, the sun’s. 
declination is a maximum, arc Ql = Ql' =e = 23°27'N or S— 
north at point 7 and south at point l’. 

‘rom the foregoing and on the basis of Fig. 24 we can now form. 
in table of positions of the sun on the sphere (Table 1). 


Table 14 

Date Point of ecliptic | 6D as) 

“1 March Vernal equinox (Y) 0° 0° 
ae dune Summer solstice (L) 23°.5N 90° 
4 September Autumnal equinox (~~) 0° 180° 


"" December Winter solstice (l’) 23°.5S | .270° 
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The apparent annual path of the sun passes through a belt of the 
sphere which includes 12 well-observed constellations, so that the 
sun spends about a month in each one. In antiquity this belt, which 
occupies about 8° either side of the ecliptic, was called the belt or 
ring of the Zodiac. The moon and most of the planets also move in 
this belt. 

The zodiacal constellations have special symbols, which also 
indicate the months. The sun passes through them in the following 
order (Y stands for March, the others in that order). 


Spring Summer 
Pisces the Fishes }{ Gemini the Twins Jf 
Aries the Ram y Cancer the Crab 69 
Taurus the Bull % Leo the Lion 9) 
Autumn Winter ‘ 
‘Virgo the Virgin Sagittarius'the Archer f 
Libra the Balance -— _Capricornus the Goat %& 


Scorpio the Scorpion ™ Aquarius the Water Bearer sz 


Numerous exact observations have established the mean duration 
of a revolution of the sun along the ecliptic. relative to \. This is 
the so-called tropical* year equal to 365.2422 mean solar days or 
360d5h48m46s. . | 

A tropical year is thus the elapsed time between two successive passa- 
ges of the centre of the sun through the vernal equinox (Y). 

The joint motions of the sun (its annual motion in the ecliptic 
and its diurnal motion about the celestial axis together with the 
entire sphere) produce the total apparent motion of the sun in a 
spiral, the intervals between the turns of which are the diurnal 
variations in the declination of the sun, which diminish as the decli- 
nation increases, that is, as the sun recedes from the equator (Fig. 25). 

‘A complete circuit of the sun relative to the observer's meridian 
will obviously be longer than a circuit of a fixed star by the amount 
of diurnal displacement of the sun—1° or, to be more exact. 
3m956s.56; therefore, according to a clock that indicates the rotation 
of the sphere (the point Y) the sun’s transit will lag each day by 
that amount. | 

* Tropic comes from the Greek meaning “turn”. At the extreme parallels 


(tropics) the sun turns in its apparent annual motion. The parallel of its diurnal 
motion ceases to recede from the equator and begins to approach it. 
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The extreme parallels described by the sun in its diurnal motion 
ilnoitye the days of the summer (/) and winter (l’) solstice and which 
wit distant from the equator KQ by the amount of greatest declina- 
tion of the sun, 6,,.¢% = 23°27’ are called the Tropic of Cancer (the 
northernmost parallel of latitude a,a) and the Tropic of Capricorn 
(\w southernmost, 6,6) according to the constellations. The paral- 
luln of terrestrial latitude for @ = ¢ = 23°27'N and S have the same 
HOM, 

The obliquity of the ecliptic (€) may be computed from the for- 
inulin (see Fig. 24) tan ¢ = tan 65 cosec @ and may also be obtained 


lly measuring the meridian altitude of the sun or its meridian zenith 
iIIdtance at the instant of upper transit during the days of the sum- 
nue and winter solstices; then, irrespective of any knowledge of the 
lutitude, we will have (see Fig. 25) 


fal — Aw; 
e=65 eee _ winter (4.1) 


llowever, if the latitude is known, it is sufficient to observe H 
or Z on one of the days of the solstice and then we have 


&€ = 65 max =9—Z (4.2) 
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SEC. 14. ECLIPTIC COORDINATES 


The ecliptic, being a great circle of the sphere, serves as a basis 
for the fourth, so-called ecliptic system of coordinates. The other 
fundamental circle in this system is that which passes through the 
poles of the ecliptic and the vernal equinox (Fig. 26). The circles 
that pass through the poles of the ecliptic are called circles of lati- 
tude. Hence, the second fundamental circle in this system is the 


circle of latitude-of Aries. The position of any point of the. sphere 
in this system is defined by the ecliptic coordinates: ecliptic latitude 
and longitude. 

The ecliptic latitude of a celestial body (B) is the arc of the circle of 
latitude of the body from the ecliptic to the place of the body. 

The latitude may be north or south and is reckoned from 0° to 90°. 

The ecliptic longitude of a body (A) is the arc of the ecliptic from the 
vernal equinox (Y ) to the circle of latitude of the body, which is always 
reckoned in the direction of the sun’s proper motion from 0° to 360°. 

From the foregoing it follows that the latitude of the sun is always 
0°, since the sun is always located on the ecliptic. The longitude 
of the sun, designated by ZL, is constantly though not uniformly 
increasing by approximately 1° per 24 hours. 

Conversion from coordinates a, 6 to A and f is done by the formu- 
las of spherical trigonometry as applied to the triangles Y CD and 
Y FC which connect these two systems (Fig. 26). Ecliptic coordinates 
are used chiefly in theoretical astronomy for computing planetary 
orbits and ephemerides. 
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SEC. 15. GEOGRAPHIC (CLIMATIC) ZONES. SEASONS 


The amount of thermal energy received from the sun by various 
sections of the earth’s surface depends mainly on the angle of inci- 
dence of the solar rays on the earth’s surface, i.e., on the concentra- 
tion of rays on a given area of the earth’s surface. Indeed, despite 
the fact that the total number of hours that the sun is above the 
horizon during the year is roughly the same for all latitudes, the 
polar regions are appreciably colder than the equatorial regions. 
‘The angle of incidence of the rays depends on the altitude of the 
sun above the horizon, while the altitude, in turn, is dependent on 
the angle of tilt of the equator to the horizon (see Fig. 25) and on 
the declination of the sun, that is, on the relationship of @ and 4o. 
Therefore, from the viewpoint of astronomy, the climatic belts of 
(he earth are based on peculiarities in the diurnal motion of the sun 
during the year and are distinguished by the following features. 

The torrid zone includes regions of the earth’s surface in which 
the sun during the year passes through the zenith at noon twice 
(on the boundaries of the zone, once). 

The temperate zone includes regions where the sun is never in 
(he zenith; yet every day the sun rises and sets. 

The frigid zone is characterized by the fact that during some days 
the sun never sets, during others it never rises. 

Proceeding from these features of the zones and applying to the 
sun the conditions of passage of a body through the zenith (gp = 65), 
rising and setting (64 < 90° — g), and nonsetting and nonrising 
(65 > 90° — ~), we obtain the following boundaries of the five 
climatic or geographic zones: torrid, between latitudes 23°27'N 
und 23°27’S, two temperate zones between 23°27’ and 66°33'N and S, 
und two frigid zones between 66°33’ and the poles. 

At a given place, the altitude of the sun above the horizon chan- 
yes appreciably during the year. Thus, in medium latitudes the alti- 
tude of the sun at noon varies by 46°54’ during the year. As a result, 
the amount of heat energy received by a given point of the earth’s 
surface increases and decreases, thus producing the changing seasons 
of the year. The generally accepted astronomical signs of the beginn- 
ing and end of the seasons are the relationship of the magnitude and 
sign of the declination of the sun and the latitude of the place. 
Spring and summer occur when 65 and @ are of the same name, and 
autumn and winter, when they are of different names. 

On the basis of the foregoing we get the following dates which 
specify the seasons for the northern hemisphere of the earth: 


spring from 21.03 to 22.06; summer from 22.06 to 23.09; 
autumn from 23.09 to 22.12; winter from 22.12 to 21.03. 
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In the torrid zone, the change of season means something quite 
different from what it does in medium and high latitudes; for that 
reason, in the torrid zone one distinguishes the rainy season and 
the dry season. 


SEC. 16 THE DIURNAL AND ANNUAL MOTION OF THE SUN FOR 
OBSERVERS IN DIFFERENT LATITUDES 


As we already know, the difference in phenomena associated with 
the diurnal motion of some body depends on the relationship between 
the latitude (@) of the observer and the declination (5) of the body. 
Since the declination of the sun varies from 23°.5N to 23°.5S during 
the year, it is obvious that phenomena associated with the apparent 
diurnal motion of the sun are constantly undergoing change during 
the year for any observer on the earth. 

First of all, note that the following will be common to all terre- 
strial observers, irrespective of their latitude: on the days of the 
vernal and autumnal equinox, 21 March and 23 September, day 
equals night, and for all inhabitants the sun will rise near the point 
E and will set near W on the horizon; the reason is that during these 
days 55 =~ 0° and the diurnal motion of the sun is roughly along 
the equator.* 

In addition, from 21 March to 23 September, when the declina- 
tion of the sun is north, sunrise (if it occurs in the given latitude) 
will be in the NE quadrant and sunset in the NW quadrant of the 
horizon. During the remaining time, from 23 September to 21 March, 
when the sun has south declination, sunrise will be in the SE qua- 
drant and sunset in the SW quadrant of the horizon. 


I. FOR AN OBSERVER ON THE EQUATOR; 9 = 0° (FIG. 27) 


1. Day is always equal to night since the planes of all parallels 
are perpendicular to the plane of the horizon and are divided by the 
latter into two equal parts. 

2. On equinox days, 21.03 and 23.09, 65 = 0° = @ and the sun 
passes through the zenith at noon. 

3. After 21.03 the declination of the sun becomes north and 
increases, the parallel of diurnal motion of the sun gradually recedes 


* The value 86 = 0°0’ is an instantaneous value, but during the equino- 
ctial 24-hour period 6 changes by 23’.4 in autumn and by 23’.7 in spring. 
AS a result, the sun does not move exactly along the equator but along a curve 
inclined to the equator. 
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from the equator (which is also the prime vertical) towards Py 
and the zenith distance at the instant of upper transit (which is 
always equal to the declination) Z = 65 or H = 90° — dp also 
increases, reaching a maximum on the day of summer solstice, 22.06. 
On this day, at the instant of upper transit, Z = bya, = 23°27'N 
and the meridian altitude H will be a minimum, equal to 66°33'N. 
On this day, the diurnal motion of the sun describes the tropic of 
Cancer (a,q). 

After 22.06 the declination of the sun begins to diminish and the 
parallel of diurnal motion of the sun again approaches the equator; 


the zenith distance Z diminishes at upper transit, and the meridian 
altitude H increases. 

After 23.09 we observe the very same shift in the parallel of diur- 
nal motion of the sun, but this time in the direction of Ps with 
yreatest recession from the equator, 23°27'S, on 22.12. 

4, At sunrise and sunset the azimuth of the sun is numerically 
qual to the polar distance of the sun (90° — 60). 

o. The sun in its diurnal motion never crosses the prime vertical 
bocause we always have 65 —>q. Therefore, during the 24-hour 
period, the azimuth of the sun will be only in two quadrants of the 
horizon: NE (before upper transit) and NW (following transit) for 
north declination (from 21.03 to 23.09) and in SE (before transit) 
and SW (following transit) for south declination of the sun (from 
23.09 to 24.03). On equinox days, from sunrise to transit, the azi- 
muth of the sun will be east, at the instant of transit A instantly 
changes 180° and becomes west. 
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Il], FOR AN OBSERVER BETWEEN THE TROPICS IN THE TORRID ZONE? 
p< 238°27’N OR S (FIG. 28) 


4. The sun rises and sets every day since | 55 | < 90° — 9g. 

2. Twice a year, 5 will definitely be equal to the latitude of an ¥ 
observer in the torrid zcne, and on such days the sun at noon wil 
pass through the zenith of this observer; as @ increases, the tim€ 
intervals between these days will become ever less and, finally, wheP? 
@ = S5max = 23°27’ the observer will see the sun in his zenitP 
only once a year, namely on 22.06 or 22.12. 

3. For 65 <q and of the same name, the sun in its diurnal motioM 
crosses the portion of the prime vertical above the horizon and 15 


observed in all four quadrants of the horizon. But if 65 >@ and 
of the same name, then the sun does not cross the portion of the 
prime vertical above the horizon. In this latter case, the sun wil 
be observed in only two quadrants; and from sunrise to elongatio? 
the azimuth will increase up to A,,,, then decrease to 0° during 
transit, after which it again increases up to elongation and agaiP 
diminishes. The rate of change of azimuth in low latitudes is extre- 
mely nonuniform: from sunrise to moments close to transit, the azl- 
muth changes but slightly (by 5° to 10°); near transit, however 
(points 7, 2, 3 in Fig. 28), it begins to change rapidly and during 
a small time interval it varies by tens of degrees. This peculiarity 
must be allowed for when taking observations in low latitudes- 

4. At the extreme parallels of this zone, that is, on the tropics: 
the longest day and the longest night (during the days of summer 
and winter solstices) are about 13.9 hours long. 
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III, FOR OBSERVERS IN THE TEMPERATE ZONE, BETWEEN PARALLELS 
23°27’N (S) AND 66°33’N (S) (SEE FIG. 25) 


1. The sun is never in the zenith because we always have 


bo << @ 
2. The sun definitely rises and sets, since 
) |b |< 90°—¢ (4.3) 


3. In diurnal motion, the sun always crosses the prime vertical; 
hence, for declination of the same name as latitude, the apparent 
azimuths of the sun will in the course of the day lie in all four qua- 
drants of the horizon; when the names are different, the azimuths 
will lie in two quadrants. 


IV, FOR OBSERVERS IN THE POLAR ZONE; BEYOND THE ARCTIC CIRCLE, 
@~ > 66°33’N (S) (FIG. 29) 


1. One may observe a nonsetting (when 5, and @ are of the same 
name) or a nonrising sun (when 5, and @ are of different names), 
since in these latitudes the condition 55 > 90° — 9 is fulfilled. 
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Fig. 29 


2. The number of days with nonsetting or nonrising sun or, to 
put it differently, the length of the “polar day” or “polar night” 
increases with increasing latitude of the observer. 

The polar day is an interval of time expressed in days during 
which the sun does not drop below the horizon (parallels aa,-ce;); 
the polar night is that period during which the sun does not rise 
above the horizon (parallels dd,-bb,). 
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3. For dg and @ of the same name, the apparent azimuths of the 
sun will be located in all four quadrants of the horizon during 
a 24-hour period. 


V. FOR AN OBSERVER AT THE POLE; @ = 90°N OR S (FIG. 30) 


1. Half the year is day and the sun has a declination of the same 
name as the latitude; half the year is night and 65 and g are of diffe- 
rent names. 


Fig. 30 


2. In its diurnal motion, the sun follows a parallel of latitude, 
and its altitude is always equal to the declination. 

3. The sun reaches highest altitude during the days of solstice, 
at which time hg = Sdmax = 23°27’. 


SEC. 17. AN EXPLANATION OF THE APPARENT ANNUAL MOTION 
OF THE SUN 


Like its diurnal motion, the apparent annual motion of the sun 
over the celestial sphere is only an apparent motion that reflects 
the motion of the observer together with the earth. 

This view, which was expressed in the 16th century by the great 
Polish scholar Nicolaus Copernicus (1473-1543), differed radically 
from the then accepted geocentric hypothesis of Ptolemy which con- 
sidered the sun’s motion as its true motion about a stationary earth. 
The heliocentric system of Copernicus was later proved definitively 
and became the generally accepted theory. The basic geometric and 
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mechanic regularities of this theory were developed in the works 
of Kepler (1574-1630) and Newton (1643-1727). The Kepler laws are: 

1. The orbit of each planet (including the earth) is an ellipse with 
the sun at one focus. 

2. The radius vector drawn from the sun to the planet sweeps out 
equal areas in equal times. 

This law takes into account the nonuniform motion of the earth 
wbout the sun: the earth moves faster on portions of the ellipse 


Fig. 31 


closer to the sun (ab in Fig. 34) and slower on more distant por- 
lions (ed). 

3. The cubes of the mean distances of the planets from the sun are 
proportional to the squares of their times of revolution about the sun. 

te 4A 
SE oF a 
where S, and S» are the times of revolution of two planets rela- 
tive to the stars 
a, and ad, are semimajor axes of the ellipses described by 
these planets. 

This law states that planets closer to the sun move faster than 
those greater distances away. 

Kepler’s laws are dynamically accounted for in Newton's law of 
universal gravitation, which states: 

Every particle in the universe attracts every other particle with a 
force (F) that is directly proportional to the product of their masses, and 
inversely proportional to the square of the distance between their centres 
of mass, or 

mM 

f= ie =" (4.9) 
where m and M are the masses of two particles (infractions of 

solar mass), 
ris the distance between them (in astronomical 

units) and 
k is a coefficient (about 1/53) equal to the force 
of attraction of two unit masses separated by 

a unit distance. 
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The Copernicus system and these laws account very accurately 
for peculiarities of the apparent motion of the sun. 

Indeed, in Fig. 32 constructed on the plane of the solstitial colure 
let the centre of the celestial sphere of a very great radius coincide 
with the centre of the sun. The earth’s motion will be counterclock- 
wise in an elliptical curve with an eccentricity of about 4/g), called 
the earth’s orbit. The sun (S) is located at one focus of the orbit. 


M E 


Fig. 32 


Due to the motion of the earth (Za) in its orbit, an observer on 
the earth will regard the sun as moving over the celestial sphere 
(point S’) in the same direction as the earth. Thus, the ecliptic is 
the projection of the earth's orbit on the celestial sphere or, to be more 
precise, the ecliptic is a great circle of the celestial sphere obtained by 
its intersection with the plane of the earth's orbit (or with a plane 
parallel to it). 

Let the earth arrive in position I at 21.03; then the sun will be 
seen from the earth in the direction of Y of the sphere (in the region 
of the constellation Pisces). In this position, a straight line connect- 
ing the centres of the sun and earth will intersect the earth’s equator, 
that is, the sun will be in the zenith on the equator, and since this 
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line is perpendicular to the axis P,Pg, the earth’s surface will be 
illuminated from pole to pole, and in all latitudes day will be equal 
to night. In position I, spring will set in in the northern hemisphere, 
since the sun has moved into the northern half of the sphere. 

In roughly three months (22.06), the earth will reach position II. 
I'rom this position the sun is projected on point J of summer solstice 
(the region of the constellation Gemini). 

A straight line connecting the centres of the sun and earth will 
intersect the tropic of Cancer, that is, the sun will be in the zenith 
at m = 23°27'N; the angle between this line and the axis PyPs = 

66°33’. Light is received, in the main, by the northern hemisphere, 


it \ 


Fig. 33 


where summer sets in. At @ > 66°33’N we have a polar day, at 
y > 66°33’S, polar night. 

The earth arrives in position III on 23.09. The sun is projected 
on the autumnal equinox =* (in the region of the constellation 
Virgo); all phenomena will be similar to position 1, but in the nor- 
thern hemisphere autumn will be setting in. 

Finally, the earth will arrive in position [V on 22.12. The sun 
will appear at the point of winter solstice l’ (in the region of the 
constellation Sagittarius). The straight line connecting the centres 
of the earth and sun will cross the Tropic of Capricorn (@ = 23°27'S) 
where the sun will be in the zenith; the southern hemisphere will 
he more illuminated and summer will set in; winter will begin in 
(he northern hemisphere. As may be seen from Fig. 33, the sun’s 
rays intersect the earth’s axis (which retains a constant direction 
in space) at angles from 90° to +66°33’ or with the equator from 0° 
to +23°27'; this explains the variation of the sun’s declination on 
the sphere from 0° to +23°27'N and S. 

Let us now see how the earth’s velocity in orbit varies, and conse- 
quently how the longitude of the sun changes on the sphere. Accord- 
ing to Kepler’s second law, the earth’s speed is greatest when closest 
to the sun (point p of the orbit). This point is the perihelion (Greek: 
peri—about, helios—sun)* of the orbit which the earth enters on 


* If we consider not the earth’s orbit but the apparent orbit of the sun moving 
(by convention) about the earth, then the nearest and farthest points of the 
orbit are called perigee and apogee. Then we say that the “sun is in perigee”, 
ihe “longitude of apogee”, etc. 
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January 2-4. At this time, the sun is seen from the earth at point p 
of the ecliptic, the longitude of which is about 282°. The diurnal 
variation (AL) of longitude of the sun at this point is greatest AL =~ 
~ 61’.2. The angular diameter of the sun (2A,) at this point as 
seen from the earth should obviously be greatest, 2Rg = 32’31" ~ 
~ 32’.5. At the opposite point (a) of the orbit, which is farthest from 
the sun, the earth will be moving at its lowest speed. This point is 
called the aphelion (from the Greek, apo—distant, helios—the sun) 
and is reached by the earth on July 3 to 5. At aphelion, the angular 
diameter of the sun as seen from the earth is smallest: 2Ro = 
= 31'27" ~ 31’.5. The point of the ecliptic A, on which the sun 
will be projected, has a longitude of 102°, while the diurnal varia- 
tion of longitude of the sun at this point is smallest: AZ = 57’.2. 
The earth’s orbital velocity near the equinoxes (positions I and III) 
is close to the mean velocity of 29.77 km/s, while the diurnal varia- 
tion of longitude of the sun is close to the mean rate of 59’.2. 

The seasonal changes of the year that we have already mentioned 
are due to the fact that when the earth moves round the sun it alter- 
nately turns to the sun its northern and southern hemispheres 
(Fig. 33). The angle of incidence of the sun’s rays on a given hemi- 
sphere increases (onset of spring and summer, II in Fig. 33) and decre- 
ases (onset of autumn and winter, IV in Fig. 33). In summer (for 
the northern hemisphere of the earth) the earth is farther from the 
sun, while in winter it is closer, but the amount of heat is more 
dependent on the angle of incidence of the rays on the earth’s sur- 
face than on the slight difference in the sun’s distance from the earth. 

Since the earth’s velocity is different on various portions of its 
orbit the time it takes the earth to cover these portions (see Fig. 32, 
I-IJ, I-11, II-IV, and IV-I) differs. For this reason, the seasons 
have different lengths and for the northern hemisphere of the earth 
they are: spring—92.9 days, summer—93.6 days, autumn—89.8 
days, and winter—89.0 days. 

Thus, the summer (warm) period for the northern hemisphere 
is at present equal to roughly 186 days and is longer than the win- 
ter (cold) period by 7 days. 

The foregoing and the physical proofs that follow permit us to 
conclude that the observed annual motion of the sun over the sphere 
is a reflection of the actual movement of the earth round the sun. 


SEC. 18. VARIATIONS IN THE EQUATORIAL COORDINATES OF THE 
SUN 


It has been established that the sun’s motion along the ecliptic 
is not uniform, as a result of which its longitude also varies in nonu- 
niform fashion. Let us find out what variations there are in right 
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ascension and declination of the sun at various points on the eclip- 
tic. This is very important for practical astronomy. We first obtain 


Fig. 34 


the increments Aa» and Ads as a function of the increment of longi- 
tude. Using the cotangent and sine formulas (or Napier’s mnemonic 
rules), let us express a> and 5, in terms of Z and ¢ from the spherical 
right triangle Y SD (Fig. 34): 
cos €= tana-cot ZL, whence tana=cose-tan L (4.6) 
and 
sin6=sine-sinL (4.7) 


Differentiating (4.6) with respect to a and L, and (4.7) with 
respect to 6 and LZ, we have 


O03 COS & 

COSs2 a cos? L 

whence 
2 

da = FF cos edl (4.8) 

and | 
cos 6 db -=sinecos LdL 

whence 


vs cos L 
d6 == sine —— 5 aL (4.9) 


By the cosine formula of side YS, from triangle YSD we get 
cos L =cos a-cos 6 (4.10) 
Putting cos Z into (4.8) and (4.9) and passing to finite incre- 


ments (which is sufficiently exact for small values of AL), we 
finally get 


AG = AL (4.11) 


~~ cos2 § 


Aé = sine-cosa-AL (4.12) 
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Let us investigate the diurnal variations Aa and A6 near the 


points of equinoxes and solstices, making use of the above-given 
values of change of longitude. 


Table 2 
ALe 
Point of ecliptic a) 1) os Aag per day Aég per day 
ay 

Spring equinox 0° 0° | 59’ | 59’ cose w 54’ [59’ sin € & 23’.5 
Summer solstice Omax= te 90 57 | 57 sece ~ 62 0 
Autumnal equinox 0° 180 o9 | 59 cose 54 | 59sine = 23.5 
Winter solstice Omax = —€ | 270 61 | 61 sece ~ 66 0 


Using the data given in Table 2, it is possible to construct a curve 
of the values of 54 and a> during one year (Fig. 35). 
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Fig. 35 


The diurnal Aas reaches a maximum on about December 24 
(66’.6), and a minimum about September 16 (53’.8). On the average 
for the year, the diurnal Aas = 59’ or approximately 1°. 

The diurnal variation of solar declination, however, fluctuates 
between 0° about the solstice days to +23’.5 about the equinoxes. 
Using the formula (4.12) we can obtain the values of Ads for the 
middle of the first, second and third months following the spring 
equinox, i.e., about April 5, May 5, and June 4. Taking sin ¢ = 
= 0.40, AL consecutively 59’, 58’, 57’ and a = 15°, 44°, 73°, we 
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get 
for the 15th day following equinox Abo = 23" ~0°.4 per day; 
for the 45th day following equinox Ma=17’ =~ 0°.3 per day; 
for the 75th day following equinox Ma= 7’ ~ 0°.4 per day. 


Similar values of Aé are obtained also for the 15th, 45th, and 75th 
day before the spring equinox, and also at these periods following 
the autumnal equinox. Consequently, declination varies approxi- 
mately symmetrically relative to equinoxes and solstices (see 
Fig. 35). This circumstance may be utilized in approximate calcu- 
lations of declination. 


SEC. 19. APPROXIMATE SOLUTION OF PROBLEMS ASSOCIATED 
WITH THE SUN’S MOTION 


I, APPROXIMATE CALCULATION OF aC) AND Wo) FOR A GIVEN DATE 


As a basis for the approximate calculation of a> and 55 we take 
the absolute values of the coordinates given in Table 2 or on the cur- 
ve in Fig. 35, and the diurnal variations of Aa and A6, for the values 
of which, on the basis of the foregoing section, we take 

Aag=1° per day during the whole year; 

Abg = £0°.4 per day for first month before and first month 
after equinox; 

A6é~=+0°.3 per day for second month before and second month 
after equinox; 

Mbg= +0°.41 per day for first month before and first month after 
solstices. 


To calculate the right ascension and declination of the sun for 
a given date, multiply the value of diurnal variation Ads or Aas 
by the number of days to the nearest date of equinox or solstice, take 
the result and add it to (or subtract it from) the value 65 and a 
of that date. 


Example 1. Compute 6. and Og) for May 3. 
(a) The nearest date will be 21.03; b= 0°, Qi = 0°. 


(b) Number of days to nearest date: 43. 
(c) We calculate the variation Ad and Aa. The diurnal variation A6= 
==-+0°.4 and 0°.3. 


A6, =0.4°/d- 30d = 12° 

AS. —0.3°/d- 13d —3°.9 

Ads == 41) .95 Aas= 1°/d-43d = 43°, 
(d) 6)=0°-+ 15°.9= 15°.9N; Oy = 0° + 43° = 43°, 
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Example 2. Compute 6~ and a. for November 16. 
(a) The nearest date will be 22.12; the number of days: 36 (back). 
(b) Ad,=0.1°/d-30d == —3°.0 
A8.—0.3°/d-6d=—= —1°.8 
Abs = —4°.8, Aas== 1°/d (— 36d) 
= 30°: 
(c) 16.41. bo = 18°.75, Og == 234°. 


The relationship which we have established between 65, a>, and 
the dates of the year permit of an approximate solution of a number 
of problems on solar motion. 


I]. DETERMINING THE DATE OF ONSET AND END OF POLAR DAY AND 
NIGHT AND THEIR DURATION IN A GIVEN LATITUDE 


On the basis of the conditions of the rising and setting of an astro- 
nomical body (3.1), we find that: (1) the polar day will continue 
as long as 65 > 90° — g and the polar night of the same name as @ 
will continue as long as 65 > 90° — @ and of opposite name to q; 
(2) the onset and end of the polar day are determined by the equation 
6+ = 90° — @ and are of the same name; (3) the onset and end of 
the polar night are determined by the equation 65 = 90° — @ and 
are of opposite names. 


Example 3. Determine the dates of onset and end of polar night and its 
duration at @m = 72°.5N. 

(a) Condition for onset and end of night: bs = 90° —qy, Lee., 65 — 17°.5S. 

(b) We calculate two dates corresponding to 6. — 17°.5S. The nearest date 
will be 22.126 — 23°.5S. The diurnal variation is 0°.1 and 0°.3. 


The difference A6 —- 23°.5 — 17°.5 — 6°. For one month prior to and fol- 
lowing 22.12: 0.1°/d-30d — 3°; the remainder 3°: 0.3°/d .= 10 days, a total of 
40 days. 

Consequently, 85 = 17°.5S will occur 40 days prior to and following 22.12; 


in other words, the polar night will commence 12 November and will end on 
31 January; duration: 80 days. 


I[[, DETERMINING THE LATITUDE AT WHICH THE POLAR DAY (NIGHT) 
WILL CONTINUE A SPECIFIED NUMBER OF DAYS 
This problem is the reverse of the preceding one. We shall there- 
fore make use of the same conditions: 65 > 90° — q. 
Example 4. At what northern latitude does the polar day last 48 days? 
(a) The condition for the commencement and end of the day: dy = 90°—gyn. 


(b) Due to a symmetrical variation in declination, the number of days 
to the nearest date is 48 : 2 — 24d. The nearest date is 22.06. 


(c) == 23°.5—24d-0.1°/d=21°.1N. 
(d) p=90°—21°.4 = 68°.9N. 
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Note. The condition used in these problems 85 > 90° — @ is approximate 


because it disregards refraction, the apparent semidiameter of the sun, and the 
ea of dip of the horizon. With these factors taken into consideration, 
sola > [(90° — pm) + 0°.9] and the polar day will continue for a longer time, 
Ww 


ile the night will be shorter than in the foregoing problems. 


1V. DETERMINING DATES ON WHICH THE SUN PASSES THROUGH THE 
ZENITH IN A GIVEN LATITUDE 


The condition for passage through the zenith is: 64 = @ and they 
ure of the same name; the problem reduces to calculating the date 
from the solar declination. 


Example 5. @ = 10°S. Determine the dates on which the sun will pass 
through the zenith at noon. 


(a) ) 63=9= O°S. 


(b) The nearest dates are 23.09 and 21.03, Ada = 0°.4 per day. 
(c) Number of days to nearest date: 10°: 0.4°/d — 25d. 
(d) The sun passes through the zenith on 18 October and 24 February. 


V. DETERMINING THE MERIDIAN ALTITUDE OF THE SUN ON A GIVEN 
DATE IN A GIVEN LATITUDE 


Applying formulas (3.8) and (3.9) for the sun, we get 
Hy =90°— ov + 68 


rxample 6. Determine Hg at Vladivostok (@=43°.1N) on 20 August. 
(a) 85 == 0° 0.4°/d-30d +- 0.3°/d-4d = 13°.2N, 
(b) Hp=46°.9+ 13°.2=60°.18. 


VI. FOR A GIVEN DATE DETERMINE THE CONSTELLATIONS VISIBLE AT 
MIDNIGHT IN THE SOUTH, EAST AND WEST (IN @y) 


Using the date, we calculate aj approximately. Obviously, stars 
with a, = Obs) will at midnight be near lower transit; with ay, = 
= Asp + 180°, they will be near upper transit (in the south); with 
Ay = by — 90°, they will be east of the meridian; with a, = 
= Ap + 90°, to the west. The magnitudes of ay are taken from Tab- 
led (op: 126- 127) or from a star map. The solution is checked by a 
drawing. 

Example 7. On 10 December @~ = 50°N. What constellations are visible 
in the south, to the east and to the west of the meridian at about midnight? 


(1) a >= 270° — 12d-1°/d = 258°. 


7—1275 
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(2) For stars to the south, ay = 258° — 180° ~ 78°. From the table or from 


a map we find that Orion, Taurus and Auriga will be in the south. 

(3) For stars in the east, a, = 258° — 90° ~ 168°. From the table or map 
we choose the constellation Leo. 

(4) For stars in the west, by = 258° + 90° =~ 348°. 

In the west we will have the rather faint constellation Pegasus. 


In similar fashion we determine. the positions of constellations 
after sunset or before sunrise, but the relationships between a, and 
= will be different. 

The following examples should be solved without the aid of an 
almanac, by computing 55 and a approximately for the given day. 


Examples. 

8. @ = 0°. What will the meridian altitude of the sun be at noon on 10.02 
and what is the azimuth on that date at sunrise? 

9. mp = 0°. What will Hy be at noon on 16.07 and what will Ay be on this 


day at sunset? 

10. mg — 16°N. On what date will the meridian altitude of the sun at noon 
be equal to 85° to the north? 

114. mo — 5°N. When will the sun pass through zenith at noon? 

12. m = 20°S. Will the sun pass through the zenith on 5.01 at noon, and if 
not, will it cross the prime vertical on that day? 

13. - — 15°N. From what day to what day will the sun not cross the prime 
vertical: 


14. mg = 70°N. From what date to what date will there be polar day and 
polar night? 

15. In what latitude on 24.10 will a nonsetting sun be first observed? 

146. On what parallel will the polar night last 20 days? 

17. m = 63°N on 25.04. What constellations and stars will be visible to the 
south, west and east at midnight? 

18. mp = 47°S; 16.01. What stars are visible at midnight on the meridian 
of the observer (in the north)? 

19. m = 40°N; 19.07. What star transits at midnight and what is its meri- 
dian altitude? 


CH APT ER 5 


PHENOMENA ASSOCIATED WITH THE REVOLUTION 
AND ROTATION OF THE EARTH 


SEC. 20. ANNUAL PARALLAX OF STARS. THE DIURNAL PARALLAX 


The annual motion of the earth along its orbit will inevitably 
give rise to a shift of the stars on the background of the sky if the 
Mtars are at certain finite distances from the earth. Indeed, from 
point 7, of the earth’s orbit (Fig. 36) a celestial body C is seen on 
tho celestial sphere (of very great radius) at the point C’; from point 
7', it is seen on the sphere at C’. As the earth revolves in its orbit 
during the year, the star will describe on the sphere an ellipse very 
close to a circle. The angular magnitude of the semimajor axis of the 
ellipse of shift equal to the largest angle at which the semiaxis of the 
earth's orbit is seen from the star is called the annual parallax x of 
(he star. The annual parallax of stars is. proof of the earth’s motion 
round the sun, because the parallactic ellipse is a projection of the 
oarth’s orbit on a celestial sphere of very great radius. 

To prove the basic principle of the Copernican system (movement 
of the earth round the sun) many astronomers of the 17th and 48th 
conturies made attempts to detect a parallactic shift of stars on the 
celestial sphere. For a long time these attempts did not yield any 
results due to the smallness of the shifts and crude instruments. 

Only at the start of the 19th century did Bessel and V. Struve 
succeed in detecting an annual parallax for the stars 641 Cygni (0”.3} 
und. Vega (0”.25). On present data, the following stars have the lar- 
yest annual parallaxes: Proxima Centauri, 0".762, and a Centauri, 
\".756. Considerable parallaxes have been obtained fors Sirius, 
0”.4, Procyon, 0”.3, and others. At the present time, the paral- 
laxes of over 4,000 stars have been measured. 

From the triangle CST, (Fig. 36) we get 


sinz a. 


sing D 


whence, due to the smallness of the angle z, 


x” -sinT ° (+) 


7 a 
~ Dare 1” 


* 
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But from a determination of the annual parallax a, we have (for 
T = 90°) 

° _ a 

sin t= D 


or 
MW a 
~ Dare 1” (o-t) 
Putting this expression into formula (+*), we get 
x= n"-sinT (9.2) 


Consequently, due to annual parallax the stellar directions will 
deviate from SC towards the sun by a very small angle z. 


LE CSG) nn 
Sphere ere 


Knowing the annual parallax x of a star, it is easy to determine 
the distance to it D from the<formula 


nr (5.3) 


mu” -are 1” 


where a is the mean distance from the earth to the sun, the so-called 
astronomical unit (AU) = 149.5 x 10° km. 
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Stellar distances are so great that it is more convenient to use 
larger units: the light year, which is the disstance traversed by light 
In one year (equal to 9.46 x 10% km) or tthe parsec, the distance 
to a star whose parallax is 1”; a parsec eqquals 3.26 light years or 
30.8 x 1012 km. The distance to a Centaurii is 1.3 parsecs, to Sirius, 
2.7 parsecs. 

The annual’ parallax changes the coordimates « and 6 of a star, 
hut the changes are so slight that they majy be disregarded in pro- 
blems of nautical astronomy. 

Besides the annual parallax we also have a similar phenomenon 
with a diurnal period called the diurnal paarallax (or simply paral- 
lax). A diurnal parallax is observed in the: case of celestial objects 
of the solar system at relatively small diistances from the earth. 
As a result, from different points of the e2arth these bodies lie in 
different directions. During a 24-hour period, the coordinates of the- 
40 bodies undergo certain changes. The diurnal parallax of the moon 
Is particularly evident. This problem willl be considered in more 
detail in Sec 74, Chapter 14. The annuail parallax is sometimes 
called the heliocentric parallax, and the diiurnal parallax is called 
the geocentric parallax. 


SEC. 21. STELLAR ABERRATION 


In the first part of the 18th century, the English astronomer Brad- 
loy attempted to determine the parallactic shift of stars and detected 
deviations in stellar directions towards the motion of the observer 
together with the earth. This phenomenon was explained by Brad- 
loy and was given the name aberration (from the Latin aberratio 
ioaning deviation) of light. 

Aberration is due to two causes: (a) the motion of the observer 
in space, and (b) the fact that the rate of propagation of light is 
linite and is commensurable with the velocity of motion’ of the 
observer. We distinguish annual aberration due to the motion of 
the earth in its orbit, and diurnal aberration due to, the daily rota- 
tion of the earth. We shall confine ourselves to annual aberration, 
xince diurnal aberration is too small (about 0”.3) to be considered 
in nautical astronomy. 

Suppose that in an interval of time AT’, an observer A (Fig. 37) 
with telescope AB moves with the earth in orbit from the point A 
to A, over a distance AA, = v-AT, where v is the orbital velocity 
of the earth, equal to 29.77 km/s, or about 30 km/s. 

A ray of light during time AT will traverse a distance AB = 

V-AT, where V is the velocity of light, equal to 299,793 km/s, 
or about 3 x 105 km/s. As a result, the apparent direction AC’ 
towards the star will deviate from the actual direction AC towards 
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the observer’s motion by an angle y, which is called aberration. 
In other words, in order to see the star in the centre of the field 
of view, it is necessary to incline the telescope at A through an 


Fig. 37 


angle y towards the light ray CA; then the light ray will move along 
the axis of the telescope and arrive at A, at the same time as the 
centre of the field of view of the telescope. 

From the triangle AB,A,, in which we take the angle u — y © u 
due to the smallness of y, we get 


siny v-AT 


sinu V-AT 
whence we have 
y= ar sinu=k"-sinu (5.4) 
where k = ——\ = 20".47 ~ 20".5, the aberration constant, 


V-are 1” 
which is equal to the angle y for u = 90°. 

Due to aberration, in one year the image of a star will describe 
on the celestial sphere an ellipse with dimensions tens of times 
greater than the ellipse due to parallax, and the directions of its 
axes will be different. For this reason, the coordinates a and 6 of 
stars will vary approximately up to +1’.0 with an annual period, 
and these variations must be taken into account in practical astro- 
nomy. Stellar aberration is also one of the physical proofs of the 
earth’s motion about the sun. 
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SEC. 22. THE ESSENTIALS OF PROCESSION AND NUTATION 


If we compare the coordinates a and 6 of certain stars that have 
heen computed in different epochs and registered in catalogues, 
it will be evident that in addition to the periodic annual variations 
due to the causes discussed in the preceding sections we will find 
considerable increases in a and changes in 6 of most stars. 

If we examine the ecliptic coordinates, we will find that the lati- 
tudes of the stars do not change, while the longitudes of all stars 


{| 
o IU 
NY RB 


Fig. 38 


increase by 50”.3 a year. This phenomenon was discovered in the 
second century B. C. by the Greek scholar Hipparchus in the course 
of comparing his own latitudes and longitudes of a series of stars 
with their coordinates obtained 150 years before that time. An ana- 
lysis of this phenomenon shows that the plane of the ecliptic remains 
fixed relative to the stars, while the celestial equator is constantly 
inclining without changing the angle ¢ = 23°.27’, as a result of 
which the point Y moves along the ecliptic towards the sun by about 
50”.3 a year. For this reason, the sun arrives at Y before (position 
Vo, Fig. 38) a revolution has been completed (position Y ,) round 
the sphere by Win <x 24 X 60 xX 60s = 20m 24s per year.* 
The equinox will occur that much earlier—precession (the Latin 


* In the proportion 59’.144—24h, 50”’.3—z, where 59’.14 is the diurnal 
change in the sun's longitude. 
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praecessio means the act of preceding). Thus, the tropical year will 
be 20m24s shorter than one complete circuit of the sun round 
the sphere relative to the stars, which is called a sidereal year and 
is equal to 365.2564 mean days (365d 6h 9m 10s). 

Due to precession, the celestial pole P will move round the pole 
of the ecliptic M in a small circle of radius 23° 27’, while the cele- 
stial axis will describe a conic surface and return to its original 
360 x 60 x 60” 

00”.3/year 
on gives rise to movements of the celestial pole and the vernal 


position in = 20,800 years. Hence, precessional moti- 


IAAT 
©) 


Fig. 39 


equinox point among the constellations. If Py is at present close 
to the star a Ursae Minoris (Polaris), then in 6,000 years the pole 
will be near a Cephei, and in 12,000 years, near a Lyrae (Vega). 
a Ursae Minoris will be closest to Py in the year 2102 (about 28’). 
In Hipparchus’ day, the vernal equinox point was located in the 
constellation Aries, while the autumnal equinox point was in the 
constellation Libra, whence their names. At the present time, 
these points have moved (see Fig. 32) into the constellations Pisces 
(the first point of Aries) and Virgo (the first point of Libra), which 
is nearly 30° towards the motion of the sun. 

If we return from shifts on the celestial sphere to the motions 
of the earth, we find that the precessional motion of the celestial 
pole on the sphere is only a reflection of the actual precessional 
motion of the earth’s axis in space. 
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Physically, the motion of the earth’s axis is due to the gravita- 
tional action of the sun, moon and the planets on the rapidly rotating 
terrestrial ellipsoid. There would be no precession if the earth had 
the shape of a sphere of uniform mass. Let us suppose (Fig. 39) that 
the excess mass (that is, in addition to that of a sphere) of the geoid 
is concentrated in a ring round the equator with the centres of gra- 
vity of thé closest and most distant parts of the ring at points q 
and e. Considering (for the sake of simplicity) only the effect of the 
attraction of the sun* on the mass of the ring and applying the law 
of universal gravitation, we get forces f, and f. (f; > f. due to the 
difference in distances from the sun; the drawing is made for summer 
solstice). 

Applying to the centre of the earth the moment of difference 
of forces f,; — fo = Af, equal to Af-p, construct at point O the 
vector of this moment uw perpendicular to the drawing. 


The vector Jws, which is the principal angular momentum of the 
earth (here, J is the moment of inertia, and was is the angular velo- 
city of terrestrial rotation), will be under the action of an external 
force with a moment wu and, by the laws of mechanics, will begin 
to move. On the basis of the Résal theorem, the instantaneous velo- 
city v of the end of the vector of the principal angular momentum 


/w, will be equal and parallel to the vector of the moment of the 
external forces uz. As a result, the axis of the earth will slowly begin 
to move in space (precess) in the direction indicated by the arrow v. 

Due to the gravitational action of the moon, this phenomenon 
becomes stronger and more complicated. Then if we add to the lunar- 
solar precession the small precession due to the planets, we get 
it general precession, whose constant p is equal (according to the 
findings of Newcomb) to 


p= 50.2564 + 0”.00022 (t — 1900) (9.9) 


where ¢ is the number of years reckoned from the epoch 1900.0. 
Due to precession, the equatorial coordinates of all stars vary 
far more substantially than due to all other causes. From the tri- 
ungle Y,Y.B (Fig. 38) we see that for stars near the meridian of 
wquinoxes P, VY, the changes of a and 6 per year will be 


Aa” = 50”.3-cos & ~ 46” 
A6é” = 50”.3-sin ¢ & 20” 


These changes in stellar coordinates may be found in catalogues. 


* The effect of the moon is still greater because it is closer to the earth 
(of the 50”, 16” is due to the sun and 34” to the moon). 
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For stars located at other places on the sphere, the changes in a 
and 6 due to precession may be computed from the formulas 


Aa” = (m-+n-sina-tan$)-T (0.6) 


Ad” =n-cosa-l' 


where 7 is the number of years reckoned from the epoch for which 
a and 6 are given; 

m and n are precessional constants in right ascension and decli- 
nation equal to: m = 46”.085 + 0”.00028 ¢ and n = 


= 20".047 — 0”.000085 ¢, reckoning ¢ from 1900.0. 
Approximately, we can take 
Aa” = (46" + 20". sin w- tan 6)-T ! 


Ad” = 20” -cosa-T i) 

Due to the precession (caused by the planets) the obliquity of 
the ecliptic does not remain constant either, but changes from 
22° 59’ to 24° 36’. The mean obliquity es is at present 


e = 23°27'8"-3 —0".468¢ (5,8) 


where ¢#, as before, is the number of years after epoch 1900.0. 

Precession is accompanied by slight oscillatory motions of the 
earth’s axis called nutations (see Fig. 38, positions P; and P,) 
with a maximum period of about 18.6 years and with axes of the 
deviation ellipse about 18” and 14”. Nutations are due both to chan- 
ges in the perturbing forces themselves (mainly due to the moon) 
and in their directions. 

Nutations likewise alter the coordinates of stars, but the changes 
are smaller; in the case of “navigational” stars, Aa and Aé may be 
of the order of 0’.3 per year. 


SEC. 23. ON VARIATIONS IN THE EQUATORIAL COORDINATES OF 
STARS 


The coordinates a and 6 of stars do not remain constant, as we 
have seen, but are constantly changing due to the motion of the 
coordinate system itself (via the phenomena of precession and nuta- 
tion), and due to factors operating for each star separately. These 
factors include aberration, the annual parallax and the “motion 
proper” of the stars. The coordinates of stars observed directly 
(after refraction is taken into account) are apparent coordinates. 

If the coordinates of a star (@, 69) are known for a certain initial 
instant (epoch), then the apparent coordinates a, and 6, may be 
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computed for any instant from the formulas 


Ay = Ao + AG@ pr = i AQnut iF AQaver ! 
bx ee So + MS pr + Abnut =f Saber 


where the increments Aa and A6é are computed from special formu- 
las that take into account the time elapsed since the initial epoch. 

If in formulas (5.9) we disregard all but precession, we get so- 
called mean coordinates that determine the mean positions of stars; 
if in addition we take nutations into account, we get the true coor- 
dinates of the stars; if aberration is included, we get the apparent 
coordinates or the apparent places of the stars at the given instant. 

The precomputed apparent coordinates (places) of stars for future 
years, months and dates are recorded in nautical almanacs. For 
this reason, when selecting stellar coordinates for a given day no 
corrections need be made in practical work. 


(5.9) 
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THE APPARENT MOTIONS OF THE MOON AND PLANETS 


SEC. 24. PROPER MOTION OF THE MOON AND ITS EXPLANATION 


Observations of the apparent diurnal motion of the moon (sym- 
bol () during even a few days reveal more markedly those pecu- 
liarities that distinguish solar movements, namely: 

(1) an eastward movement of the moon among the constellations, 
as a result of which we have a daily lag in the time of transit (meri- 
dian passage) of the moon; 

(2) a daily change in the meridian altitude of the moon; 

(3) a daily movement of the points of moonrise and moonset 
along the horizon. 

Considering these phenomena from the viewpoint of a fixed earth 
and a celestial sphere rotating about it, we can conclude that the 
moon (like the sun) has its own apparent motion over the sphere, 
but a much faster one. 

If we determine a, and 6; from observations and use these coor- 
dinates to mark the path of proper motion of the moon on the cele- 
stial sphere, the result will be a large circle passing near the ecliptic 
and situated in the belt of zodiacal constellations. This large circle 
is called the apparent lunar orbit. 

The apparent lunar orbit (Fig. 40) intersects the ecliptic at an 
angle i ~ 5° 8’ in two points called the lunar nodes*: the ascending 
node ($2), where the moon passes across the ecliptic from the sou- 
thern hemisphere into the northern, and the descending node (2°), 
where the movement is just the reverse. The movement of the moon 
over the sphere is in the same direction as the annual motion of the 
sun, that is, it is direct, but the diurnal movement of the moon 
is much greater, about 13°. 

This apparent lunar movement over the sphere is, as we know, 
due to the actual motion of the moon in its orbit about the earth. 
Thus, the moon is not a planet, as was thought in antiquity, but 
a satellite of the planet earth. 


* The nodal points were called “draconic points” in antiquity. Dragons 
were believed at these points to be waiting for the moon to swallow it during 
eclipses. The symbols for the nodes resemble dragons. 
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The apparent lunar orbit, in which the moon moves over the 
sphere in its proper motion, is the projection of the actual lunar orbit 
on a celestial sphere of very great radius with centre at the earth’s 
centre. 

Fig. 40 shows the lunar orbit—an ellipse, in one focus of which 
is the earth, the mean earth-moon distance being about 384.4 x 
x 103 km. The points Per and A signify perigee and apogee (the 


Fig. 40 


closest point to the earth and the most distant point from the earth 
in the lunar orbit, respectively, at which points the velocity of the 
moon is greatest and least). At these points, the angular radius of 
the moon as seen from the earth will be greatest and least, respecti- 
vely, just like the diurnal parallax of the moon. On the average, the 
angular radius of the moon R)) = 15’ 32” = 15’.5, and the parallax 
P)) =~ 957’. Due to the fact that the orbital velocity of the moon 
and the position of the orbit itself in space change rapidly, the 
proper motion of the moon on the sphere is exceedingly nonuniform. 
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Since the earth-moon system is not isolated from the action of 
solar gravitation and planetary gravitational effects, the lunar 
orbital motion does not correspond strictly to Kepler’s laws, but 
is subjected to perturbations or inequalities, the most important 
of which are: 

(1) regression of the line of nodes—the motion of the line $225 
counter to the motion proper of the moon by 19°.3 per year; as 
a result of this motion, the nodes execute a complete circuit round 
the sphere every 18.6 years; 

(2) direct motion of the perigee-apogee line by 40°.7 per year; 

(3) periodic oscillations of the angle of inclination i from 4° 59’ 
to 5°47’ and of the eccentricity of the orbit from 1/,, to 4/93. 

The complete theory of lunar motion is extremely complicated; 
for instance, the longitude of the moon is expressed by a series con- 
taining 655 terms, the latitude has 300 terms. 


SEC. 25. PERIODS IN LUNAR MOTION 


The entire apparent path over the sphere, that is, the full circle 
relative to the stars that the moon traces out during 27d 7h 43m ~ 
~ 27d.32 is called the sidereal month or revolution. With respect 
to the sun, however, which moves 27° along the ecliptic during 
this same time, the moon executes a revolution in a larger interval 
of time called the lunar or synodic month, equal to an average 
of 29d 12h 44m ~ 294.53. 

The lunar month serves as the basis for the calendar month. 

We also distinguish periods of revolution of the moon relative 
to the node and perigee; these are, respectively, the draconitic 
month and the anomalistic month, but they are not used in nautical 
astronomy. 

Twelve lunar months come out to about 354 days, which means 
the lunar year is shorter than the solar year by about 11 days, with 
the result that the same days of the lunar month come on different 
days and even different months of the calendar, year after year. 


During one diurnal rotation of the sphere, the moon covers a dis- 
360° 


270.32 
~ 12°.2 or 49m. For this reason, for the moon 


tance (relative to the stars) of ~ 13°.2 or 53m; relative 


360° 
7 290.53. 
to execute a full diurnal circuit relative to the same terrestrial meri- 
dian, we need another 50 minutes or so in addition to the solar day, 
which means that the lunar day is longer than the solar day and 
is roughly equal to 24h 50m. 

For this same reason, the moon’s transit will lag relative to the 
transits of the stars and sun. Indeed, let us assume (Fig. 41) that 


to the sun 
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on a certain day the earth occupies a position 7, in its orbit. At 
that time, the moon, sun and a star lie on one celestial meridian 
and, consequently, will transit simultaneously on the terrestrial 
meridian P ya. One day later the earth will have reached position 
T. in its orbit and will have made one rotation on its axis. 
During this period of time, the moon will have moved (due to. 
its proper motion) to the left by 13°.2, while the sun will have 
moved 1° to the left. The direction to star C remains practically 
constant. In this position, first to arrive 
at the terrestrial meridian P ya will be the 
star C (position a,), which will be follo- 
wed by the sun (a2) and, finally, the 
moon (a3). If, as indicated above, we com- 
pute the magnitudes of the arcs a,a. and 
Qoa3, we will find that the sun will transit 
approximately 4 minutes after the star, 
and the moon about 53 minutes after the 
star or 49 minutes after the sun. 

Due to the rapid motion proper of the 
moon, its transit (meridian passage or cul- 
mination) on different terrestrial meri- 
dians occurs at different times. To the 
west of the given meridian, transit is late, 
to the east it is ahead of the time of tran- 
sit for the given meridian. The amount of 
lag or gain will be 


49m 2m 
360° “~~ 15° 


which is about 2 minutes for every 15° Fig. 41 
of longitude. 

If we know the time of the moon’s transit on some meridian 
(Greenwich, for instance), it has to be increased in western longi- 
tudes and reduced in eastern longitudes by about 2 minutes per 15° 
of longitude. 

For example, if 7;, on Greenwich is 18h 4m, then the longitude 


4 = 102°E; 7,, = 18h 4m — 2m a ~ 17h 50m. 


SEC. 26. PHASES AND AGE OF THE MOON. CONDITIONS OF SEEING 


Like the planets and their satellites, the moon is a dark body 
that shines by the reflected light of the sun. From the earth we see 
only a part of the moon that is illuminated by the sun, and since 
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the position of the moon relative to the sun and earth varies, the 
moon also changes its appearance periodically producing a sequence 
of phases of the moon (phase change). 

In astronomy, the regularly recurring appearances of a planet (or 
a satellite) as seen from another planet are known as phases. Fig. 42 
shows the various orbital positions of the moon and its appearance 
as seen from the earth situated in the centre. In the various posi- 
tions, the illuminated part of the moon is indicated by a solid dia- 
meter, while the portion visible from the earth is shown by a dotted 
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Fig. 42 


line. In position Z,, the moon and sun are located on one and the 
same meridian, and the nonilluminated part of the moon faces the 
earth. This phase is called new moon and is taken to be the com- 
mencement of the phase sequence. The phases are also associated 
with the so-called age of the moon, which is the time interval measured 
in days from new moon to the given position of the moon. The age varies 
from 1d to 29d.5 or roughly 30d (Od). At new moon, the age is Od 
(30d), but an age of 29 and 1 is also taken as new moon. 

In positions L,, L3, the “young” moon is seen first as a thin cres- 
cent that gradually increases and that is convex to the west (towards 
the sun). The boundary of the illuminated portion (the terminator) 
has the form of an ellipse. The phase ZL; is called the first quarter; 
here the moon is in the form of a half-disc and is about 7.5 days old. 
In the position Z,, the moon is gibbous and convex westwards. 
In the position L,—the full disc—the phase is called full moon, 
14-15-16d old. In Z, the moon is gibbous and convex eastwards. 
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The moon phase in position Z, is called the last or fourth quarter 
where the moon is in the form of a half-disc convex to the east 
(towards the sun) and is 22.5 days old. The half-disc then turns 
into a crescent (Lg) and, finally, at Z, we again have new moon. 

The positions of the moon at new moon and full moon are also 
called syzygies or spring; the positions in the first and last quarters 
are called quadratures or neap. These terms are mainly used in 
studying the tides. 

In position £,, the moon, not seen from the earth, is on the same 
meridian as the sun and its upper transit occurs together with that 


Fig. 43 


of the sun, that is, at noon. Hence, on that day, the moon rises 
in the morning and sets in the evening, and the-night is moonless. 
On each subsequent day the time of transit and the times of moon- 
rise and moonset commence later and later, and when the moon is 
in the first quarter (Z3) after 7.5 days, its upper transit will occur 
at about 6 o’clock in the evening. Accordingly, moonrise will be 
close to noon, and moonset at about midnight. 

On the day of full moon (Z;), the moon will lag behind the sun 
by 0.5 circle and will transit at midnight; in the last quarter (L7) 
the moon will rise during the night, transit will occur in the morning 
hours (about 6 o’clock in the morning) and the moon will set in 
the daytime. 


8—1275 
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The seeing conditions are not the same in the evening and in the 
morning for the various times of the year. Fig. 43 shows the diur- 
nal paths of a “young” moon on a spring evening and an autumn 
evening in northern latitude. Let us suppose that the moon is on 
the ecliptic (that is, we disregard the angle of inclination of the 
orbit i). Then, close to 21 March, at sunset, the point Y will coin- 
cide with W, and the ecliptic will be situated at an angle to the 


Fig. 44 


horizon equal to 90° — m + &s. The apparent path of the young 
moon passes high above the horizon and seeing conditions will be 
best in the evening. In the autumn, about 23 September, point 
<< of the ecliptic will coincide with W and the obliquity of the 
ecliptic to the horizon will be 90° — m — s. Then the apparent 
path of the moon passes just above the horizon, making seeing con- 
ditions of the moon the worst. 

In the morning hours, these conditions are just the reverse. 
Fig. 44 shows the parallels of latitude of the old moon and its posi- 
tions at sunrise on 23.09 and 21.03. Obviously, the morning seeing 
conditions will be better in autumn than in spring. 

For joint observation of the moon and sun, the convenient phases 
are those of the first and last quarters and the days close to these 
phases, so that there will be from 4 to 6 favourable days every month 
for such observations. 
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SEC. 27. CHANGES IN LUNAR COORDINATES 


Due to the proper motion of the moon, its right ascension and 
declination are changing constantly and rather rapidly. On _ the 
average, the magnitude of a varies by 13°.2 per day; however, 
this change varies within rather broad limits. 

The declination of the moon, during a circuit over the sphere, 
attains oné maximum N value and, about 13.5 days later, one maxi- 
mum S value. Due to the motion of the line of nodes, these maxi- 
mum values will likewise vary from ¢ + i to e — i, depending 
on which node coincides with the point \Y: the ascending node 
(SQ) or the descending node (2). In the former case, 6¢ = 23°27° + 
+ 5°8’ = 28°35’N or S, and in the latter, 6; = 23°27’ — 5°38!’ = 
= 18°19’N or S. Intermediate positions of the line of nodes yield 
intermediate values of 5-. Now, due to fluctuations in the angle 
of inclination i, the foregoing maximal values vary still more (from ° 
28°44’ to 18°10’) and in a more complicated fashion. Lunar coor- 
dinates are computed for several years in advance and are given 
in nautical astronomical almanacs. 


SEC. 28. APPROXIMATE SOLUTION OF PROBLEMS ASSOCIATED 
WITH THE MOTION OF THE MOON 


In certain practical cases, it is required to determine quickly the 
approximate position of the moon on the sphere and its illumina- 
tion of the horizon. If the needed tables are lacking, approximate 
formulas may be used that follow from the peculiarities of lunar 
motions. 

I. Formula for calculating the age of the moon (B,): 


Bo =M+N+D (6.4) 


where M is an empirical number given in Table 3 and usually 
called the “Lunation number” (the numbers in the table 
are increased by 11 every year) 
N is the number of the month of the year 
D is the date. 
If B: comes out to more than 30 d, then 30 is rejected. 


Table 3 

Magnitudes of the M number 
Year 967 | 68 69 | 70 74 72 73 | 74 75 
M number | 16 | 27 8 | 19 | 0 11 | 22 | 3 | 14 
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II. Formula for computing the local time of upper transit of the 
moon, T7;,;: 


where 12h is the approximate local time of transit of the sun; 
Oh. 8 (or 49m) is the diurnal lag in transit of the moon relative 
to the sun. 
III. Formulas for rough computation of time of moonrise (T7’,) 
and moonset (7',); 


T, ~T,,—6h; T, =~ T1+6h (6.3) 


More precise results are obtained by plotting the lunar parallels 
of declination on a drawing of the sphere or on a star globe. 
IV. Formula for computing the right ascension of the moon (a,): 


ac &Aa+ Be-12° (6.4) 


where a> is an approximate value of the right ascension of the sun; 
12° is the diurnal advance of the moon over the sun in 
motion proper. 

V. An approximate (up to 5° to 8°) value of the declination of the 
moon 6, may be obtained from a drawing of the sphere from the 
plotted value of a and the ecliptic. Disregarding the angle i, the 
position of the moon is taken at the point of intersection of the 
ecliptic and the meridian of the moon. 


Example 1. 6 August 1968, p=45°N. Determine Bo, Ttr, Tr, Ts, &; and 


the position of the moon at 23h. 
(1) Bo = 27+8-4-6= 11d. The moon is gibbous and convex westwards. 


(2) Typ --12h-+14d-0.8h'd 2th. 
(3) O¢ ==135°+ 14d -129/d == 267°. 
(4) T,==2ih—6h-=15h; 7,=24h+6h—3h. 


(5) Using Fig. 45, we find the position of the moon at 23h: A ~ SW 30°; 
h — 10°. 

The M number may be computed approximately from the peculiarities of 
lunar motion. As far back as in ancient Greece it was found that every 19 years 
the age of the moon recurs on the same days of the year. The reason, as indicated 
by the Greek astronomer Meton, is that 19 tropical years are equal to 235 lunar 
months to within 0.1 day. The period became known as the lunar cycle or the 
Metonic cycle, and the number of the year in this 19-year cycle is the “golden 
number” (R). Knowing the golden number and taking into account that the 
lunar year, equal to 12 synodic months, is shorter than the tropical year by 
11 days, we may obtain the so-called cpact (Ep), or the age of the moon at the 
commencement of any year of the Metonic cycle. The first year of our era (the 
number of which is 0) coincided with the first year of the Metonic cycle, and the 
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moon’s age was zero. Therefore, dividing the number of the year +1 by 19, 
we get the golden number as the remainder, and from the latter we get the epact 
and the M number with an accuracy to within 1 to 2 days. 


Fig. 45 


9 
Example 2. 1) 1958 -+ 1 = 1959; 2) 1959: 19 = 103 + 5 and remaind- 


er 2; hence, R = 2. 3). The epact = (R — 1)-11 = 11 days. When Ep > 30, 
the period 30 is dropped. 4) M = epact — 3 = 8, where 3 is an empirical 
coefficient. Thus, in 1958 M = 8 (more precisely, 7). 


SEC. 29. THE FUNDAMENTALS OF TIDES 


Observations of the ocean level show that in the gemeral case 
it attains two peaks a day (high water or high tide) and two mini- 
ma (low water or low tide). These phenomena are of a wave nature 
and lag daily about 50 minutes, thus indicating their relationship 
with the movements of the moon. Celestial mechanics gives a dyna- 
mic explanation of the tides. The flood tide is due to the attraction 
of particles of water in the oceans by the moon and sun, and since 
the tidal force is inversely proportional to the cube of the distance, 
the attraction-of the moon is 2.2-fold that of the sun. The tidal 
wave forms on the terrestrial meridian nearest the moon, and also 
on the meridian opposite it (Fig. 46), and follows the moon. Howe- 
ver, the tidal maximum does not occur at the time of upper or lower 
transit of the moon, but later by an amount known as the lunitidal 
interval. This tidal lag is due to the friction of the particles of water, 
the shape of the sea bottom and coastline, and to other local causes. 

The size of the tidal wave depends on the position of the moon 
(L) relative to the sun (S) and the earth (7). The largest tides occur 
during new and full moon (Fig. 46) and are called spring tides, the 
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smallest occur at quadrature and are known as neap tides. Tides 
are characterized by the time and height of high and low water. 
To determine the times of flood and ebb, use is made not of the vari- 
able lunitidal interval, but of a constant interval called the High 


Water Full and Change, which is the arithmetic mean of the luniti- 
dal intervals in the mean equinoctial syzygy. 

Tidal data are given in special tables of tides and other manuals. 
The tides are very important in navigation and are therefore stu- 
died in oceanography and in pilotage (tidal aids and how to work 
with them). 


SEC. 30. PLANETARY MOTIONS PROPER 


In ancient times it was already known that not all stars are fixed. 
Some of them—which the ancient astronomers called planets— 


Data on Planets 


Planets (ordered as saa Equatorial Angular di- E tri Inclination 

to distance from cal diameter lgieatest. aa to plane of 

sun) sym- (km) and react) earth orbit 

bol 

Infe- | Mercury ce) 4,840 A 20 0.2056 7°0’ .2 

rior | Venus Q 12,400 9.9-65.2 0.0068 3 23.6 
. Earth | rs 12,796 | — | 0.0167 | 0 

Mars oS 6,780 3.59-29.9 0.0934 1°51’ .0 

Asteroids }} — | 770and less — Mean ~ 1/7 | Mean 9°.5 

g Jupiter 2p 143,640 30.5-50.1 0.0484 1°18’ .4 

UPer) Saturn + | 120,500 14.7-20.7 0.0557 2 29 .4 

t0F | Uranus w | 53,400 3.4-4.3 0.0472 0 46 .4 

Neptune yH 49 , 600 2.2724 0.0086 1 46 .5 

Pluto @ |<13,000 0.19-0.24 0.2470 17 6.5 
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wander over the celestial sphere like the moon, though much more 
slowly and along more intricate pathways. 

To account for such motions and to be able to precompute the 
positions of the planets, the ancient astronomers who adhered to the 
geocentric system of Ptolemy had to think up complex systems 
of circular planetary motions round the earth. However, even the 
most intricate of such motions yielded inaccurate results. It was 
only the heliocentric system of Copernicus plus the laws of Kepler 
that reduced planetary motions to a simple and integrated system. 
Planets are celestial bodies revolving about the sun in specific 
orbits; hence the earth is a planet too. The planetary orbits, like 
that of the earth, describe ellipses, at one focus of which is the sun. 
Table 4 contains some essential facts about the planets and their 
orbits. 

From the table it will be seen that the planetary orbits have 
different eccentricities and inclinations to the earth’s orbit, though 
these inclinations are very small, which means that all the planets 
revolve about the sun in approximately the same plane and in the 
same direction. Consequently, the projections of all planetary orbits 
(except that of Pluto) on the celestial sphere lie close to the eclip- 
tic in the belt of zodiacal constellations. 


Table 4 


Data on Orbits and Planet Motion 


Mean distance to sun Mean Mean distance from earth, 106 kin 
Ey Se eine Orbi- ancular| cl... | f° 
eet tal | orbital | infe- | supe- 
riod O 4loO- i i ‘ 
minkm | AU revolution | city | jve!Gn| cone | con- | SPROr [coniunc- 
km/s day Junc- | junc- 
tion tion 
57.9 0.387 | 87d23h15m.7 | 47.8] 4°5’.5; 91.6] 207.4 — — 
108.4 0.723 | 224 16 49.1 135.0] 1 36.1) 414.4] 257.6 — — 
| 149.5 4.000 365 6 9.2 | 29.8 059 | | 
227.8 1.524 | 686d2h33m0. 8] 24.1]0°31’.4, — — 78.3 377.3 
Mean 418|Mean 2.8 | 1.76to13.7y} — — — — — — 
777.8 0.203 | 11.826 y 13.14};0 5.0) — — 628.3 927.3 
1,426.1] 9.539 | 29.457y 9.6/0 2.0] — | — [1,276.6] 4,575.6 
2,869.4 19.191 | 84.015 y 6.810 0.7) — — |2,719.6) 3,018.6 
4,499.6 30.071 |164.782 y 5.440 0.4 — — |4,346.1] 4,645.1 
0,929 39.656 {249.73 y 4.7/0 0.2) — — 14,315 7,042 
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The planets whose orbital semiaxes are less than that of the 
earth’s orbit (Fig. 47) are called inferior planets (Mercury and Venus). 
All the other planets whose orbits lie beyond the earth’s orbit are 
called superior planets. 

The angular and linear velocities of the inferior planets are greater 
than the velocity of the earth, those of the superior planets are less, 
as should follow from Kepler’s third law. The inferior planets can 

occupy the following positions relative to 
Sup.l. the earth and sun (Fig. 47): inferior conju- 


Fi fof OD nos nction— the planet at a lies between the sun 


and earth; superior conjunction—the planet 
lies beyond the sun at point b; elongati- 
AO on—western at point d and eastern at c, 
which is the greatest angular recession of 
the planet from the sun. The greatest elon- 
gation of Venus is 48°, of Mercury, 28’. 
The superior planets may occupy the fol- 
lowing positions (Fig. 47): b at conjunction 
when the planet is on the other side of 
the sun, O at opposition, when the earth 
lies between the sun and the planet. From 
the foregoing it is obvious that the inferior 
planets can, in their apparent motion, 
recede from the sun on the sphere only to 
strictly definite angular distances (elonga- 
tions), while the superior planets may 
recede to any distances (up to +180"). 
If from observations we obtain a and 6 
of a planet and plot its apparent path on 
the celestial sphere or a map, we will get 
a curve Close to the large circle of the ecliptic, but one that has an 
intricate loop-like appearance. Fig. 48 shows the apparent path of 
the inferior planet Mercury between 1.01 and 1.07.56. Arrows indicate 
the direction of motion. Up to point C, the planet moves with the sun, 
direct motion; C, is a so-called stationary point of the planet, which 
means that its coordinates do not change for a certain time. From 
C, to C, the planet moves towards the sun describing retrograde 
motion. C, is another stationary point; from here the planet is in 
rather fast direct motion up to C3, where a change of direction 
takes place again, and so forth. Fig. 49 shows the apparent path of 
the superior planet Mars between May and December 1956. At 
first we have direct motion; C, is a stationary point, followed by 
retrograde motion up to Coe, and, finally, again direct motion.* 


Fig. 47 


* Between C,; and C, there occurred the “great opposition” of Mars of 1956 
when the earth-Mars distance decreased to 56.5 million kilometres. 
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We have already mentioned that planetary movements over the 
celestial sphere are rather simply accounted for by the orbital moti- 
on of the planets in one direction but with different velocities. 


ee Andromeda 


Fig. 48 


Indeed, let Fig. 50 be a projection of the celestial sphere on the 
plane of the ecliptic and the projections of the orbit 7 of the earth 
and the orbit of the inferior planet Venus H. When the earth is at 


Fig. 49 


T,, the planet A, is in inferior conjunction with the sun and is seen 
on the sphere at point / (arrows indicate earth-planet directions). 
When the earth moves to 7,2, the planet (whose orbital velocity is 
greater than that of the earth) will cover a greater distance and will 
come to H>, which is projected on the celestial sphere at point 2, 
and its motion between 7 and 2 and 3 will be retrograde motion. 
In position near 7’; the planet is seen from the earth along the tan- 
gent to its orbit as receding from the earth in an unchanging direc- 
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tion; all positions of the planet near H3 are projected on the sphere 
at point 3, which is a stationary point of the planet. As the earth 
moves from 73 to 7, and 75, the motion of the projection of the 
planet from point 3 to 4 and 5 will be direct and more rapid than 
the motion of the sun. At 7 the planet H; is in superior conjunction 
with the sun, and about the position H; it will be in western elon- 
gation. During the motion of an inferior planet, its illuminated 


Lnverior 
conjunction 
f 


ty >V, 7% 
Fig. 50 


portion is turned towards the earth, and then away from the earth, 
which means that, like the moon, the planet is seen in various phases. 

The motion of a superior planet B is explained in Fig. 514. The 
orbital velocity of the earth 7 is greater than that of the planet B, 
with the result that the projection of the planet on the celestial 
sphere first executes direct motion (/-3), then is stationary (3, 4, 
and 6, 7), then is in retrograde motion (4-6); and at 7; planet B; 
is in opposition. As will be seen from the figure, no change of phases 
is observed in the superior planets. 

Due to the apparent motion proper of the planets, the equatorial 
coordinates a@ and 6 are changing constantly and nonuniformly. 
For the inferior planets the diurnal change of a may be greater than 
for the sun. For instance, for Venus the greatest Aa will be of the 
order of 1°24’ per day or 3’.5 per hour. Now the superior planets 
have smaller Aw than the sun. The @ of a planet increases in direct 
motion and diminishes in retrograde motion. The maximal decli- 
nations of the brightest planets do not go beyond the limits of 27°N 
or S due to the fact that they move close to the ecliptic. 
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Only the four brightest planets are utilized in nautical observa- 
tions: Venus, Mars, Jupiter and Saturn. The brightnesses and visi- 
bility conditions of these so-called navigational planets vary 
depending on the distance from the earth and their position on 
the celestial sphere. 

The inferior planet Venus is lost in the sun’s rays and is not 
visible from the earth at superior and inferior conjunction 
(Fig. 50). In position H3 (wes- 
tern elongation) Venus is seen 
in the morning before sunrise; in 
eastern elongation it is seen in 
the evening after sunset. Venus 
is brightest (about Mag. 4.2)* in 
phase 0.25, when a-quarter of 
the disc is visible, since in this 
position it is considerably closer 
to the earth than in the full-disc 
phase. 

The brightest planets, Venus 


and Jupiter, are seen even in ZY, net 
broad daylight, but only in the @ OF superior i By 
telescope of a sextant. At such Bs By Bs Be By rf 


a time, the location of a posi- \ i 
tion may be found from simul- y wb 7 i, 
taneous observations of, say, the ’ NA tg | 
sun and Venus. Vee VV 7 y 


The superior planets (Mars, 
Jupiter, Saturn) are invisible Vy 
only near superior conjunction /x\ I 
when they are lost in the sun’s oy y \ y 
rays. These planets vary consi- ery 2 zs g_| ne — 
derably in brightness. Mars f aa 
ordinarily has a brightness of 7 4 
about Mag. 1, while during 
a great opposition the _ bright- 
ness increases to Mag. —2.9. 
The brightness of Jupiter fluctuates between Mag. —2.5 to —1.5. 

It is comparatively easy to recognize the navigational planets: 
Venus is always close to the sun and is therefore seen only as a 
bright white evening or morning star. Mars has a reddish-orange hue, 
Jupiter is yellowish, Saturn is white. The planets do not twinkle as 
do even the brightest stars. Almanacs indicate the visibility con- 
ditions of the planets for every month of the given year. 


Fig. 51 


* About brightness see Sec. 31. 
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THE STELLAR SKY 


SEC. 31. ON THE CLASSIFICATION OF STARS 


Already in remote antiquity, the stars in the sky had been divi- 
ded into groups, called constellations, each with its specific confi- 
guration. This was done for purposes of orientation in the sky and 
frequently had a religious basis. That classification of stars according 
to “mutual positions on the sphere” has, with slight modifications, 
come down to the present day. 

The names of the constellations were taken mainly from ancient 
myths and legends (for example, Perseus, Andromeda, and others) 
and only in the southern part of the sky do we encounter modern 
names (such as Compass) that were given in the nineteenth century. 
The boundaries of the constellations were drawn to fit the objects 
which they represented. It was only in 1928 that the boundaries 
of constellations were internationally agreed upon and followed 
the arcs of celestial meridians and parallels of declination. The 
old boundary lines were of course taken into account. The accepted 
practice is to consider all stars (including those not visible) within 
the limits of a constellation as belonging to that constellation. 

One must bear in mind that constellations are artificial groupings 
of stars located at various distances (sometimes very great distances) 
from each other and are simply projected onto the celestial sphere 
in a contiguous group. 

At the present time there are 88 constellations in all; of this num- 
ber, less than 50 are used for purposes of navigation. 

The constellations and certain of the brighter individual stars 
have been given names. These names have come down to us mainly 
from ancient Greek and Arabian times (10-12th centuries) and are 
likewise connected with myths and religious beliefs. 

To illustrate, the star beta (f) of the constellation Perseus was 
called “El-gul” (Demon Star) by the Arabs because it periodically 
varied in brightness from 2 to 4 stellar magnitudes,* which fact— 


* The star B Persei is a double star; variations in brightness are due to eclip- 
ses of the brighter star by the faint companion. Such stars are now called eclip- 
sing binaries or‘ Algol-type stars. 
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on the background of the other “invariable” stars—was believed 
to be the doings of the devil. The Europeans modified this name 
to Algol, and that is what it is today. 

Each bright star in the sky is designated by a letter of the Greek 
alphabet (a, B...) according to the place it occupies in the constella- 
tion; the smaller stars of the given constellation are simply 
numbered. Stars with names are also given these designations. For 
instance, a Ursae Majoris is called Dubhe, a Bootis is Arcturus, 
and so forth. 

Lists of large numbers of stars in their constellations are given 
in star catalogues with coordinates a and 6; shorter lists are given 
in almanacs. 

The apparent brightness of a star is characterized by its stellar 
magnitude, denoted by Mag. The brightest stars in the sky (there 
are about 20 in all) are of the first magnitude and brighter, the 
faintest stars visible to the unaided eye (about 5,000 in all) are 
of the sixth magnitude. 

In the middle of last century, this rather arbitrary division of 
stars as to brightness was given a physical justification. It was estab- 
lished that stars of first magnitude appear to the eye brighter than 
those of second magnitude to the same extent that second-magni- 
tude stars are brighter than third-magnitude stars, and so forth. 
In other words, the stellar brightnesses (/,, [...) of different magni- 
tudes form a geometric progression. To obtain the value of the 
common ratio of the progression q, it was agreed that first-magnitude 
stars are to be considered 100 times brighter than sixth-magnitude 


stars, or gq? = A = 100, whence g = Y 100 = 2.542. 
6 
Thus, the relationship between the brightnesses (or brilliance) 


I, and I, of two stars and their stellar magnitudes m, and mz, is 
expressed by the formula 


I m2—m 
Fy = 2.5128 oy (7.4) 
or 
I 
log Tt, = 0.400 (mz —m) (7.2) 


Formula (7.1) shows that for an increase in stellar magnitude by 
one unit the brightness of the star must increase approximately 
2.0 times. 

On this basis, all stars (celestial bodies) may be arranged in 
a series as to brightness (and, hence, magnitude); stellar magni- 
tudes may come out fractional or even negative. 
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The Pole Star (Polaris), of magnitude 2.15, is taken as the basis 
of the scale of stellar magnitudes. 

On this scale we get the following magnitudes for a number of 
stars: Capella 0.2; the brightest star in the sky, Sirius, —1.6; Venus 
(mean) —3.8; the moon (at full-moon) is —12.5; and the sun is 
—26.8, etc. 

Star brightnesses are determined by a variety of methods: visual, 
photographic, photoelectric and radiometric. For a single star, 
these techniques yield several different stellar magnitudes, but the 
differences are not significant for nautical observations. 

In nautical astronomy, the term “navigational star” is used. 
These stars are the brightest in various parts of the sky and are 
convenient for nautical observations (as a rule, they are brighter 
than second magnitude); in all there are about 60 such stars. 

Table 5 lists the main navigational constellations and stars, 
their magnitudes, approximate values of a, and exact values 
of t, and 6, for the epoch 1960.5 with their variations for one 
year. 

Star maps (Fig. 52, insert) are made in rectangular projections: 
the polar zones in stereographic projection, the equatorial zones 
in Mercator projection. The sky is that seen by an observer looking 
from inside the celestial sphere, that is, at the actual sky. The maps 
show the brightest (mostly navigational) constellations, and also 
the constellations of the zodiacal belt and constellations used for 
orientation; for which reason stars of magnitude less than 3.9 are 
included. Stellar magnitudes are indicated by the following desig- 
nations: 7 


’ #& —brightness greater than Mag. —0.5 
¥%x— from —0.5 to -+0.5 

% — from -+-0.5 to -!-1.5 

-@-— from +41.5 to 12.5 
@—from +2.5 to +3.5 


-—less than -+3.5. 


At the top of the equatorial-zone map is a scale of months. The 
stars given under a date on the scale are seen at midnight near their 
upper transit. On maps of the polar zones, the stars are shown as 
seen for their lower transit. Stars situated on the opposite meridian 
will be seen near their upper transit. These maps may be used for 
identifying stars. To do this, hold the map over your head, position 
the zenith on the parallel equal to @ and turn the map to the given 
fiir 
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SEC. 32. STAR AND CONSTELLATION IDENTIFICATION 


To identify stars, note the following: 

(1) the constellation in which it is located; 

(2) the configuration of stars; 

(3) the brightness and the colour of the stars. 

It is convenient to identify constellations and stars relative 
to easily recognizable and prominent constellations which one 
should know very well and be able to find at any time in the night. 
For this purpose, let us take the constellations Ursa Major and 
Orion. 

The principal orientation constellation of the northern sky is 
Ursa Major, which has the shape of a dipper with a long, slightly 


€ far 
6 5 
? a—t 
Ursa Major 


Fig. 53 


bent handle (Fig. 53). Fig. 14 shows its location in the sky in autumn 
for different hours. It is always very easy to locate this constella- 
tion. 

All seven principal stars* are white in colour and have approxi- 
mately the same magnitude, about 2 and are suitable for nautical 
observations. Nearly all the basic constellations of the northern 
sky may be located via their positions relative to Ursa Major by 
dividing the sky into sectors: upwards from the dipper, towards the 
bottom, towards the handle, and so forth. To find individual stars 
located in these sectors, let us connect the stars of Ursa Major with 
straight lines (these are the arcs of large circles on the sphere) and 
extend them to indicated distances. To do this, first remember all 
the stars of the constellation Ursa Major (abbreviated UMa). 

I. Let us examine the constellations located upwards from the 
dipper of Ursa Major. 

(a) Connecting the stars a and B UMa with a straight line (Fig. 54) 
and extending it towards the star a to a distance five times 
that between a and 6 (the a—f distance is roughly 5°), we see the Pole 
Star (Polaris—a Ursae Minoris) —a white andrather faintstar which 


* The constellation of Ursa Major occupies an area of 1,280 square degrees 
and numbers 125 stars brighter than Mag. 6.0. The angular distances between 
the principal stars of Ursa Major are shown in Fig. 53. 
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is, however, quite prominent among the surrounding fainter stars. 
The constellation Ursa Minor also has the form of a dipper, but it 
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is smaller and is made up of very faint stars. 
The Pole Star is located at the tip of the 
handle of this dipper. As a check, it is well 
to bear in mind that the azimuth of the 
Pole Star is close to N, and its altitude 
is approximately equal to the latitude of 
the ship. | 

(b) If we connect 6 UMa and the Pole Star 
(Polaris) with a straight line and extend it 
the same distance beyond Polaris, we will 
find ourselves in the constellation Cassio- 
peia, the five principal stars of which are 
of magnitude between 2 and 3 and are 
white in colour, forming a figure that 
resembles a stretched W. 

This constellation is used for orienta- 
tion in the adjacent region of the sky. It 
will be noted that Polaris is located at 
a distance of about 1° from the celestial 
pole in the direction of Cassiopeia. 

These constellations, together with the 
fainter Cepheus and Draco, are circumpolar 
constellations and are visible in the lati- 
tudes of the Soviet Union. 


(c) Extend the two lines B-~ UMa and 6 UMa-Polaris beyond the | 
constellation Cassiopeia to a distance about equal to the Polaris- 


Ursa Minor 


— 
— 
— 


Cassiopeia distance (Fig. 55). This is the constellation Pegasus 
in the form of a large square made up of fainter stars than in Cassio- 
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peia. One of the stars of the square (closest to Cassiopeia) belongs 
to the constellation Andromeda, which encloses Cassiopeia in a 
chain of three white stars. One end of this chain takes us to 
constellation Perseus, which likewise has the shape of a short chain 
directed towards Cassiopeia. The star B Persei is Algol mentioned 
above. The stars of these constel- 

lations are rarely used for nautical Vou 2, 

observations. : 

(d) There is a bright star Fomal- . 
haut (a Piscis Australis) in the ,, \¢ 
direction of the straight line y-a \ 

Cassiopeiae, through the middle V; B of 
of Pegasus, two Cassiopeia-Pega- ‘ coms 
sus distances to the south. \ | 

II. Let us examine a sector of = 
the northern sky above the handle a\ <y 
of the dipper of Ursa Major (Fig. 56). ee ae 
This area includes three constella- Le\ 
tions with bright stars. 

(a) Connecting the stars y and hen 
§' UMa (Fig. 56) and continuing 6 \8 
lo 7 distances between the stars 6 e 
und a UMa (“the openings of its & 
dipper”), which we take as unity Xe 
(equal to 10° in the sky), we find 2m) 
the constellation Cygnus the Swan eS 
(also has the form of a cross or Cry» 
airplane) with the bright white 2 4g, 
star Deneb (which means “tail”) 
to the rear. The Swan is “flying” Fig. 56 
along the Milky Way on which 
the star is located. 

(b) Connecting the stars y and ¢ UMa with a straight line and 
oxtending it five a-6 distances, we find nearby a bright white star, 
Vega (a Lyrae) of magnitude 0.1. This is the ‘brightest star of the 
northern sky. Near it is a diamond made up of faint stars in the 
constellation Lyra. 

(c) If we continue this line much farther—8 or 9 times the a-6 
distance—we will see the constellation Aquila, somewhat reminis- 
cent of a jet-plane flying towards the Swan (Cygnus). The brightest 
slar of this constellation is white Altair situated slightly in front. 
Allair, Vega and Deneb are constantly used for nautical observa- 
tions in the summer time™*. 


gu 
a 
~~" $9IUDISID 9-0 1-9 aaa 


* These three stars are located at the vertices of a triangle called the “sum- 
mer triangle”. 
Qu 
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III. Towards the handle of the dipper of Ursa Major and under 
the handle are four bright constellations (Fig. 57). 

(a) Connecting the stars ¢ and 7» UMa with a straight line and 
extending it 3 to 4 a-5 distances, we find the constellation Corona 
Borealis with the rather bright star of Alphecca (or Gemma) in the 
middle of a chain of small stars that resemble a crown. 

(b) Connecting the stars ¢ and y UMa with a straight line and 
extending it a long distance (8 to 9 a-6 UMa distances) we will see 
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a large cluster of bright stars called the constellation Scorpio with 
a bright reddish star, Antares (a Scorpii). The name Antares means 
“similar to Mars” and is due to its bright reddish colour. 

(c) Continuing the arc formed by the stars of the “handle of the 
dipper” e-C-y UMa out to 3a-5 distances, we find a bright light- 
orange star of magnitude 0.2. This is Arcturus (a Bodtis), one of 
the brightest stars that is constantly used in nautical observations. 

(d) Continuing this arc e-¢-y still farther beyond Arcturus to the 
same distance, we find the constellation Virgo with the rather bright 
white star Spica (a Virginis)*. 

IV. “Under the bottom of the dipper” of Ursa Major there are 
two constellations: Leo and Hydra. 

(a) Connecting the stars a and B UMa with a straight line and 
extending it in a direction opposite that of Polaris (Fig. 97) out 
to 4 or 5 a-6 distances, we find the constellation Leo in the form 


* Between the stars n and £ of this constellation is the autumnal equionx 
point. 
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of a resting lion (perhaps more like a flat-iron). In the lower corner 
is a bright yellowish star, Regulus (a« Leonis) and Denebola (which 
means “tail of the lion”) at the other end of the constellation. 

(b) Continuing this line another 2a-5 distances, we see a rather 
faint but prominent star in this star-poor region: Alphard (a Hyd- 
rae), which means “lonely”. 

V. Let us examine the constellations and stars located in areas 
opposite the “handle of the dipper”, that is, towards its edge and 
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lower corner. In these directions, there are no bright constellations 
und stars near Ursa Major, but at 5 to 7 a-6 distances is a portion 
of the sky rich in bright stars. Here are located the constellations 
Auriga, Gemini, Taurus, Canis Minor and Canis Major, and the 
most beautiful of all constellations—Orion. 

(a) Connecting the stars 6-a UMa (Fig. 58) and continuing the 
lino away from the “handle of the dipper” by 4 to 5 a-6 distances, 
we see the constellation Auriga with a very bright (Mag. 0.2) yellow 
xlar Capella (a Aurigae). If we include the star 6 Tauri, this con- 
Mtollation has the shape of a pentagon of bright stars. 

(b) Connecting the stars 6 and B UMa with a straight line and 
continuing it to 4 or 5 a-6 distances in the same direction, we shall 
400 two rather bright stars of the constellation Gemini: Castor 
(« Geminorum, Mag. 2.0) and Pollux (f Geminorum, Mag. 1.2). 
This constellation consists of two parallel chains of faint stars. At 
present, the summer solstice point (l) is located at the end of the 
northernmost one. 
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(c) Continuing the straight line 5-B for another 4 a-5 distances, 
we find a large cluster of bright stars: the constellation of Orion, 
which is described below. 

(d) Connecting the stars ¢ and y UMa with a straight line and 
extending it to 6 or 7 a-6 distances, we see a bright (Mag. 0.5) white 
star Procyon (a Canis Minoris). Canis Minoris is considerably fain- 
ter. Another 4 a-5 distances bring us to the constellation Canis 
Major, which is described below. 

(e) Connecting the stars y and a UMa and continuing the line 
to 9 or 6 a-6 distances, we see the star Mirfak (a Persei). 

If one remembers the above-described locations of the constella- 
tions relative to Ursa Major, a glance at the position of the latter 

constellation in the sky will make it possible to 

7K determine the portion of the sky in which the 

desired constellation is located. In addition, the 

\ | position of Ursa Major relative to Polaris gives 

t XO the approximate sidereal time (see Appendix VI). 

& ‘ In low and medium latitudes, Orion (Fig. 59) is 

i most convenient for identifying constellations and 

i _*% stars in that portion of the sky. Orion has the 

characteristic shape of a trapezium with a belt of 

| three stars round the middle. The ancients perso- 

Fig. 59 nified the mythical hero Orion in this constellation; 

the three stars were his belt. The brightest star of 

this constellation is Rigel (Bf Orionis, Mag. 0.3), which is white; 

the second brightest one, Betelgeuse (a Orionis, Mag. 0.9), is of ,, 

a reddish hue. Nearly all the stars of this constellation inay be 
used for purposes of observation. 

(1) Connecting the stars a and y Orionis with a straight line 
(Fig. 60) and continuing it towards the star a for 3 to 4 a-y distan- 
ces (in Orion), we will find the familiar constellation of Canis Minor 
with the bright star Procyon. 

(2) Connecting the stars 6 and @ Orionis and continuing the line 
4 a-y distances, we find the stars a and 6 Geminorum. 

(3) Connecting the stars 6 and y Orionis and continuing the line 
towards y for 5 a-y distances, we find the constellation Auriga and 
the star Capella. 

(4) Connecting the stars of Orion’s belt, ¢, s, 6, with an arc 
(Fig. 60) and continuing it towards 6 for 3 a-y distances, we find 
a bright reddish star called Aldebaran (a Tauri, Mag. 1.1). Con- 
tinuing this arc another a-y distance, we get to the stellar cluster 
Pleiades. 

(0) Extending the arc of Orion’s belt in the opposite direction 
3 a-y distances, we see the brightest star in the heavens, Sirius 
(a Canis Majoris, Mag. —1.6), which in ancient Egypt was worship- 


x 
Orion 
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ped as the sacred star Sothis. The other stars of this constellation 
are not so bright and are not usually used in observations. 

Let us examine some ways of identifying the chief constellations 
and stars of the southern sky that are not seen in the latitudes of 
the Soviet Union. In identifying them, we shall proceed from Orion 
and the Southern Cross (Crux). 

(1) If we connect the stars ¢ and x Orionis with a straight line 
and continue it 5 or 6 f-x distances in the southern direction 
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(lig. 61), we will come to the constellation Argo, which has the 
second brightest star (after Sirius) in the sky: Canopus (@ Argus, 
Mag. —0.9). Argo, or as it is sometimes called, Argo Navis, is now 
divided into four smaller constellations: Carina, Puppis, Pyzis, 
and Vela. Canopus is a Carinae. However, globes and maps also 
yive the generic name Argo Navis or Argo. Some of the stars of this 
constellation (Mag. 1.7 to 3) may be used in observations. They 
should be identified on a globe or map. 

(2) Connecting the stars ¢ and B Orionis with a straight line and 
continuing it to 7 or 8 ¢-x (Orionis) distances southwards (Fig. 61), 
wo will see the bright star Achernar (a Eridani, Mag. 0.6). The 
remaining stars of this constellation are fainter. 
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Among the constellations of the other part of the southern sky, 
The Southern Cross (Crux) may be used as a Starting point (Fig. 62). 
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Fig. 62 
It has the form of a small cross made up of four rather bright stars 
(Mag. 1.5 to 3). In low latitudes, it may be located by connecting 


32. STAR AND CONSTELLATION IDENTIFICATION 437 


the stars Arcturus and Spica and continuing the line southwards 
to 1.5 the distance between them. 

(3) Two 6-B (Crucis) distances towards the star 6 are two bright 
stars: B and a Centauri, Mag. 0.9-0.3 (see Fig. 62). 

(4) Connecting the stars y and 6 Crucis with a straight line and 
continuing it 4 a-y distances, we will see the constellation Triangu- 
lum Australis, the alpha star of which is suitable for observations. 

(9)Continuing this line to 8 a-y distances, we will see a Pavonis 
(Mag. 2.1). Another 11 a-y distances brings us to two stars of the 
same magnitude (Mag. 2.2): a and B Gruis. 

Continuing in the same direction another 2 or 3 a-y distances 
(Crucis), we will see the bright star a Piscis Australis. 

Fig. 62 also shows the directions of the familiar stars a Argus 
and a Eridani. 
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MEASUREMENT OF TIME 


SEC. 33. FUNDAMENTALS OF MEASURING TIME 


One of the problems of spherical astronomy is measuring time; 
namely, establishing the principles for determining time, the units 
for measuring time, and the system of time keeping. Measuring 
time is associated with certain difficulties that follow from its 
properties, one of which is its irreversibility, which means the pro- 
perty of changing in only one direction (forward). The irreversibi- 
lity of time makes it difficult to reproduce its units of measurement. 
The unit for measuring time must be one that varies periodically 
and is of the same duration. In addition, like any other unit of mea- 
surement, it must be easy to determine from observations and con- 
venient for everyday use. 

Since ancient times, the basic unit for measuring time is the 
period of one revolution of the celestial sphere on its axis (one day), 
which is a reflection of the actual rotation of the earth on its axis. 

This period is to a high degree of accuracy* a constant quantity 
and is readily obtained from observations of the alternation of day 
and night or the motion of the sun. 

The rotational period of the celestial sphere should be reckoned 
from some plane (fixed for the given observer) to some specific point 
of the sphere (a sort of “index’) that participates in diurnal motion. 
The observer’s meridian was taken as the initial plane; for the 
moving point (index) it was agreed to take the first point of Aries, 
the apparent sun or the mean sun, which is a fictitious point on the 
equator moving with a certain mean velocity. 

Depending on the choice of point, we get different units of time 
measurement: sidereal and solar. 

The period of rotation of the sphere (or earth) relative to these 
points will obviously differ in accord with the different rates ol 
motion over the sphere; hence, there is a difference in the duration 
of these units. 


* In practical atronomy we disregard the slight secular decrease in the 
period of the earth’s rotation and its minute accidental fluctuations. 
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Since the rotation of the celestial sphere is uniform, the duration 
of a complete circuit or of any part of it may be evaluated by the 
angle of rotation of the sphere or the corresponding arc of the equator 
(the hour angle). Thus, the quantitative measurement of time redu- 
ces to measuring a totally different physical quantity, the arc (or 
anglé) of rotation of the celestial sphere. We must be clear onthe 
point that time is not an arc, it is simply numerically equated to the 
urcs of the hour angles for the sake of convenience in measuring. 

Consequently, for measuring time one may use the hour angles 
of the first point of Aries, the apparent sun or the mean sun (Fig. 63). 


Fig. 63 


lepending on the reference origin and the units of measurement, 
we distinguish two basic systems for reckoning time: sidereal and 
mean. Time reckoned in the first system is usually called sidereal 
lime, that in the latter system, mean solar time or civil time. There 
ute several times in each system, depending on the meridian from 
which the time is reckoned: local, Greenwich, or some other one. 

Irom the foregoing it follows that in these systems time is reckoned 
in fractions of a revolution of the celestial sphere measured as the 
hour angles of definite points. But hour angles (as arcs of the equa- 
(or) may be measured either in degrees or in hours of arc, aS was men- 
tioned in Sec. 2. Indeed, during one day (24h) in any system, a cer- 
luin point will complete one revolution of 360° relative to the ini- 
tint plane, hence, 24h = 360°; 1h = 15°, etc. To measure time, 
the hour angles will be expressed in time to within Os.5 and in 
tlagrees to within O’.1. 

Practical astronomical problems involve both arcs and angles 
wvprossed as degrees and hours, so it is important to be able to con- 
vert one into the other. For this purpose, in addition to the earlier 
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mentioned special tables (39a, 6, B, in MT-63 and others), make 
use of the following rules: 

(a) To convert an angle or are from are units into time units: 

(1) Divide degrees by 15 to obtain whole hours; 

(2) Multiply remainder by 4 and add the quotient obtained in the 
division of minutes (‘) by 15; the sum gives minutes of time; 

(3) Multiply remainder, obtained in the division of minutes (’) 
by 15, by 4, disregarding the fractional part. The result yields 
seconds of time. 

(b) To convert time into are: 

(1) Multiply hours by 15 and add quotient, obtained in division 
of minutes of time, by 4 to get degrees of arc; 

(2) Multiply remainder (of division of minutes of time by 4) 
by 15 and add quotient obtained in division of seconds of time by 4 
(to within tenths) to get minutes of arc with tenths. 


Example 1. 65°43’.5 = (7-)h + (5° x 4) m+ (=) m -+ 
+ (13’.5 x 4)s=4h 22m 54s. 


=.) + (2m x 195)’ -+ 
+ (=) =79°33'8. 

The earth’s rotational period is not the only basis for establishing 
a standard of time. At the present time, the oscillation periods of 
atomic and molecular systems are employed for measuring frequen- 
cies and time. Their features are extreme constancy and very slight 
dependence on external conditions. Atomic systems oscillate with 
a very high frequency, thus making them difficult for practical 
use. And so the oscillations of molecular systems are used. These 
are the oscillations of several connected atoms (for instance, of the 
molecules of ammonia). Although the new time standard is quite 
independent of the earth’s rotation, it is still based on fractions 
of the revolution of the celestial sphere and yields hours, minutes 
and seconds. The advantages of the new standard are: high con- 
stancy of the period of oscillation and the possibility of repro- 
ducing and storing the “units of time”, irrespective of astronomical 
observations of the motion of the sphere. At the present time in 
celestial mechanics, particularly in the theory of lunar motion, 
there is a marked inconvenience due to a slight nonuniformity in 
the earth’s rotation, which means a lack of constancy of the funda- 
mental unit. In this connection, a new concept has been introduced: 
ephemeris time, an absolutely uniform time of Newtonian mechanics 
that appears in all gravitational theories of the motion of bodies 
of the solar system. Ephemeris time may be taken as analogous 
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to mean time (based on the motion of an ephemeris sun); that is, 
we equate it to the hour angle of an ephemeris sun. To convert 
from this time to Greenwich time, use the following equation: 
ephemeris time = Greenwich time + AZ, where AT is +34s.0 
for 1960. 

To reproduce the foregoing time units and systems we have spe- 
cial mechanisms with uniform movements, clocks. Regulators ensure 
uniform rate. One of the first regulators was the pendulum, whose 
period of oscillation under given physical conditions is a constant 
quantity. This regulator is utilized in nearly all timepieces and 
chronometers now in practical use. At present we also have such 
regulators as the oscillations of quartz crystals (the quartz clock) 
and molecular oscillations (the atomic clock). 


SEC. 34. SIDEREAL UNITS. SIDEREAL TIME 


If we take the observer’s meridian as the reckoning point in 
rotation of the celestial sphere, a complete circuit (one rotation) 
of some fixed point of the celestial sphere relative to this meridian 
may be called a sidereal day. The difficulty lies in the fact that there 
ure no such fixed points on the celestial sphere convenient for reckon- 
ing purposes. For that reason, the vernal equinox point or first point 
of Aries (Y) was chosen to mark the rotation of the celestial sphere. 
An added convenience is that this point serves as a reference point 
in the second equatorial system of coordinates. The sidereal day is 
an interval of time between two successive transits (of the same name) 
of the vernal equinox point on the same meridian. For the origin of 
«a sidereal day we take the instant of upper transit of Y on the given 
meridian (point K in Fig. 63). From this basic unit we obtain the 
smaller units: the sidereal hour (1h), equal to */,, of the sidereal 
day, the sidereal minute (14m), equal to 1/,, of one hour, and the 
sidereal second (1s), equal to */g) of a minute. 

The sidereal day is not equal to a complete rotation of earth 
(or the celestial sphere) on its axis, but is somewhat shorter due to 
the motion of the initial point(y) along the equator. We know that 
the point Y moves 50”.3 along the ecliptic every year due to pre- 
cession of the earth’s axis in space. During one sidereal day, the 
50” .3 cose — 0”. 426 — 
366. 2422 : 

- Q0s.0084 in the direction of the diurnal rotation of the celestial 
sphere. The sidereal day is just this much shorter than one complete 
revolution of the celestial sphere. However, this circumstance is 
not important in establishing units. 

Now let us see how time is reckoned with these sidereal units. 
Systems of time in which the starting point is the instant of upper 


point Y will move along the equator 
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transit of Y and the intervals are expressed in sidereal units may 
be generally called systems of sidereal time. Thus, sidereal time (S) 
is an interval of time from the instant of upper transit of the first point 
of Aries to a given instant expressed in sidereal units. Due to the uni- 
form rotation of the celestial sphere, the angles of its rotation rela- 
tive to a meridian and, hence, the hour angles of Aries (Y) vary 
uniformly from 0° (Oh) to 360° (24h). 

On this basis, the magnitude of the hour angle of Aries (Y) may 
serve aS a numerical estimate of the intervals of time that have 
elapsed from the beginning of the sidereal day, in other words, 
sidereal time is numerically equal to the west hour angle of the vernal 
equinox point (tY), i.e., 


S=t* (8.4) 


Sidereal time may be expressed in time units (hours) and arc 
units (degrees), for example: 


S =14h 53m 18s or tY = S = 223°19’.5 


Large intervals of time are not measured in sidereal days and 
therefore sidereal time has no dates. 

Sidereal time may be read on special sidereal clocks or chronome- 
ters adjusted so that the hands move exactly 24h 00m 00s every 
sidereal day. 


SEC. 35. THE BASIC FORMULA OF TIME 


Between the sidereal time S, the hour angle ¢ of any celestial body 
and the right ascension a of that body we can establish a simple 
relationship which was obtained above (Sec. 2) and which also 
follows from Fig. 64 constructed on the plane of the celestial equator. 
The wavy line depicts the lower branch of the meridian of the obser- 
ver. Indeed, 


arc KY =arc KD-+ arc DY 


or 
S=tta (8.2) 


which means that the sidereal time at any instant is equal to the west 
hour angle of the celestial body at that instant plus its right ascension*. 

If the sum ¢t + a@ exceeds 24h or 360° (Fig. 65), then to obtain S 
we drop 24h (360°), which is permissible because sidereal time has 
no date. 


* We again stress that all equations in which time intervals are equated 
with magnitudes of arc have only numerical meaning. 
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The basic formula of time holds for any celestial body and any 
point of the sphere; that is, we can write 
S=ty+ ay =totag=te + Ac =ty, +7, and so forth. 
Krom (8.2) we can determine the hour angle of the body 
t= S—a (8.3) 
Applying this formula to any star, we get 


by = S— Ay 
Add 360° to the right side and put 360°—ay=-t,, then 
ty = S+ ty (8.4) 


where t, is the “sidereal hour angle”, which is given in the Nauti- 
cal Almanac for navigational stars. 


Wes, 


Fig.) 64 Fig. 65 


Formulas (8.3) and (8.4) are used to compute the hour angles 
of celestial bodies in the most important problems of nautical astro- 
homy. 

At the instant of upper transit of a body, its hour angle is 0° 
(360°); at the instant of lower transit, 180°. The basic formula (8.2) 
(hen takes the form: 


for upper transit: S = dpoay 
for lower transit: S = 180°+ aaoay 


Thus, at the instant of upper (or lower) transit (meridian passage), 
it is possible to determine the sidereal time if we know the right 
ascension of the body; conversely, if we know the sidereal time 
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(for example, from a sidereal chronometer), it is possible to deter- 
mine the right ascension of the body. This principle is utilized 
in practical astronomy. 

From the foregoing it will be evident how convenient Aries (VY ) 
is as the basic point in reckoning sidereal time as well: by using 
Aries (Y) we can relate the time numerically to the equatorial 
coordinates ¢ and a of celestial bodies. 


Examples. 3. Given: a, = 4h 29m 32s; ty = 51°48" W. 
Determine S=tY analytically and by drawing. 
Solution: 
Oy. 4h29m32s 


ty | 327 12 


S 7h 56m 44s (see Fig. 64) 
4. S=5h2m 17s; ty = 244°18’.5. Determine t, and Cy (in the drawing). 
Solution: 
S=tY | 75°34’.2 
Ty | 244 18 .5 
319°52’.7W = 40°7’ .3E (Fig. 65) 


ty 


9. Given: Oy = 15h 17m 48s. Aries (Y) in upper transit. Determine ty and S. 
6. Given: ay = 18h 23m 27s. Aries (Y) in lower transit. Determine ty 


and S. : 

7. Given: a, =21h 12m 38s. Star in upper transit. Determine S. 

8. Given: ty = 107°18'E; Ty = 804°29". Determine S in hours of time. 

9. Given: @=50°N; hy=35°, A=SW 50°; a, =5h 53m. Determine S 
from a drawing of the sphere. 

10. 12 November 1959. Sjo-=20h 30m. Determine approximately the 
hour angles of the sun and moon at this instant. 

41. On 9 October 1959, a star with Ty = 247° was observed at the instant 


of upper transit of the moon. Determine approximately Sj; -¢ and the hour 
angles of the star and the sun at this instant. 


SEC. 36. APPARENT SOLAR DAY 


Since ancient times, man has divided his time into the light and 
dark portions of the day, that is, following the diurnal motion 
of the sun. As is easy to establish, during the year the sidereal dav 
begins at different times of the solar day. 

Fig. 66 shows a portion of the celestial sphere with equator and 
the ecliptic. Sidereal time is determined by the hour angle of Aries 
(tY), solar time is determined by the hour angle of the centre of 
the sun (¢©). 
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On 21.03 the sun passes the point Y; at this time both the sun 
(Co) and Aries (Y) will transit simultaneously and the sidereal 
day will begin at apparent noon, which is the instant of the upper 
transit of the sun. One day later, the sun, due to its proper motion 
towards the diurnal motion, will arrive at C, and Aries (Y) will 
transit before the sun, which means that the sidereal day will com- 
mence prior’ to noon; a month later, on 21.04, the sun will arrive 
ut C,, and so forth, until three months from then (on 22.06) the 


sun moves 90° from Y. Then the sidereal day will begin in the 
morning. In half a year, on 23.09, the commencement of the side- 
roal day will come at midnight; in 9 months, in the evening, and 
in a year, again at noon. 

Quite obviously, it is inconvenient to arrange one’s life and work 
hy the sidereal day and sidereal time. For this reason, the sidereal 
(ime systems are used in astronomy. In ordinary life we reckon time 
by the sun. 

If we take the true sun as the initial point for reckoning time 
(as has been done for many centuries), we get another unit of time 
measurement: the solar day. 

The apparent solar day is an interval of time between two successive 
transits (of the same name) of the centre of the visible disc of the sun 
on one and the same meridian. 

From Fig. 66 it will be seen that the solar day will differ from 
the sidereal day by the magnitude of the projection of arc Y C, 
on the equator, which is the diurnal movement of the sun over the 
aquator, or by the magnitude of the diurnal variation of the right 
uscension of the sun (Aq). 


10 ~1275 
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Earlier (Sec. 18) we found that Ago isa variable quantity (vary- 
ing from 53’.8 to 66’.6 per day), while the motion of the sun is 
counter to the diurnal motion of the celestial sphere, from which 
we conclude that: 

(1) the apparent day is longer than the sidereal day by the quan- 
tity Ado, 

(2) the duration of the apparent day is variable, because the 
diurnal variation of the right ascension of the sun changes. The 
difference between the longest and the shortest solar days in the 
year is 66’.6 — 53’.8 = 12’.8 or 51s, or almost one minute. 

It is obviously inconvenient both theoretically and practically 
to take a variable as a unit for reckoning time. For this reason, the 
apparent day and apparent time is not now used in measuring time. 
Apparent time is used only as the hour angle of the true sun (ts). 


SEC. 37. MEAN SOLAR DAY. MEAN SOLAR TIME 


The mean duration of a day for a year is known as the mean solar 
day, or simply the mean day. The number of mean days per year 
is equal to the number of apparent solar days, but the duration 
of a mean day is a constant quantity. The mean day serves as the 
basis for establishing the mean solar units of time. 

In order to introduce the mean day as a unit of time, it is neces- 
sary that the motion of the sun should not differ appreciably from 
time reckoning in mean days; that is, the transit of the sunshould 
be close to noon by the clock, etc. Besides, time obtained in mean 
solar units should readily be obtainable and verifiable from astro- 
nomical observations. To fulfill these conditions, it is best to intro- 
duce a certain fictitious point of the celestial sphere called the mean 
sun (4) that replaces the true sun in questions of measuring time. 
The motion of this point, unlike that of the real sun, must be strictly 
uniform, which means that the variation of its right ascension 
should be a constant quantity and be equal to the mean value of 
Aas. As mentioned earlier, during one tropical year equal to 
365.2422 mean solar days, the right ascension of the sun changes 
by 24h (360°), and therefore the mean diurnal value of Aas or the 
diurnal variation of a@ will be 


24h ; ; 
Ade = s555 9499 = 3m 06s.06 sidereal units per day 


The mean solar day is longer than the sidereal day by this quantity. 

The proper motion of the mean sun is in the same direction as the 
true sun, but is along the equator (Fig. 67, point C,). To reproduce 
the mean day and not depart far from the true sun C, let us intro- 
duce first the point C,; in motion along the ecliptic with the mean 
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annual velocity of the true sun and passing through points P and A 
of the ecliptic (perihelion and aphelion of the earth’s orbit, see 
Sec. 17). However, the diurnal motion of C, will be nonuniform due 
to the obliquity of the ecliptic. Now let us impose the condition 
that the longitude (1) of C, should always be equal to the right 
uscension (@@) of the mean sun. 

The rate of motion of the mean sun over the equator will then be 
equal to the mean rate of motion of the true sun along the ecliptic. 
By virtue of these conditions, the mean sun will change its right 


7 Xe 


_ Bturnat moter — 


Fig. 67 


ascension by 360° during one tropical year, that is, simultaneously 
with the true sun, and their meridians will coincide four times 
a year, while at intermediate dates these meridians will be close 
to one another. The diurnal variation of the right ascension of the 
mean sun comes out equal to the above-obtained mean value, or 
Aag = 3m 56s. 56 per mean day. 

On the basis of the foregoing, the mean day is the interval of time 
between two successive (of the same name) transits of the mean sun on 
one and the same meridian, that is, the time during which ‘the 
mean sun in its diurnal motion describes an arc of 360° on the 
equator. 

For the beginning of the mean day we take the instant of lower transit 
of the mean sun on the given meridian, which is the so-called mean 
midnight. The mean day is divided (like the sidereal day) into 
24 mean hours, each hour into 60 mean minutes, and each minute 
into 60 mean seconds and thence into decimal fractions. 

The mean day, hour, minute and second are the generally accepted 
units of measuring time in ordinary life, science and technology 
and in practical astronomy. These units are designated in the same 
way as the sidereal units: h, m, s, ordinarily without indicating 
“mean”, whereas the sidereal units are always designated “sidereal’. 

Now let us see how time is measured with mean units. We con- 
sider the mean solar systems of reckoning time, 


10* 
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The mean or civil time* (T) of a given meridian is that interval 
of time which elapses from the instant of lower transit of the mean sun 
to the given instant and is expressed in mean units. The mean time 
is always accompanied by a calendar date: the time 7 is written 
as follows: T=17h 28m 30s 20.06. Since the hour angle of the mean 
sun varies with perfect regularity during the diurnal rotation of the 
celestial sphere, the magnitude of the hour angle tg may serve as 


K 
ot 
@ 
) 
E W 
Q 
Fig. 68 


a numerical evaluation of intervals of mean time. Like arcs of the 
equator, hour angles are expressed in degrees or hours; however, 
for mean time the accepted practice is to express them only in hours 
of time. , 

Due to the fact that the commencement of reckoning of hour 
angles of the mean sun (noon meridian) does not coincide with 
that of the reckoning of mean time (midnight meridian), a relation- 
ship is established between them that is clearly illustrated in Fig. 68 


T =tg + 12h (8.5) 


which means that mean time is numerically equal to the west hour 
angle of the mean sun +12h; in other words, it is equal to the hour 
angle reckoned from the midnight. The plus and minus signs are 
to be used so as to obtain 7 between Oh and 24h. 

Since mean time is measured in strictly uniform fashion (due to 
the uniform motion of the mean sun), it is possible to create a clock 
that will read mean time. The situation is handled similarly to the 
sidereal chronometer, but the pendulum is adjusted to mark 86,400 


* From 1925 onwards, mean time has been equal to civil time. Previous 
to 1925, mcan time was reckoned from the instant of upper transit of the mean 
sun, and civil time, from its lower transit. 
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seconds per mean day. If the hands of this so-called “mean” chrono- 
meter read OhOm0Os at the instant of lower transit of the mean sun, 
it will read mean time at any instant. 


SEC. 38. EQUATION OF TIME 


In nautical astronomy it is often required to convert from mean 
time 7 to the hour angle of the true sun ¢@. For problems of this 
nature it is necessary to know the so-called equation of time (n) 
by which is meant the difference between mean time and apparent 
time, reckoning them from one and the same branch of the meridian. 


Wes, 


Fig. 69 


‘This difference is numerically equal to the arc of the equator between 
the meridians of the mean sun and true sun (Fig. 69): 


1=te—lo=Ao— Ag (39) 


or the equation of time is numerically equal to the difference of the 
hour angles of the mean and true suns, or the difference of the right 
uscensions of the true and mean suns”*. 

The sign “+-” is given if the meridian of the mean sun in diurnal 
motion is ahead of the meridian of the true sun (Fig. 69), and “—” 
if behind. 

The magnitude and sign of the equation of time is obviously 
(lapendent on the conditions that the motion of the mean sun was 


* In the nautical literature, the equation of time is given in the meaning 
of mean minus apparent time, whereas in other manuals and tables (Astrono- 
mical Almanac, for example) we have the inverse difference: apparent minus 
inewn time, with only the sign of 4 changed. 
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subjected to. To obtain point C, (Fig. 67), the motion of the sun 
on the ecliptic was reduced to uniform motion. This part of the 
equation of time is called the equation of the centre and is expressed 
by the formula 
y, = — 2e-sin (Ll —wo) 
or approximately up to 0m.1 
y,= +7m.7 sin (78° + L) 
where L is the longitude of the sun 
e is the eccentricity of the earth’s orbit (e ~ 0.0167) 
w is the longitude of perihelion of the earth’s orbit; for 
1960, wo = 102°15’. 

y, is zero near 3 January and 5 July. We have to transfer 
this quantity to the equator; the second part of the equation of time 
is thus called reduction to equator re is found from the formula 

Yo = —sin? — > ‘sin 2L 
or approximately 
Y2= —9m.o-sin 2D 
where « is the obliquity of the ecliptic. 
The quantity y2 is zero on days of equinox and solstice. 
The overall quantity y = y, + ye is zero four times a _ year 
(Fig. 70), namely: 15.04, 14.06, 1.09, 25.12 and has four extremal 
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values: 11.02 (+14m.4); 26.07 (+6m.4); 15.05 (—3m.8) and 3.11 
(—16m.4). Fig. 70 shows the curve of the equation of time (solid 
line); the dotted line with annual period is the curve of the equation 
of the centre (y,); the dashed line with half-year period is the curve 
of reduction to the equator (y,). 
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Knowing the equation of time, we can solve two important prac- 
(Jeal) problems: 
(1) Determine the hour angle of the true sun f from the mean 
(limo 7. 
We have the formulas 
N=tg—ts and T=tg+ 12h 


Solving them for to, we get 


to=T + 12h—y (8.7) 
(2) Determine the mean time 7 of the upper (or lower) transit 
of the sun. 
Solving equation (8.7) for 7, we find 
T=tyF 12h+y (8.8) 
sut at the instant of upper transit, to=0, hence 
T=12h+ yn (8.9) 


from this formula it is obvious that when y = 0, the true sun 
transits together with the mean sun, that is, at noon by mean time. 
When y is positive, the true sun transits after noon, that is later 
than the mean sun, and when it is negative, before noon, which 
is ahead of the mean sun. The largest difference in transit times will 
ho of the order of 30m (from 11h44m to 12h14m). For lower transit, 
it will obviously be 

T=24h+y 

The use of mean time for practical everyday affairs would not 
cause any inconvenience since the departure of the true sun amounts 
to only about 7/, hour. 


Examples. 12. Given: 2 March (2.03) at Tj9¢-=10h 55m 13s; n= + 12m 28s. 
Find iD. and show it on a drawing. 


(a) From formula (8.7) we find: (b) Make a drawing (Fig. 71): 
T | 10h 55m 13s Wasy 
42 | 42 teres 
te 22h 55m 13s 
yn | 12 28 
t| 22h 42m 45s E e 


== 340°41’ .2W = 19°18’ .8E. 
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13. Given: 19.04; t= 208°; n= +10m.5. Find 7 and show it in the figure. 


14. Given: 2.12; Tio¢-=13h 42m 6s; n= —10m 57s. Find #2, in degrees of arc. 


15. Given: 28.10; n= —16m.0. Find 7 for the upper transit of the sun. 
16. Given: 16.02; 71 from the graph. Find 7 for the upper and lower tran- 
sits of the sun. 


SEC. 39. RELATIONSHIP BETWEEN SIDEREAL AND MEAN UNITS 
OF TIME MEASUREMENT 


We have seen that the mean day and mean units of duration are 
“bigger” than the sidereal ones. We can establish the exact relation- 
ship between them in the following manner. The tropical year 
contains 365.2422 mean days, while the number of sidereal days'in 


the tropical year is one day more. Indeed, (Fig. 72), if in position 1, 
Aries (Y) and the sun transit on the meridian A of the earth at the 
same time, then one day later (position //), the first point to arrive 
on meridian A will be Aries, then (after an interval of time nu) the 
sun; thus, relative to Y, the earth executes one revolution +-n. 

Three months later (position JJJ) we obtain Y ~ 91 revolutions 
plus 6h relative to Y; in six months (position [V) we have ~ 2-914 
revolutions + 12h, and so forth. Finally, one tropical year later 
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(position VJ), the earth will have completed 24h = 1 sidereal day 
of revolutions relative to Aries more than relative to the sun, or 
366.2422 sidereal days. Consequently, 
1 tropical year = 365.2422 mean days = 366.2422 sidereal days (*) 
(1) Converting from mean to sidereal units of time. Solving 
equation (*) for mean days, we get 


1 mean day = sidereal days = 1d (4 + asp ) 
sidereal days = 1d (1-++p) sidereal days (8.10) 
where we 1d _ 24x 60x60s —s- 8m_56s.56 — (.00273791. 


Obviously, w equals the change in ag in one mean day. 
Multiplying both sides of (8.10) by a units, we get 
| Gmean days = @(1-+) sidereal days 
or, in smaller uniform units, we have 


Amean units = @(1-+ p) sidereal units of time (8.11) 
Or 


Amean units = (@-++pa) sidereal units 


(2) Converting from sidereal to mean units of time. Solving (*) 
for sidereal days, we get 


365. 2422 366.2422 — 1 


1 sidereal day = 3555755 mean days = sar 5759 — mean days = 
=1d(1—p’) mean days (8.12) 
1d 3m dos.914 


where p’ = 


566d. D453 = DW sidereal hours — 0-00278043, 


i.o., pw’ is equal to the change in a 
during 4 sidereal day. 


Multiplying both sides of (8.12) by 6 units, we have 
6 sidereal units=b(1—p’) mean units of time (8.13) 


Formulas (8.41) and (8.13) are used to convert intervals of time 
from mean units into sidereal and vice versa. For this purpose, 
(here are special tables of the quantities pa and w’b; for example, 
Table 45a and 456, MT-43.* 

Tho relationship between the mean and sidereal units may be 
vividly shown by means of chronometers. If we take two chrono- 
meolers, one adjusted to mean time, the other to sidereal time, and 
Nlarl them at the same time, exactly one day later (24h), the sidereal 


* There are no such tables in MT-63. 
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chronometer will be fast by 3m 56s.56 sidereal units, and in exactly 
24h (by the sidereal chronometer) the mean chronometer will be 
slow by 3m 95ds.91 mean units. 

Hence, in 24 mean hours the hour angle of Aries Y, which is 
numerically equal to the sidereal time, will change by 24h3m56s.56 = 
= 360°59’.14, or 15°2’.46 in one mean hour. Practically speaking, 
the hour angles of stars also change by this same amount in one 
mean hour. 

SEC. 40. CONVERTING FROM MEAN TIME TO SIDEREAL TIME AND 

VICE VERSA 

Since the sidereal time is numerically equal to the hour angle 

of the first point of Aries (Y), and the mean time is equal to the 

hour angle of the mean sun +12h, the 

K “esry relationship between them is determ- 

<a ined by the quantity a»(Fig. 73 or 67). 

This likewise follows from the basic 

formula of time written for the mean 
sun: 


But 7 =tg + 12h. Substituting, we get 
S=T+ 12h4 ag (8.15) 


Formula (8.15) enables us to calculate 
S from T and the date (and vice versa) 
both approximately and exactly. Ap- 
proximate compu tations are performed 
by neglecting the advance of sidereal 
time over mean time and with an approximate value of ag. 

(1) Approximate calculation of sidereal time S at a given instant 
of mean time T. 

In approximate calculations, it is more convenient to start from 
the basic formula of time and work as follows: 

(a) from the given T calculate ty using (8.5); 

(b) from the date calculate the right ascension of the mean sun 


Fig. 73 


(a); 
(c) calculate S from (8.14). 


The quantity ag is calculated approximately in a manner simi- 
lar to a (see Sec. 19), but in time units, that is, taking the diurnal 
Aap = 1° = 4m or 2h per month and the following values of ag* 


21.03 ag =Oh 23.09 a® = 12h 
22.06 ag =6h 22.12 ag=18h 
* If the equation of time is taken into account, a, = 0° not on 21.03 but 


on 23.03, and a —=180° on 22.09. A more precise diurnal change is Aa, = 4m 
Os — 4s. 
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Example 17. Given: 20 August, 7=21h 45m. Determine S. 
(a) t= 21h 45m —12h=9h 45m; 
(b) Og = 12h — 34d < 4m/day = 9h 44m; 
(c) S=tg+oag=19h 29m (Fig. 73). 
A more exact calculation would have yielded 19h 35m. 
(2) Approximate calculation of mean time T at a given instant 
of sidereal time S. 
Work in the following order: 
(a) from the date compute ag; 
(b) compute the hour angle of the mean sun from the formula 
ta =—S— Ap; 
(c) compute the mean time from (8.5). 


Example 18. Given: 26 November, S=8h 47m. Determine T. 
(a) gy = 18—26d X 4m/d== 16h 16m. 


()) as 8h 47m 
Oe 16 16 
42h | 12 


T | 4h 31m 26.41 


Approximate computations of S may be used, for instance, in 
\dentifying stars by means of a star globe, for computing the instant 
of transit and in other problems. 

An approximate computation of 7 from S may be used for rough 
delerminations of time on the basis of star positions (see Appen- 
dix VI). 

(3) Exact calculation of sidereal time S on the basis of the mean 
time T on the same meridian. 

For an exact calculation of S, put S in (8.15) as follows 


S =T --(12h+ ag) 


Denote by Sp the quantity 12h-+-ag computed for 7 =Oh of the 
given day. Then the exact value of S for the given time 7 will be 


S57 sonr (8.16) 


where Sy = 12h + ag is the sidereal time at mean midnight on 
the given meridian 
T + pT is the conversion of the time interval 7 
from mean units to sidereal units 
uZ is the lead of sidereal time over mean time 
and is taken from special tables. 
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and 
T,—T gr = Nk; Tile een, 
or in the general form 
Stoe= Sgr ee 
. ; : (8.18) 


T toc = T gr ew 


Converting from local time on one meridian to another we get 
(considering meridians A and B local, 1 and 2) 


T ioc — Tioc AA 
laird (8.19) 
Tine oe Lice = Aiiv 
and also 
Sloe = Soe + AA 
se aaa, (8.20) 
SToc = SToe oa Ahw 


From (8.19) and (8.18) it follows that 

(1) the difference in the times of one system (S or 7) reckoned 
on different meridians is numerically equal to the difference in the 
longitudes of the given meridians; 

(2) the difference in the times of one system (S or 7) reckoned 
at Greenwich and some point of the earth’s surface at the same 
instant is numerically equal to the longitude of the locality of this 
point; 

(3) to obtain local time from known Greenwich time, add the 
longitude of the point if the latter is located east of Greenwich, and 
subtract, if west of Greenwich. To avoid mistakes in regard to sign 
to be affixed to the longitude, remember the rule that the time is 
greater to the east; longitude west Greenwich time best, longitude 
east, Greenwich time least; 

(4) for all observers on a single meridian of the earth, the local 
times of one system are the same, irrespective of the latitude of 
the observer. 

Due to the fact that calendar reckoning of days is by mean days, 
a date must be affixed to the mean time (whether local or Greenwich). 

When converting mean time from one meridian to another, it 
may happen that the sum 7 + Ad, is greater than 24h. Since the 
mean time 7 indicates the number of mean hours, minutes and 
seconds that have elapsed from midnight of the given date, if the 
sum (7 + Ad,) >: 24h, we have to subtract 24 hours from it (one 
day); the result will represent mean time 7 of the next calendar day. 

The opposite may happen, where the Aw or AAyw being subtracted 
is numerically greater than the given mean time. Then first add 
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24 hours to the given time and reduce the date by unity; then sub- 
tract Aw or AAw, and the mean time obtained will be that of the 
preceding calendar date. It is obvious that a case like this can happen 
only when the difference in longitudes is westwards. 

Since sidereal time has no calendar date, this rule does not apply 
to sidereal time. But we can add (or subtract) 24 hours when dealing 
with sidereal time without invalidating the solution of a problem 
that requires such an operation. 

The above indicated relationships between times on different 
meridians can of course be extended to the hour angles of any cele- 


stial bodies, that is, 


ha 
ge eee ! (8.24) 
ty =t2+Adg 

and 
toe = tgr + Mw (8.22) 


These formulas follow from Fig. 74 if the meridian of a body is 
drawn (this has not been done so as not to complicate the figure). 
The hour angle of a celestial body has no date of course. 

From what has been said, it: will be seen that if at some instant 
we know both the local time for some point and the Greenwich time 
(mean or sidereal, it makes no difference) or the hour angles of the 
body, then it is easy to compute the longitude of this point as the 
difference in times of hour angles, that is, 


= D toc — gr = Soe — Sgr = biog — bgr- 


Examples: 

22. Given: In longitude A, — 40°27’W the local mean time Tioc= 
= 21h 45m 10s 12.05. Determine at this same instant time Tioc at Ao = 
= 63°30’E. 


 Pioc 21h 45m 10s 12.05 Difference in longitudes of points 
AhE 6 55 48 
Tr 28h 40m 58s  —- 112.05 AAp=103°57’ =6h 55m 48s 


loc 


= 4h 40m 58s 13.05 


This same problem may be done in terms of Greenwich, that is, by con- 
verting the time to 7g, by means of longitudes. 


Tioe | 24h 45m 10s 12.05 
Aw 2 44 48 

aire Oh 26m 58s 13.05 
es 

Nis 4 14 00 

7," | 4h 40m 58s 13.05 


loc 


160 MEASUREMENT OF TIME 


23. Given: T gp=2h 18m 54s 7.08. Determine 779, in longitude A= 76°34’ W. 


T gr 2h18m 54s =: 7.08 
hw 5 6 16 


Tioc | 21h 12m 38s 6.08 


24. Given: Tgr=19h 17m 43s 25.07. Determine 77,- in longitude A= 
82°18’ ER. 


rE 19h i7m43s 25.07 


9 29 12 


Tie | Oh46m 55s  —«-26.07 


25. Given: 1% = 293°27' ; A= 34°21’. Determine i. 


pe | 293°27 
gr 

“Ap | 34 214 

rk | 327°48" W = 32°42’ E 


loc 


SEC. 42. ZONE TIME, LEGAL TIME, SHIP TIME 


Since it is naturally impossible to reckon mean time from the 
meridians of each small point on the earth, a system of time reckoning 
was historically established over limited regions in which the 
time was the same: ordinarily the local solar (apparent) time of the 
nearest castle or town, and later, of the capital of a region or country 
(Paris time, St. Petersburg time). 

This system was: sufficiently convenient for a given stage in the 
development of production and society, but gradually inconveniences 
built up with the development of the telegraph, sea transport and 
railways. Indeed, the times of different points and regions differ 
by fractions of hours, minutes and seconds, and to compare times 
one has to know the exact differences of the longitudes of these 
places. As an observer moved from place to place, his clock had to 
be changed by the amount of the longitudinal difference. 

In sea voyages, for the ship’s clock to indicate apparent local 
time of the meridian on which the ship stood, it was necessary fo 
move the hands forward all the time the ship was sailing eastwards, 
‘and back when sailing westwards (in earlier days the practice was 
to make the changes once a day, at apparent noon). 

‘Towards the end of the 19th century, it became necessary to unify 
timekeeping on a world scale, and the astronomical congress of 
1884 decided in favour of one of the systems of zone time.* 


* Proposed in 1879 by engineer Fleming of Canada. 
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[In the zone time system, the entire surface of the earth is divided 
ly meridians into 24 so-called time zones of 15° (one hour) of longi- 
tude. The zone between meridians 7°.5W and 7°.5E with central 
maridian at Greenwich was considered the initial (or zero) meridian 
lor numbering the zones from 1 to 12 eastwards and westwards. The 
twolfth zone in the eastern half is considered east, and in the western, 
west, like the zero zone. The longitudes of the central meridians 


Ns 

aan Zone ft 
he 
zone { 


tf 7 
oY) Meri. 
Extreme E meridian 


meridian Zone! 
oy 


/, 


y. Extreme W 


Fig. 75 


of the zones are multiples of 15°, that is, 15°, 30°, 45°, ..., 150°, 
105°, 180°, and the numbers of the zones are equal to the longitudes 
wf these meridians expressed in hours. The extreme meridians of 
w zone are +7°.5 of longitude from the middle meridian (Fig. 75). 
‘l'o determine the number of a zone (zone description) that involves 
uw point with a given longitude, divide its longitude by 15°. The 
quotient is the zone description (number) if the remainder is less 
(lan 7°.5; if the remainder is more than 7°.5, add unity and the result 
will be the zone description. 

Throughout the territory of a given. time zone, the mean time is 
the same, equal to the time of the middle meridian of the zone. This 
system of timekeeping is called the system of zone times, and time 
rckoned in this system is zone time, T,. 

Since the central meridians of adjacent zones are 15° apart and 
(he mean sun covers 15° in one hour, the zone times of adjacent 
zones will differ by exactly one hour, and from other zone times by 
wn integral number of hours. The zone time of any zone differs from the 
time of the zero zone (Greenwich time) by the number of hours equal to 
the zone description. From the rule for building zones, it follows that 


(4 £475 


162 MEASUREMENT OF TIME 


local times of points within a zone should not differ from the zone 
time by more than +30m (+7°.5), however the actual boundaries 
of zones are made to take into account various administrative and 
geographical factors and frequently do not coincide with the theore- 
tical values. For this reason, local times within a zone may differ 
from the zone time by more than 30 minutes, but this is insignificant 
as far as everyday affairs go. The actual boundaries of the zones and 
other details of timekeeping in various countries are shown on zone- 
time charts. Ordinarily, western zones have the plus sign, eastern 
zones, the minus sign (that is, the sign for conversion to Greenwich 
time, T,;). 

During movements within a zone, clocks are not moved ahead 
or back because the entire zone keeps the time of the central meri- 
dian; but when crossing zones, set the clock ahead one hour when moving 
eastwards and back one hour when moving westward. 

Problems in converting from zone time to local mean time and 
vice versa are best solved by the method “in terms of Greenwich”, 
which is based on the fact that Greenwich mean time is at the same 
time the local time of the Greenwich meridian (A = 0°) and zone 
time of the zero zone. For that reason, the local time T;,. of, say, 
point A (Fig. 75) is converted by longitude to the Greenwich meri- 
dian, and then via the zone description is converted to the central 
meridian of the zone, that is, to zone time, 7,. When converting 
from zone time to local time, for point B (Fig. 75) for instance, the 
order is reversed. This conversion is done on the basis of the follow- 
ing formulas: w 


I. Given Toe, find T,: 


Tgr=T toe MG 
a ee (8.23) 
T,=Tg, + ZDy 
Il. Given T,, find Tyo: 
] ein (ites ae 4 Ye 
ee a (8.24) 
T toc = T gr + Aw 


where A is the longitude of the locality 
ZD is the zone description where the observer is located. 

The zone time of the first zone eastwards is sometimes called 
Central European time. | 

On the territory of the U.S.S.R., a decree of the Council of 
People’s Commissars of 16 June 1930 established zone time increased 
by one hour, that is, as reckoned from the central meridian of the 
next zone eastwards. : 
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‘ime reckoned in this system of timekeeping is called legal time, 
I';,.~, and is connected with the zone relationship as follows 


Pig Ath (8.25) 


l.ogal time was introduced in order to shift the working hours and 
uily affairs of life to the lighter morning hours of the day. 

ln a number of countries, clocks are put one hour fast, sometimes 
(wo hours fast of zone time, but only for the summer months. Zone 
(imo is returned to in autumn. This is called summer time and is 
lntroduced by special orders. In Great Britain, summer time (B.S.T.) 
is introduced from the middle of April to the beginning of October 
(Sunday from 7T,, = 2h). In the United States, this time is called 
duylight saving time and is introduced by special order. In countries 
of the southern hemisphere, summer time is introduced from October 
to March. 

Legal time of the second eastern zone, that is, the local mean time of 
the central meridian of the third zone, is called Moscow time (T yrs) 
und is widely used on the territory of the U.S.S.R. Moscow time 
is used for making air, railway, sea and other timetables. Moscow 
time is ahead of Greenwich time by three hours 


Toe Tet oh (8.26) 


Ship’s clocks are set, as a rule, to some zone time, that of the zone 
ln which the ship is located, or an adjacent zone. In small voyages, 
clocks are often not set back or ahead when zone boundaries are crossed. 
The result is that ship time T., is the zone time of that time zone 
which the ship’s clock reads. This zone description should be written 
in the ship’s log and marked when ship time is designated, for 
instance, 7_4) = 7h or 7,, = 7h (ZD = 10E). In the waters of 
the U.S.S.R. ship’s clocks are ordinarily set according to legal time, 
ul. open sea and in foreign waters, according to zone time, occasional- 
ly in accord with the time of the given country. When lying in 
u foreign port, the time of the port is taken. Ship time is usually 
wckoned with an accuracy to within one minute, in some cases to 
within 15 seconds or less, since most modern ship’s clocks have 
xecond hands. 

When crossing zone boundaries, all timepieces on the ship (with 
the exception of chronometers and clocks in the radioroom) are set ahead 
ane hour for eastward sailing and back one hour for westward sailing. 
It. is most convenient to set the timepieces ahead in the night watch 
(() 4h) and back in the day watches (8-12h, 12-16h). In actual practi- 
“a, timepieces are sometimes set each 20m in the three successive 
walches so as to even the duration of working time. However, this 
upsols the principle of zone time. 


11* 
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Conversion from ship time to Greenwich time and local time is 


one of the most common problems and is done by the following 
formulas 


Ty oe T sh + ZDE (8.27). 
T ice = T sn F ZDW + My (8.28) 
T sh = Troe =F My + ZDE, (8.29) 


where ZD is the zoné description of the time zone to which the 

ship’s clocks are set; for legal time, this is the zone des- 

cription of the next zone eastwards of the given zone. 

When using the formulas of this section, remember that local 

times are always corrected by longitude, while zone, legal and ship 
times are corrected by the zone description. 


Examples: 
26. Given: Tio9¢-=9h 21m 45s 4.08; 7=34°21’E. 
Determine 7, and show it on a drawing. 


9h 21m 45s 4.08 See Fig. 75 for observer 4. 
2 17 24 


_ ioc 
AR 


jeter 7h 4m 21s 
ZDR| 2 


T_, | 9h 4m 21s 4.08 


27. Given: T449=17h 15m 28s 10.07; A = 145°23’W. Find Tic. 


T.40 | 17h 15m 28s 10.07 
T2Dw | 40 

ee 3h 15m 28s 11.07 
ew 9 414 32 


Tipe | 17h 33m 56s 10.07 


28. Given: Tjg¢-==8h 53m 18s 5.04; 4 = 131°28’E. Determine 77. and show 
it on a drawing. 

29. Given: Tyros 11h 21m 47s 14.05; A= 37°36’E. Determine Tic. 

30. Given: Tyros = 20h 33m 15s 10.06. Determine 7, at }=131°54’E. 

31. Given: Ts,-=17h 35m 2.09; A==136°29’W. Find Te 

32. Given: Ts,»=6h 18m 30s (legal) 8.07; A= 144525’ Ee Find Tiga: 

33. Given: 26.11% = 130°; ty=64°; ag—16h 15m; 1—76°45’W. Find 


Tgr and Tic. Show chem on a drawing: 
34, On 22.08.69 at Tgr=—18h 20m; hes 41°E, a star was observed with 


Ty = 146°. Find t*. and the longitude in which the moon transits at that 


loc 
instant. 
35. 5.08.597 jeg = 20h 25m; A=—141°28’E. Find Soc. 


43. INTERNATIONAL DATE LINE 165 


SEC. 43. INTERNATIONAL DATE LINE 


Due to the fact that in zone timekeeping, the time increases one 
hour with each zone, moving eastwards, and decreases one hour with 
wach zone when moving westwards, there must be a single central 
incridian where the time difference is 24 hours, or one mean day. 
Suppose (Fig. 76) that on the Greenwich meridian (in the zero zone) 
it is 5h 3.11 at some instant. The time will decrease westwards; 


war as Mesy 
cost 02 _* Cre. 


in zone VI it will be 23h2.1],in zone XII it will be 17h 2.11. East- 
wards, on the contrary, the time increases; in zone VI it will be 
{th 3.11; in zone XII it will be 17h, but 3.II. In zone XII the zone 
lime is the same, 17h, but on one (east) side of the 180° meridian 
it will be 3.II, while on the other (west) side, it will be 2.11. Thus, 
(he meridian 4 = 180° is the dividing line for changing dates. Along 
this meridian (with certain deviations made for the convenience of 
the population) lies the so-called international date line. The posi- 
lion of the date line at precisely this place is convenient because 
it. lies entirely over water, and does not divide any islands or inha- 
bhiled centres. 

At the same instant, there are two dates on the two sides of this 
line. Therefore, when crossing this line, one has to change dates. 
(Change of dates on ship is usually done not at the instant of crossing 
the line, but at midnight after the crossing. 
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Thus: (a) When a ship is sailing eastwards (courses in the eastern 
quadrants of the compass), at midnight following a crossing of the date 
line, the date is repeated, that is, not changed. 

(b) When a ship is sailing westwards (courses in the western quadrants 
of the compass), at midnight following a crossing of the date line, the 
date is changed two units at once; in other words, one date is dropped. 

To avoid errors in determining 7,, and the date in astronomical 
calculations when crossing the date line in the interval up to mid- 
night, one should continue to reckon longitude above 180° E or W 
and correct the time in this reckoning up to midnight. 

An entry is made in the ship’s logbook about crossing of the date 
line and change of dates. 


Examples: 

36. 15.09.58, on course 140° true about 7,, = 16h (ZD = 125), crossed date 
line. Change the dates. | 

Solution. Without changing time reckoning, continued up to 24h. At Oh, 
the date was 15.09.58 (instead of 16.09). 

37. 21.05.58, course 294° true at 7,, = 10h 15m (ZD = 12W), crossed date 
line. Change the dates. 

Solution. Without changing time reckoning, continued up to 24h. At Oh, 
the date was 23.05.58 (instead of 22.05). 

38. 7.08.58, on course east at Tsn = 14h 40m; first observations of sun made 


in A’— 179°47’E. Second observations of sun made at 7sp = 17h 30m; A = 
— 179°16’W. Find T7,,. 


Solution. When obtaining Tgr in the latter case (before midnight) consider 
A = 180°44’E, then 


Tn | 14h 40m T*, | 17h 30m 
~ ZDp | 12 ~ ZDz| 12 
Tr |2h40m 7.08 T,, |5h30m 7.08 


SEC. 44. CALENDAR 


For reckoning large intervals of time, there have historically 
developed several systems based on the periods of revolution of 
the sun and moon. These systems of reckoning large numbers of mean 
days for everyday human affairs are known as calendars. The generally 
accepted system of reckoning dates involves such units as the week, 
month, and year. The month is based on the orbital period of the 
moon: round the earth, the lunar month ‘being equal to 29.53 mean 
days. The year is based on the earth’s orbital period of revolution 
about the sun, the tropical year being equal to 365.2422 mean days. 
The week is an artificial unit. 

As we see, both periods (the lunar month and the tropical year) 
contain a fractional number of mean days, while calendar units 
always involve periods made up of an integral number of days. 
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ln the correlation of these artificial periods with the natural 
joriods, three basic systems of reckoning have emerged: lunar, luni- 
nolur, and solar calendars based on the movements of the moon, the 
moon and sun, and the sun alone. We shall consider only solar calen- 
durs, which are used by most countries of the world today. 

he elementary arithmetical theory of the solar calendar is as 
follows: to find the number zx of tropical years which includes a whole 
number of y mean days to a specified degree of accuracy. 

lo solve the problem, we form an indeterminate equation 


0.24227 =y (8.30) 
We represent this equation in the form of a continued fraction 
y «2422 4 
a ee (8.31) 
x 10,000 on 1 
7+-—_,— 
ee aaa 


muitable fractions with different degrees of accuracy are 


ee fi 8 31 
ez 47 29° 33’ 128 
Thus, in addition to 365 days we should consider (in order of 
increasing accuracy): one day in four tropical years; 7 days in 29 tro- 
pical years; 8 days in 33 years; 31 days in 128 years, etc. In the first 
«use, the correction to the calendar will in four years be —0.0312 day 
(calondar with excess), in the second, -+ 0.0238 (calendar with deficit), 
in the third, —0.0074, in the fourth, +0.0016. Thus, a solar calendar 
will be based on an alternation of 365 and 366 days in the periods 
indicated above. 
he history of the solar calendar-goes back into remote antiquity. 
ln ancient Egypt, the year was first 360 days, then 365 days. Due 
\ the considerable difference between this year and the tropical 


and so forth 


your, the new year was shifted backwards (it “wandered” among 
(lw seasons). Such a “wandering year” in the calendar was of course 
Inconvenient. 


ln use in ancient Rome was a complicated and inaccurate luni- 
nolar calendar that was frequently upset by the priests; in 46 B.C., 
(his calendar was.replaced by a solar calendar by order of Julius 
(iuosar with the help of the Egyptian astronomer Sosigenes. This 
culondar, called the Julian calendar, utilized the first approximation 
uf the above fraction, that is, three years were considered 365 days 
mich, and the fourth was a leap year of 366 days. The correction 
rlative to the standard (tropical year) is, as already stated, +0.0312 
day overy four years, one day in 128 years or 3.12 daysin 400 years. 
luring these time intervals, the calendar will lag behind the tropical 
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year. The Julian calendar was gradually accepted by all countries, 
and in the year 320 A.D. was recognized by the Orthodox church. 
In some countries, the Julian calendar is still in use today (termed 
“old style”). However, the error of one day every 128 years amounte( 
to 10 days by 1582, and the vernal equinox was shifted to 11 March 
in the calendar, thus introducing confusion in religious holidays, 
particularly Easter. For this reason, Pope Gregory XIII, using 
a project of the Italian scholar Lilio, introduced a new, reformed 
calendar called the Gregorian calendar (or “new style”). In addition 
to correcting the error of 10 days that had accumulated by then, this 
calendar fixed the reckoning of leap years. by a method rather less 
precise and more artificial than the third approximation given above. 

In the U.S.S.R., the new style was introduced only after the 
October Revolution, in 1918. A decree of the Council of People’s 
Commissars of the R.S.F.S.R. introduced the new style and made 
February 1 into February 14, because by that time the discrepancy 
between old and new styles had reached 13 days. 

The calendar used in most countries today is the Gregorian (new 
style) calendar and is constructed as follows: 

(a) Years are reckoned in civil (or calendar) years, which always 
contain a whole number of days but are of variable length, 365 days 
forming “common” years and 366 days forming “leap” years. 

(b) Leap years are those whose number is divisible by four: the other 
years are common years. Exceptions are years that are multiples 
of 100, the first two figures of which are not divisible by 4; these 
years are also considered common. For example: 1600, 1956, 1960, 
2000 are leap years; 1700, 1800, 1900, etc., are common years. For 
this reason, the error in the old style reached 13 days (in addition 
to the 10 that had accumulated by the year 1700). In the Gregorian 
calendar, the error will reach 1 day in 3300 years, which is of no 
practical significance. 

An essential defect of the present calendar is the arbitrary distri- 
bution of days in the months (28, 29, 30, and 34 days) that has come 
down to us from ancient Roman times, the fractional number. of 
weeks per year, and others. The United Nations Organization has 
given consideration to a number of projects, one of which was recom- 
mended—that of a new 12-month calendar in which the year would 
be divided into four quarters made up of 91 days each, each quarter 
being divided into three months, the first of which has 31 days, the 
others, 30 days. Every year and every quarter would begin on the 
same day of the week—Sunday. The number of days in the four quar- 
ters would come to exactly 364. The one remaining day would be 
inserted after December 30 every year to mark an international new- 
year holiday. In leap years, which would be determined by the custo- 
mary rule, one day would be added after June 30 as well. 
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The initial reckoning date of civil years is called an era. In anti- 
quity, the years were reckoned on the basis of reigning dynasties, 
from the year of the reign of some sovereign, from the “beginning 
of the world”, from the first Olympian games, and so forth. One of 
the oldest eras is the Nabonassar Era that began in 747 B.C. In the 
year 284 of the Diocletian Era (532 A.D.), the clergy decided to 
reckon.the years not from the date of the rule of the tormentor of 
the christians Diocletian, but from the mythical “birth of Christ’, 
which was supposed to have taken place 532 years prior to that date 
(the number 532 was apparently taken on the basis of the Easter 
days that repeated those days of the month). This era became known 
us the new era (Anno Domini, A.D.) and was gradually taken up by 
inost countries (in Russia, prior to 1700, years were reckoned from 
the mythical “creation of the world”). In the new era (Christian Era), 
the years are reckoned from year 1 as A.D. and back as B.C. (examp- 
les: 5382 A.D., 46 B.C.). 

In astronomy and chronology, large intervals of time are reckoned 
in Julian days or days of the so-called Julian period, by which is. 
meant a continuous count of days and their fractions from a certain 
arbitrary date —1 January 4713 B.C. The Julian day begins at 
I'gr = 12h and has no date. Its sequential number is given in astro- 
nomical almanacs. For example, noon of 10 November, 1958 (i.e., 
{0d.5) will correspond to the Julian day 2436518.0. 
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NAUTICAL ASTRONOMICAL ALMANAC (MAE) 


SEC. 45. ALMANACS 


Due to the fact that the equatorial coordinates of all celestial 
bodies are constantly changing, it is necessary, when solving the 
astronomical triangle, to obtain the coordinates 6, t, a at precisely 
the instant of observation. Thus, for practical use, these coordinates 
must be known beforehand, for any instant of time in the future. 
For this purpose, the coordinates 6, ¢, a of celestial bodies and other 
data are computed by special computing centres (precomputed for 
definite instants of time a year or more in the future). Lists of such 
precomputations of coordinates at equidistant intervals of times are 
known as the ephemerides of celestial bodies and are published in 
special astronomical almanacs. 

The practical problems of astronomy require a variety of coordina- 
te accuracies, thus necessitating specialized almanacs. The following 
are published in the U.S.S.R: 

(1) “Astronomical, Almanac of the U.S.S.R.” (abbreviated AE) 
is designed for observatories and field astronomical-geodetic studies. 
Coordinates are tabulated to within +0”.01. 

(2) “Nautical Astronomical Almanac” (MAE) designed for sea 
navigation. Equatorial coordinates are tabulated to within +0’.1. 

(3) “Air Astronomical Almanac” (AAE) designed for aviation. 
Equatorial coordinates are tabulated to within +1’. 

These almanacs. are computed and compiled at the Institute of 
Theoretical Astronomy (U.S.S.R. Academy of Sciences) in Leningrad 
for several years ahead. Astronomical calendars are also published 
in the U.S.S.R. for astronomy amateurs. 

The most important nautical almanacs published in other countri- 
es include: 

1. “The American Nautical Almanac” and “The Abridged Nautical 
Almanac” published jointly by the United States and Great Britain 
(abbreviated N.A.). 

(2) “Nautisches Jahrbuch” published in Germany. 

(3) “Ephemerides Nautiques” published in France. 
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In addition to official almanacs, there are a number of publications 
put out by private companies, one of which in England is the popular 
“Brown’s Nautical Almanac”, and another, ‘“Reed’s Nautical Alma- 
nac”, which contains a good deal of reference material in addition 
to astronomical data. 

The contents of all nautical almanacs are about the same as regards 
the basic data, but they differ in arrangement. As a rule, all almanacs 
include declinations and Greenwich hour angles of the brightest 
bodies of the solar system, Aries, and 6 and t of the navigational stars. 

Quite naturally, these and other quantities cannot be supplied 
continuously and are given in almanacs at time intervals of one hour, 
one day, or one month, depending on their variability and desired 
accuracy. Within an interval, an ephemeris is considered as varying 
uniformly and is interpolated in proportion to the time. The inter- 
nolation tables that serve this purpose are constructed on the prin- 
ciple of linear interpolation (based on the differential variations 
of the coordinates); here, there are slight differences in the almanacs 
of the various countries. However, there has recently been a tendency 
to standardize both the content and the auxiliary tables of nautical 
almanacs in all countries. 


SEC. 46. THE STRUCTURE OF MAE TABLES FOR OBTAINING HOUR 
ANGLES AND DECLINATIONS OF CELESTIAL BODIES 


The arguments for entering an almanac are: date, 7',, and name 
of body.* For these data, the MAE gives 6 and ¢,, of the Sun, Venus, 
Mars, Jupiter, Saturn and the moon and the sidereal Greenwich 


time (¢J,) at one-hour intervals of 7,,. These and certain other data 
are given in daily tables that occupy the major portion of the MAE. 
The star tables that follow this section include dy and ty, for 159 
navigational stars. In addition, an insert contains these data for 
OO bright stars. The daily tables and ephemerides of stars make up 
the bulk of the MAE. The other data: tables for determining the 
azimuth and latitude from Polaris, visibility of the planets, etc., 
are of secondary importance and are found at the beginning and end 
of the MAE. 

In the 1961 MAE, interpolation of all basic data is done on the 
basis of a single general interpolation table constructed so that 
corrections are obtained by extraction alone without any other ope- 
rations (on the “minute principle”). For this purpose, the corrections 
for hour angles of Aries, the sun, planets and the moon are computed 
and given in the tables for every minute and second of the hour; 


* In the MAE “Greenwhich mean time” is replaced by the term “Greenwich 
civil time”. 
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the minutes are indicated at the top, the seconds on the left and right 
of the tables. The middle column of these tables gives the correction 
values (for interpolation of declinations and the values of quasi- 
differences A).obtained for tabular differences from 0’.0 to 18’.0 
for the mid-point of the given minute. These tables are placed at 
the end of the MAE and occupy 30 pages. 

Bear in mind that all data in the MAE refer to the Greenwich 
meridian, so that after extraction they have to be converted to the 
local meridian. Let us examine some basic problems. 


J]. OBTAINING SIDEREAL TIME «ey, AND tv ) 


foc 


Applying the basic formula of time (8.2) to the mean sun for the 
Greenwich meridian, we get 


tt. = tF-b aD 
but 
{? —T,,+ 12h 
whence 


th, = Tr + 12h+ag (9.4) 


In the MAE, this formula is used to precompute ¢} for whole hours 
of T,, (the subscript T indicates tabular values of ¢t and 6). The 
increment At/, in the interval between whole hours is computed 
on the basis of poms (8.11) of the preceding chapter. The formula 
for obtaining t, at.a given instant of 7, will be analogous to (8.16) 
and is of the form 


S(T es) a (AT ¢- + a Nea (9.2) 


where Aag is the change in right ascension of the mean sun during 


Aa ,. 
one hour and is equal to 2’.46; the quantity —* AT 


is equal to w-AT, the lead of sidereal time ia the 
interval AT 

AT ,, is the excess of Greenwich civil time over a whole hour. 
The symbol “°” signifies that the quantities in brackets are expres- 
sed in degrees. The quantities in the first brackets are the Greenwich 
sidereal time in whole hours of 7, and are given in the daily tables; 
the quantity in the second brackets is the increment AtY, more 
precisely the conversion of the interval AZ from mean into sidereal 
units, and is given in the first column of the basic interpolation table 

(called “Increments and Corrections” in N.A.). 
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Formula (9.2) may be pareasaee to the form 


pias Nene, a (9.3) 

l‘inally, the local sidereal time is obtained from formula 
fuel aeAT a4, (9.4) 
"pened 1. te September 1968 at T7g,=—21h 37m 42s; Ne = 38°40’E. Find 


i =S 
loe loc: 

Krom the daily tables on 12.09, Tg,—=21h; from the interpolation tables 
wt AT gp =—37m 42s. 


tX | 306°37’.3 
AtY| 9 27 .0 
tN. | 316°04’.3 
a 38 40 .0 
1X | 354°44.3 


II], OBTAINING LOCAL HOUR ANGLES AND DECLINATIONS OF STARS 


Irom the basic formula of time (8.2) we get for the local 
meridian 
tice = tite — Ox 
or 


tice = tike +T (9.5) 
where t == 360° — ay. 
Irom (9.5) it is seen that to obtain the local hour angle of a star 


it, is necessary first to get the hour angle of Aries (t Se); which is found 
from (9.4) in the order given above. 

‘The ephemerides of stars ty and dy are given in the section of MAE 
wntitled “Apparent Positions of Stars for the Year...”, in the N.A. 
wntitled “stars”. On the left-hand page of this section are the values 
of t, with respect to the arguments: name of star and month of given . 
yiur, The stars are given according to position in constellation, for 
wxaumple, @ Andromedae, and so on in order of increasing ay, which 
Ix given in the extreme left column to within one minute. 

The tables of ty, are constructed so that degrees are given once 
(in the first column), and minutes and their tenths are given for 
the first of every month. Interpolation of ty for a given date is done 
mentally, between columns; incidentally, it may often be disregard- 
ad. On the right-hand page in the same order are the declinations of 
nlars according to the same numbers in the star list as on the left- 
hand page, and also according to the proper name of the star if it 
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has one. Stellar magnitudes, which indicate brightness (see Sec. 31, 
Chapter 7), are given in the extreme right-hand column. At the 
beginning of this section are lists of Latin and Russian names of 
constellations and stars; Latin names are needed in studying the star 
globe. 

To simplify extracting stellar coordinates, the MAE has an insert 
with the values of t and 6 of the basic 50 navigational stars and 
Polaris at 10-day intervals. Unlike the basic tables, the insert gives 
the values of t and 6 of each star next to one another, the degrees at 
the top of the column and the minutes and tenths of minutes in the 
column according to the date. From this table, the coordinates of 
stars (with the exception of Polaris) are always obtainable to within 
0O’.4 without interpolation. 

Thus, the hour angle of a star is obtained by extractions from 
two sections: the daily tables and tables for stars (or the insert). 


In the general form, the formula for t*,, will be 
tise = th + At’ + Moe + Tx (9.6) 


Example 2. 13 September 1968 at Tg, —=23h 57m 24s; A; =77°37'E. Find ¢%, 
and 6, of a Leonis (Regulus). 
From the daily tables for 13.09, 7g,=23h. 


From the interpolation table tN’ | 337°44’.3 
for AT gy = 57m 24s AtY | 14 23 .4 
Y OMA! 
ty | 352°04".7 
Ap | 77 37 .0 
the | 429°41".7 
360°| 69 41 .7 
From the “Star” table No. 67 Ty | 208 25 .5 Oy = 12°9". 4N 
t* | 278°07’.2W 
loc 
= 81°52’ .8E 


III, OBTAINING THE HOUR ANGLES AND DECLINATIONS OF THE SUN} 
- PLANETS AND THE MOON 
To obtain the hour angle of the centre of the sun in Greenwich 
time 7',,, use the basic formula of time, written for @ and © and 
the meridian of Greenwich; thus 


S gr = pe a AD 
and 
Sgr = ti + 420) 
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whence 
© _ @ 
tar = trp + Ag— A 
ar noting that Tgp =tP + 12h, we get 
tS. = Tgp + 12h+ag—ao (9.7) 


whore ag — ap = n is the equation of time at the given instant. 
l‘ormula (9.7) is used to precompute the values of the hour angles 


af the sun (i?) for whole hours of 7',, which are given in the daily 
lubles of the MAE. For interpolating the hour angle to give inter- 
mediate values of T,,, the MAE uses (for all celestial bodies with 
(he exception of stars) an identical technique for the introduction 
uf two (always positive) corrections: a constant correction that 
(loponds solely on AT, and a small correction (variable throughout 
(le year) that depends on the value a of the body for the given day 
wud hour. The latter correction is obtained by interpolation of the 


1 called quasi-difference A, which is given in the MAE at the bottom 
uf the column of hour angles (for the moon it is next to i): For the 
nun the formula for obtaining i>. at a given instant of 7, will be 


af the form 
Aaa — Aan 0 Aa™**_ Aa. ..\° 
ic 0 ge) @ © min © © min 
nee ees (Ate, +82. are T ("aS “AT gr 
(9.8) 
where AT ,, is the excess of Tz, over a whole hour 
Any, — Aa"S = — 0’.3 is a constant correction equal to the 


maximum change of the equation of 
time in the year (for one hour Aas = 
= 2'.46, and Aa"S" = 2’.78) 

Aa’S — Aaa =A is the quasi-difference for the sun, 
a quantity that varies from 0’.0 to 0’.5 
(since the smallest Aas = 2’.24 per hour) 
and is always positive. 


Ilence, in the MAE the quasi-difference A is an artificial difference 
letiveen the hourly changes of right ascensions: the maximum possible 
rhange and the change for the given hour (Acyoay). 

The quasi-difference may also be represented as the difference 
li the variation of the magnitude of the hour angle (Af?) for a given 
hour and the minimal variation (At,,;,) for a given celestial body, 
muy the sun A = At — 14°59’.7. 

The second term in (9.8) is the basic correction A,é of the hour 
wngle of the sun, equal to 14°59’.7 per hour, and is extracted via 
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AT,, from the second column of the basic interpolation table (the - 
page is found from the minutes, the line from the seconds). 
The third term, A.t, of (9.8) is taken from the middle column of 


these tables on the basis of A and a minute of BT a3: 
In the general form, ar is obtained from the formula 


— t'; + A,t + Ast 


The local hour angle of the sun is obtained by adding longitude 
to this formula _ 


ti. = tP + Agt + Act + Aw (9.9) 


The declination of the sun is also taken out of the daily tables 
and is interpolated from the middle column of the basic tables on 
the basis of the following ee of linear interpolation 


Ady =q—- ATE (9.10) 


where A is the hourly change in eae of the sun given with 
its sign at the bottom of the column of declinations. 


Example 3. 14 September 1968 at T7,,=15h 22m 54s; A,==41°58’ W. 
F ind i) and 65. 


=f re) t ae 
From daily tables for 14.09, © | 46°06’ .6(0".5) Or | 3°21". 1(0" .9) 
T gp = 15h Ad| —9.2 
From interpolation table Ayé | 3 13 .4 eee eee eee 
Not 0-4 6,| 3°20’ .9N 
at ATgp==22m 54s. __ t.| 49°20'.1 
via A and AT, Aw | 41 58 .0 
7°22" AW 


Similarly, from (9.8) and (9.9) we obtain the hour angles of the 
planets and the moon, but the values of the constant corrections 
and the quasi-differences will be different. The constant correction 
for the planets is | 


Ade — Aatia® = 2".0 —3’.5 == —1’.0 
and the hourly change 
At py = 14°59’.0 
Analogously, for the moon we get 
Aag — Aanes = 2'.9 —43’.5 = —42’.0 
and the hourly change is 
At; = 14°19’.0 


47. DETERMINING TIME OF TRANSIT OF BODIES 477 


Example 4. 13 September 1968 at 7g-—=O01h48m 24s; A 29°53’W. 
Mind ¢j5. and 6 of the moon. 


rom daily tables 1% 164°18’ .0 (14’.1) Oy | 4°45’ .9S (9”.9) 
lor 13.09, Tg--=Oth Ayt 14 32 .9 Aéd | +8 .0 
Krom interpolation Aot 14 .4- 
table - ae (one 93° .9S8 
jm AT gp=48m24s eg, |: 176°02".3 


3 26 53 .0 
| via A and ATg, 2: 
146°09’ .3 


© 
Li oe 


Nolte: In actual practice, when pickin ¢ out the hour angles of all celestial 
bodies the above schemes are simplified. Thus, the times 7, are not given, 
und the designations of hour angles and declinations are frequently omitted. 


SEC. 47. DETERMINING THE TIME OF TRANSIT OF BODIES, THE 
ARRIVAL TIME OF A BODY AT A GIVEN HOUR ANGLE AND 
OTHER PROBLEMS 


lu practical work, the navigator has to determine the time when 
“ certain astronomical phenomenon occurs, for instance, the time 
of transit of a body, when it rises and sets, when it arrives at the 
prime vertical, and so forth. All of these problems are particular 
cuses of a single general problem—a determination of the time of 
wurrival of a body at a specified hour angle. Essentially, the problem 
ly solved as follows: from the astronomical triangle we determine 
the local hour angle of the body for its given position; this hour angle 
iy converted to the Greenwich meridian, and from the MAE via ¢,, 
ly reverse entry we select the mean (Greenwich) time 7,,, which is 
(hen converted by the zone description to Tz. 

llowever, for the most important cases (transits, sunrise, sunset, 
moonrise, moonset) the MAE gives final solutions of this problem 
lor the Greenwich meridian. Thus, the meridian passage on the Green- 
wich meridian of the sun, moon, Aries and four. planets, and also 
(he time of sunrise and sunset to within 1m and of moonrise and 
moonset to within Oh.1 is given in the daily tables of the MAE. 


I, DETERMINING THE TIME OF TRANSIT (MERIDIAN PASSAGE) OF THE 
MOON, SUN AND PLANETS 


This problem is solved for the moon, the sun and the planets in 
wxactly the same way. For this reason, we shall consider it for only 
one body, the moon, for which this phenomenon is more complicated 
und, besides, is very important in matters of navigation. 


fa--1279 
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As already mentioned, the MAE gives the transits of celestial 
bodies on the Greenwich meridian; for the moon and sun, both 
upper and lower transits are given; for the planets, only the upper 
transit is given. | 

Due to the proper motion of the sun, planets and, particularly, 
the moon, the meridian passage on the Greenwich meridian varies. 
For the moon, the time of transit increases from 41m to 65m (about 
an average of 50m a day, or 2m per 15° of longitude, see Sec. 25). 
Therefore, the time of transit for observers situated in other longitu- 
des will be different: for observers in east longitudes the moon tran- 
sits earlier than at Greenwich; for observers in west longitudes, 
it transits later. Therefore, for east longitudes interpolate with the 
preceding date; for west longitudes interpolate with the swbsequent 
date. To convert from meridian passage at Greenwich to local meri- 
dian passage 7',,, at the given meridian, introduce the correction 
AT, computed from 

AT ° 
AT, = ape (9.11) 
where AT is the time difference (formed from the MAE) between 
transit at the given date and ‘the time of the preceding transit (if A ,) 
and that of the subsequent transit (if Ay). The transit time difference 
is taken with its sign. 

Instead of computing (9.11), one can use a special table at the 
end of the MAE. For the moon, the correction AT, is always taken 
into account; for the planets, A7,, is utilized only for appreciable 
longitudes of the position; for the sun, AT, is not ordinarily taken 
into account, since the differences AT <1m; thus 7;,, ~ Tio¢-. 

The time obtained after adding the correction AZ, will be the 
local time of transit; we get 7,, in the ordinary way, “via Green- 
wich”. Due to the fact that the lunar day is longer than the mean 
day and amounts to about 24h50m, on certain days there will be no 
transit of the moon on the Greenwich meridian and, possibly, on 
the local meridian. Indeed, if, say, on 24 July 1968 the moon tran- 
sited (lower transit) at Greenwich at 23h 46m, then by adding 24h 50m 
we see that on.the next day, 20 July, there will be no transit at 
Greenwich, and only on 26 July at Oh37m will there be the next 
lower transit.of the moon at Greenwich. In the MAE there is a dash 
to indicate that there will be no transit. Then, to find 7),. do as 
follows: for east longitudes take the succeeding transit and inter- 
polate with the previous date one day later; for west longitudes, 
on the contrary, the preceding transit is interpolated with the suc- 
ceeding date, also a day later. For example, for east longitudes, 
between 26.07 and 24.07 and for west longitudes between 24.07 and 
26.07. At times, one has to apply a simple choice of date 
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For planets, the interval between two successive upper transits 
tay be smaller than 24h, then there will be two upper transits on 
(hat day. 


Example 5. 23 September 1968 in A = 151°30’E. Find 7,, (ZD = —10) 
for upper and lower transits of the moon. 
Upper transit Lower transit 
TatGreen-|Oh 25 (—55m; dif- T at gr | 11h 58m{—56m) 
wich ference be- 
AT; —22 tween 25.09 AT —29 
A and 23.09) me 
Toe. Oh 3m 25.09 Toe | 11h 36m 24.09 
ny 9 25 XN + 9 25 
T gr 14h 38m 24.09 Tar 2h 114m 
ZD 9 ' ZD | 9 
lsh 23h 38m 24.09 T ny 11h 144m 24.09 
lleg Oh 38m 25.09 Tieg |12h 11m 


As will be seen from the MAE, there will be no lower transit of the moon 
neross the Greenwich meridian on 22.09. Likewise, there will be no transit over 
the meridian with A — 151°31’E local time; for zone time (7,,) the transit will 
occur at. 23h 53m on 22.09; the next lower transit will be at Oh 44m on 24.09. 


To determine the time of lower transit of the planets not given 
in the MAE, add 12h to or subtract 12h from the time of upper 
(ransit on that day. 


I], DETERMINING THE TIME OF UPPER TRANSIT (MERIDIAN PASSAGE) 
OF A STAR 


This problem may be solved by exact and approximate methods. 
(1) Exact solution. Determining the time of meridian passage 
iy one of the particular cases of determining the arrival time of a 
hody at a given hour angle, and is executed in the following order. 
At. the instant of upper transit of the star, its local hour angle 
ix equal to 360° or 0°. From the formula t/,, = toe — Ty, we deter- 


mine tie: ty is taken out of the MAE from the name of the star, and 


12* 
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t,, is converted to the Greenwich meridian by the formula ti’, = 
= thre = ee ‘From the daily tables of the MAE, according to Oe 


date by reverse entry we choose the nearest smallest value of ty 
and from that value we get 7,,. Again, by reverse entry from the 
difference AzY we select AT, from the interpolation table with the 
accuracy required (4m or {s). 


Example 6. On 12 September 1968 in A=38°31’W. Find Tjo- and 7s, of 
upper transit of the star a Tauri. 


t* |360°00’ .0 
291 34 .3 


68°25" .7 
They | 38 34 .0 


_ tX |106°56’.7 


gr 
¥ | 96 2.8... T.,, | 7h on 12.09 
AtY | 10°53’.9... ATzr| 43m 29s 
__Tgr | 7h 43m 29s __Tgr | Th 43m 29s 
“2D | 3 My |234 4 0 
12.09 Tsp Tioc | Sh 9m 25s 


(2) Approximate solution of the problem. 

(a) Without the MAE. 

At me instant of upper transit, t*. = 0°, hence, t,. = ax, but 
the = — toe, + ag. Whence we have tive = @, — @» and, finally, 
Lice = ‘P. + 12h. 


Picking ay from the list of stars or a globe or elsewhere and com- 
puting a@ according to the rules given in Sec. 40, we get T';,, to 


p-10m. 
(b) With the MAE. 
The MAE gives the time of transit (meridian passage) of Aries at 


the Greenwich meridian (7/%- at Greenwich). Taking this time for 
Tie, we get an approximate (to within 5m) time of transit of the 
star, Tioc = Tise + ax, Where ay is extracted from the left column 
of the table for stars in the MAE. - 
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Mxample 7. Taking the conditions of Example 6, we have 


(n) Without MAE (b) With MAE 

a Oy 4h 34m 4 ioe Oh 36m 

hry 11 20 (reckoning from Oy 4 34 
22.09) 

‘P. 17h 14m Toc Sh 10m 

(2 12 

Pie. | 5h 14m 12.09 


11[, DETERMINING THE TIME OF ARRIVAL OF A CELESTIAL BODY AT 
A SPECIFIED HOUR ANGLE 


‘I'he general order of solving this problem is shown at the beginn- 
lng of this section and in the case of an exact determination of 7,, 
uf transit of a star. Let us examine the peculiarities of solving it 
for the sun, moon and planets. After obtaining (via formulas, globe, 
wt otherwise) ¢,), of the body and converting it to t,,, the procedure 
in to enter the daily tables in a reverse entry and obtain T,, and, 
trom the interpolation table, AT,,. Also pick out the quasi-difference 


A for the sun, planets and the moon. Using the quasi-difference and 
A7',, from the interpolation table, pick out directly the correction A 
nil multiply by four for the planets and the sun, and by 4.2 for 
(lu moon in order to convert to seconds of time. The correction obtai- 
id is always subtracted from T,,. This way a time accuracy to 1s 
In ongsured. 


lixample 8. 12 September 1968 in A—156°38’E. Find 7',(ZD=11E) and 
l';,,. of arrival of sun at tj9¢-=87°12’W to within 4s. 


87°12’ .0 
156 38 .0 


So) 
toc 


AE 


() 
(:: ‘oy t> |290°34’ .0 


Foeavena 6) Aa , 
WAP ty |285 56 .2(A=0'.9)... se Th 
Wy A a 
Woy Ayt ON Oy Rk de. de ae 2 AT gr 18m 32s 
wel O.2 M415 e-4. 6 2 = 4 AT add —is 
VF wa oe 
ee 4 2er | Th 18m 3ts | Ter | Th 18m 3ts 
ZD |11 Xd 10 26 32 
12.09 Ten (18h 18m 31s Tjgce| 17h 45 m03s 
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Note: For upper transit of sun, 2, is taken equal to. 360°, otherwise the 
solution is similar. 


Example 9. 20 September 1968 in A1—48°27’E. Find 7 9, and T, of the 
upper transit of the moon to within 1s. | 


t&  1360°00’ .0 
Ag | 48 27 .0 : 
th [811°33° .0 
On 20.09 = 
from tr {3807 28..5(A=5.7)... 


MAG, ge ol 
By Rand Ait | 4° 47.5 9 1%, | 47h 
AT... AT gr|- 17m 5s 


.7x4.2=7s are) Is 
age 17h 16m 58s Per 17h 16m 58s 
ka. | 4a 2s Zz | 3 
Tio | 20h 30m 46s 20.09‘ T; | 20h 16m 58s 


IV. MISCELLANEOUS SECONDARY PROBLEMS SOLVED BY THE MAE 


(1) Finding the right ascension of the sun, moon and planets for 
a given date. 

Problems of this kind are encountered when plotting celestial 
bodies of the solar system on a star globe or map, for which purpose | 
we have to know a@ and 6 of the body at a given time to within 0°.1. 
The problem of finding a@ is solved by the formula 


th — thr! = boay (9.12) 
For the planets, the values of a are given at the bottom of the 
column of ephemerides. It is ordinarily required to know a@ to within 
about 0°.5; for that reason, for all bodies except the sun and moon 
one can take the tabulated values of a. For the sun and the moon 
this quantity is obtained from formula (9.12); for the sun the values 
of ¢ and 6 are picked out for the middle of the day, and for the moon, 
for the given hour of 7 g,. 


Example 10. 19 July 1968 at about 7g,—=20h 40m. Find the coordinates of 
the moon to plot on a star globe. 


for Tgp=21h ty 252°42'.7 
th 201 28 .9 
: 51°13’ .8 x 51°.2 


a 
5 22° .41N 
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- 


(2) Finding the right ascension of the mean sun for a given date. 
From formula (9.1) we have 


ty = Tgp + 12h+ag 
When Tg,= 12h, we have 
ig = tf, 
Example 11. 19 July 1968. Find Ag, at Tyr= 12h. 
Og = tt = 117° ~ 117°.3 
(3) Finding the values of the equation of time for a given date. 
The equation of time y = #@% — if or y = T grt 12h — i 
At T,, = 12h, y = 360° — tf, and at Tz, = Oh, y = 180° — zg. 
Example 12. 19 July 1968. Find 1 at Oh and 12h Greenwich time. 


(1) Tgp—=Oh; n= 180° —178°27’.7 = 4 1°32’ .3; 
(2) Tar 12; j= 360°— 358°27’.2—= + 1°32’.8 


SEC. 48. BASIC FACTS ON THE STRUCTURE AND USE OF NAUTICAL 
ALMANACS OF OTHER COUNTRIES 


At the present time, the nautical astronomical almanacs of the 
largest sea-faring nations have identically constructed tables of 
(he basic data and the same principles of interpolation. There are 
only slight differences in the arrangement of material and in secon- 
dary data. Let us examine a British-American almanac that began 
\o be published in 1958 and has the largest circulation. This almanac 
lux all the characteristic features of many other foreign almanacs. 
Wo shall call it the Nautical Almanac (NA). 

ln the NA, all basic data, that is Greenwich hour angles and the 
uclinations of the sun, moon and four planets, the hour angle of 
Arios, the quantities ty and 5, of o7 selected navigational stars, and 
ulxo the time of sunrise and sunset, moonrise and moonset and the 
lime of civil and nautical twilight are located on a single extensible 
nleet based on the arguments: Greenwich mean time (GMT) and 
late. Thus, nearly all the information a navigator needs is obtainable 
wl one opening of the almanac. 

tach open sheet of the NA accommodates three days. The epheme- 
rides of the sun, moon and planets are given at intervals of one hour 
uf (:reenwich mean time during these three days; here also are the 
quuasi-differences (v) and the variation of declination (d). 

The coordinates t and 6 of stars, given under their proper names, 
uinl also the times of sunrise and sunset, moonrise and moonset 
wnd twilight (both for north and for south latitudes) are given once 
avery three days. 
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The transits, semidiameters and parallaxes of the sun, moon and 
planets are tabulated for each day (for the moon, the parallaxes are 
given even for each hour). 

The interpolation tables for the hour angles of the sun, planets, 
Aries and the moon and also for the declinations of these bodies 
are based on the same principle as that used in the Soviet MAE, 
that is, all corrections are given for each minute opening of the tab- 
les and without any interpolation. | 

Let us examine some peculiarities of the construction of the daily 
and other tables of the Nautical Almanac. 

(1) Formula (9.8) for computing the hour angle of the sun is used 
in the NA transformed to 


12 — (T gr 12h— n— 40)". AT. (9.43) 


where T,, is the value of Greenwich time for every hour 
Ayn is the change of the equation of time for that hour 
AT, is the excess of Greenwich time over one hour. 
All data are expressed in arc units. 


The quantity an is introduced into the basic value of the hour 


angle in order to eliminate the second correction of the hour angle 
of the sun. Here, an error in the hour angle is made intentionally. 
This error will never exceed —0’.15 and +010. In the intermediate 
values of ¢. the error will be less, at the middle of the interval it 
will be zero. 

(2) The formula for the hour angle of a planet is transformed so 
as to construct a single general table of correctjons for the sun and 
planets. For this purpose, the quantity Aa," in the NA is taken 
equal to 2’.5 for one hour (instead of 3’.5 in the Soviet MAE), that 
is, equal to Aag; asa result, Aag — Aa;;* = 0 and there is no 
need for a special table for the planets. But then for Venus we encoun- 
ter negative quasi-differences (up to —1’.0). 

The resulting formula is 


2’.9—A ° 
1% == (Tgp 12H + — Gp)? + (AT gr)? +(———F AT) (9.14) 


where the first term is the hour angle of planet for every hour as 
given in the daily tables; the second term is the correction for excess 
AT, extracted from the same column as for the sun (see formu- 
la 5 13); the third term is a correction for the quasi-differerice 
vp = 2'.5 — Aap; given at the bottom of the column of hour angles 
once every three days. For the moon, v is tabulated for every hour. 
Thus, for the sun and planets, the NA uses a common interpolation 
table. 
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(3) The first correction for the altitude of Polaris to obtain latitude 
ix increased by 1° in order to obtain a positive value (the first correc- 
tion can have a-value of about —56’). Therefore, subtract 1° from 
(he sum of the corrections, or gp =h, + 1+ 11 — 1%. 

(4) The NA does not use the coordinate a at all; everywhere 
t 360° —a@ is given. . 

The Nautical Almanac makes use of the following designations: 

(1) GMT (Greenwich Mean Time)—T,,. 

(2) GHA (Greenwich Hour Angle)—t,, 

(3) LHA (Local Hour Angle)—t,,, 

(4) SHA (Sidereal Hour Angle)—t, 

(>) Dec. (Declination) —6 

(6) Mer. Pass. (Meridian Passage)—culmination, or transit. 


SEC. 49. USING THE MAE OF EARLIER YEARS 


If there is no almanac of the current year available to obtain the 
luusic data, earlier MAE’s may be used (one of the four preceding 
yours); in this case special corrections are introduced. It is thus pos- 
nible to obtain the coordinates 6 and ¢ of the sun, the sidereal time 
wid the coordinates 6 and ¢ of the stars. The coordinates of the pla-. 
nats and the moon are not thus obtainable. | 

The method under consideration is based on the fact that the coor- 
(linates of the true sun and the mean sun (which serve for obtaining 
Nv,) are practically the same for the same instants of several con- 
nvculive tropical years. If the calendar were reckoned in tropical 
years, these coordinates would be the same on the same dates and 
wt the same 7',, for several years. However, the calendar years are - 
ried years of 365 and 366 mean days, whereas the tropical year con- 
tuins an average of 365d 5h 48m 46s. Obviously, the same instants of 
wiljacent civil years will correspond to different instants of the tro- 
pical year. At the commencement of a new civil year equal to 365d, 
(here will still be 5h48m46s to the end of the tropical year. Therefore, 
lo obtain instants of the tropical year, add 5h 48m 46s to the civil 
your. And conversely from instants of the past ‘civil year subtract 
this so-called correction for the date Ad ~ 5h49m. For the year 
lofore last, subtract 2Ad = 11h37m 32s and so-on up to the fourth 
your. If the preceding year was a leap year, then up to 29 February 
wld Ad = 18h11m14s, after that date subtract 5h48m46s. Apply 
(hese date corrections with their signs to the instants of T,, of the 
yiven year to obtain appropriate instants of earlier years, the alma- 
nucs for which we use to pick out coordinates. The magnitude of the 
correction Ad indicates the displacement of the earth in its orbit, 
hut not its rotation on the axis; for that reason, the hour angles for 
(hese years must differ only by Ayn and Aag for the time Ad. Thus, 
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after selecting -, subtract from it the date correction in degrees 
with its sign. 

A different procedure may be used that is based on the interpola- 
tion of the quantities yn and 4 for the time Ad. 

The magnitudes of the approximate date corrections (Ad) and 
corrections of sidereal time (AS) for the Greenwich meridian for 
any four-year period are given in Table 6. 


Table 6 
Year for which MAH is available 
Year MAE is Correcti- 
used on ist after 2nd after 3rd after 
Leap year leap year leap year leap year 
: 6h 34m | --42h 22m | 48h 14m 
Ad | + Oh 45m) (47), 26m)| (—11h 38m) | (— 5h 49m) 
Leap year 
; +16'.4 +30’ .6 ara 
ae L +2" 2 | (—42".7) | (—28"-5) | (14.3) 
Ad | 77 254m | on4sm'| + 6h34m! 12h 22m 
(-4-18h 141m) 
4st after leap 
ie —14’, 3 ae 
| AS a (4-44". ‘ 12’ .2 | +16’. “| 30’. 
Ad 11h 38m) _sh 49m | + 0h 45m | + 6h 34m 
(+12h 22m) 
2nd after leap 
year 987.5 ) 
AS (30’ .6) | —14’.3 ' +2’ we | soe +16’. 
ad | 4/h 26m) _ iin 33m} — 5h 49m | + Oh 45m 
(-+6h 34m) 
3rd after leap 
as eg ize 


Note: Corrections up to 29 Rebriary for leap years: are indicated in brack- 
ets. 


I. Obtaining the Coordinates ¢ and 6 of the Sun 


(a) Give the observed instant of T,, a correction of the date 
chosen from Table 6 for the year of the available almanac. 


(b) With obtained 7,, and date enter MAE and pick out © 
and 65 in the ordinary way. 

(c) Convert date correction Ad to arc units (Ad)°. 

(d) Correct the obtained tz with the correction (Ad)° with sign 
reversed: we get tg? and So for the given year. 
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Example 13. On 10 February 1968 the sun was observed at Tgr= 
17h 18m 42s, Find ¢ and 6, from the MAE on 1967. 


From Table 6 we have Ad=- 6h 34m. 


Tgr |17h18m42s 10.02 68 
Ad |—5h 49m 


T gr 11h 29m 42s 10.02.67 


rom 1967 ts? 341°25'.7 0’.3 : 
MAE : 4 a Sp | 14°29’.7(—0’.8) 
At 725 .5 
1,2 . A6é 0 .4 
O ory | ee 
i, 348°51’.2 6 | 14°29’.3S 
Ad2 87°15’ .0 
10.02 68 eA 436°06’ .2 = 76°06’ .2W 
Krom 1968 to) = 76°06’.0W; 6 == 14°29’ .3S 
MAE we 
have 
rn ON —= 0, on ar < 
Ye oO = ~ mn Yoo) N Z S z me 
mB SS Se a ; ie - £ 
7 re ee fe} x . . 0 
oe ee ae 2 § a gee i) Ser ee 
| = = 2 00 es ae || 
os + K 
7 hy ma & WY me — 
~— = See Re 
; =O 00 nm © ee l 
a 2 ag 7 SX [| = ¢ 
a & = ce ca nN S 7 Ss = 
pa | =_ rom | ag 
tS a e es 
a —_ = 
= < : a oe 
= o =) 
\- ~ é = 
os i- oO foun 
‘, oo i= 2) a ee) 
: Vs z Sc & 
| : S = “24 
NN — oO rt 
=? cr) © Oo : 
se aS o>, 
= BX =P 
D SMe, NV 
es | Ss =i 
a” gq > a 
O or cm 
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II. Obtaining Sidereal Greenwich Time (¢¥,) 


(a) Using the observed instant of 7,, and the given date, enter 
MAE of the available year and pick out ¢,, in the usual way. 
(b) From Table 6 choose a correction AS for the required year and 


apply it to i’ with its sign. 
Example 14. On 10 March 1968 at 7g, = 21h 16m 34s. Find ae from 1967 MA|!:. 


10.03 1967 Tg,==20h tY | 291°18’.9 
ATgr= th6m34s  AtY | 16 32 .7 
8 .5. 


1967 tY. | 308°00’ «14 
AS 16 .4 

From Table 6 | vee 
1968 tY. | 308°46'.5 


From MAE we have t Y= 308°16' «1 


III. Obtaining the Coordinates (t and 6) of Stars 


(a) From available MAE pick out values of coordinates of a star 
.for 1 January and 32 December, subtract former from latter. We 
get the coordinate changes for one year (for some stars the changes 
are given in Table 5, Sec. 34). 

(b) Choose values of t and 6 of given star for required date, using 
the same MAE. 

(c) Multiply thé changes obtained by the number of years and 
add to chosen ty and 5, with their signs. 


Example 15. 
On 21.03.68 find t, and 6, of a Aquilae (Altair) from 1967 MAE. 


Ty Altair by Altair 
32.12.58 249°42’ .2 N 5°19’ .7 
1.01.58 245 43 .0 N5 19 .9° 
Change of coordinates in year —’.8 —0’.2 
On 20 August 1958 245°43’ .4 N 5°19’ .9 
3 years X changes —2’.4 —0’.6 
On 20 August 1961 245°40'.7 N 5°19’ .3 


From MAE we have for 1961:1, = 245°41’ .0; 6,=N 5°19’ .5 
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The greatest error in the coordinates obtained by these methods 
will occur when working with 4-year-back MAE’s and may attain 
| 0'.6-0".7. When using a MAE of the preceding year, errors will 
nol exceed +0’.2-0'.4. 

The time of transit of the sun (to within 1m) and of the stars (to 
within 2m) may be taken from the MAE of any of four preceding 
vears without corrections, just as the time of sunrise, sunset and 
(wilight. For transits of stars, the errors will exceed 2 minutes in 
lonp years prior to 29 February. 


I;xamples on Chapter 9. 


|. Determining ¢,,. and 6 of a Celestial Body 


16. 13.12.68 at 7,, — 24h 27m 47s; A, = 123°38’.5E; observed a Tauri. 
17. 1.04.68 at 7,, = 13h 58m 27s; A, = 43° 27’.5E; observed the sun. 
18. 23.12.68 at Tg, = 19h 27m 10s; A, = 36°37’W; observed Venus. 
19. 25.08.68 at T,, = 20h 31m 20s; A, = 17°18’W; observed Moon. 


I!. Determining the Time of Transit 


20. 30 July 1968. Find 7),, and 7,, of upper and lower transit of the Moon 
in A. = 171°43’E to within 1m. 

24. 19 August 1968. Find 77 of upper transit of sun to within: 1m and 1s 
in A, — 163°20’W. 

22. 10 June 1968. Find 7,, of upper transit of Saturn in A, = 19°45’E. 

23. 12 September 1968. Find 7,, of upper transit of the star Aquilae (Altair) 
in A, - 18°12’W by exact and approximate methods. 


Ifl. Miscellaneous Problems 


24. 30 October 1968 in @ =: 43°6’.7N; A = 131°53’.0E at 7,, = 9h 30m; 
Ty, -- (11h 27m 56s; u,, + 2m 18s*. Find the altitude h and azimuth A of the sun. 

25. 24 August 1968 in @m = 59°58’7N; A = 30°19’E at T,, == 19h35m; 
lun = 44h39m24s; u., — —3m42s. Determine altitude and azimuth of Jupiter. 
26. 12 April 1968 in @ = 38°42’.5S; 4 = 24°30’.6W at T,, = 7h40m; 
lon ~= 9h 32m 51s; uy, = +7m 2s. Find azimuth of sun. 


~ See Sec. 52. 


PART TWO 


INSTRUMENTS AND TOOLS USED 
IN NAUTICAL ASTRONOMY 


CHAPTER 10 


THE CHRONOMETER AND TIMEKEEPING 


SEC. 50. TIMEKEEPING AT SEA 


On board ship, exact time is needed for purposes of navigation, 
the solution of problems in nautical astronomy, communication 
with land, performing of duties and the organization of activities 
on the ship. Highest accuracy (up to 0s.5-1s.0) is required for the 
solution of problems in nautical astronomy; for other purposes, 
the accuracy may be reduced to 15s and even to 1m. 

The problems of ship timekeeping involve: 

(1) keeping exact time, a so-called standard of time on the ship; 

(2) receiving time signals and obtaining watch corrections; 

(3) care of timepieces on the ship and provision of accurate time 
readings for observers, posts and living quarters. 

For these purposes, a ship usually has a number of timepieces 
that range from high-precision chronometers to simple clocks and 
watches. In addition, there are stop-watches for measuring intervals 
of time. Time signals are received by radio receivers and relayed to 
the navigation room. 

Ship timekeeping is in the charge of the third navigator, chief of 
navigation outfit, and is supervised by the captain. 


SEC. 54. DESIGNATION AND CONSTRUCTION OF CHRONOMETER 
AND OTHER SHIP TIMEPIECES 


Nearly all problems in nautical astronomy require a knowledge 
of the time on the initial meridian, which at present is Greenwich 
mean time. This time is used to choose the coordinates of a body 
in almanacs, and in some problems it is utilized directly. Green- 
wich time is measured by a special timepiece, the chronometer. 

A marine chronometer, or simply chronometer, (Fig. 77), is an 
accurate spring-driven clock of special construction. The chronome- 
ter is adjusted at the factory to mean units of time and on board ship 
it is set approximately to the time of the Greenwich meridian, so 
that it can be used at any time to compute 7’,,. For this reason, the 
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Fig. 77 


chronometer is often called the keeper of Greenwich (universal) 
time on board ship. Thus, the most accurate time standard at sea 
is the chronometer. | 

Due to the fact that the mean time changes continuously and 
uniformly, an instrument measuring such time must have a conti- 
nuous uniform motion. All the features of chronometer design that 
distinguish this timepiece from ordinary clocks and watches are 
due to the attempt to ensure a uniform rate over long periods of time. 

The chronometer consists of the following basic components: (1) 
regulator; (2) escapement; (3) motor; (4) counter. 

The main peculiarities of construction are: 

(1) A specially designed regulator (spring-driven pendulum) 
that reduces the effects of temperature variations on the rate, so-cal- 
led balance with temperature compensation. 

For this purpose, ring a (Fig. 78) of the balance is made of two 
strips of metal with different coefficients of expansion and is cut 
in two places. The oscillation period of the balance is expressed 
by the formula 


faa 
Tan (10.1) 


where J is the moment of inertia of the balance relative to the axis 
of rotation 
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L is the length of the cylindrical spring p, which executes 
reverse oscillation of the pendulum (it is analogous to the 

“hair spring” of watches) 
N isa coefficient that depends on the elasticity of this spring. 
When the temperature increases, the centre bar b of the balance 
(like the other parts) expands, and weights q;, gz should move away 


Sh, 


: 
. 
N 
‘ 


Fig. 78 


from the centre of rotation. However, the outer strip of the ring 
In Of a metal with a large coefficient of expansion and will again 
bring the weights towards the centre of rotation, so that the moment 
of inertia J does not change and the oscillation period 7 hardly 
changes at all. 

(2) The escapement of the chronometer, unlike’anchor escapement 
und cylinder escapement, operates without friction, exclusively 
ly beats, the so-called chronometer escapement (Fig. 79). 

[1 the lower part of the balance 0b is a disc with two cams, d and c, 
wt. different levels. The power of the mainspring is conveyed to the 
lalance via impacts of the teeth of the travelling wheel e against 
(he impulse stone d, which occurs when the travelling wheel is relea- 
nul from the stop at the rest stone q located on the spring F. The 
latter is deflected to release a tooth of the wheel. This is done via. 
u thin spring f by the pressure of the disengagement stone c. Hence, 
whon the balance moves towards the solid hand, c exerts pressure: 


13* 
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on f and momentarily deflects F above with q; one of the teeth of 
the travelling wheel will slip by, but the next one will be stopped 
by g, which—due to F—will return to its original position. This 
will be heard as an audible beat. At the same time, another tooth 
will strike d, setting the balance in motion. On the return (idle) 
stroke, effected by the cylindrical spring p (Fig. 78), c will pull away 
spring f without moving the big spring F and without perceptibly 
slowing down the vibrations of the balance. This ensures free oscilla- 
tions of the balance and a uniform motion of the travelling wheel e. 


— TTT TT TTCnhri 


Fig. 80 


(3) Design of motor. The action of the mainspring a (Fig. 80) 
is not transmitted directly to the toothed wheels but via a conical 
fusee b that equalizes the action of the spring for various degrees 
of winding. Winding is done by the winding head c. 

The chronometer differs from ordinary clocks in other ways, 
namely: | 

(1) an additional scale and hand on the dial to indicate the total 
number of hours the spring has been operating since winding (usually 
56h, sometimes 7 days); 

(2) the second hand moves in half-second jumps; these jumps 
are accompanied by sharp, easily countable beats of the escapement 
mechanism. A faint click is heard in the intervals between beats 
as the pendulum reverses direction. 

The precision with which it is manufactured and the peculiarities 
of construction of the chronometer impose strict requirements on 
storage and operation, which we shall deal with later on. Under the 
proper conditions, the chronometer ensures 7, to within +1 second 
at time of sight. Large ships on long voyages keep two chronometers, 
other ships have one. Smaller ships sometimes have deck watches 
instead of chronometers. | 

A deck watch (Fig. 81) is an accurate watch with a large second 
hand moving in jumps of Os.2. These watches are usually set for 
Greenwich time and are designated for astronomical and certain 
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nuvigational observations. They also replace chronometers. Deck 
watches are kept in a special wooden box with two lids, one of which 
in glass. 

Ship (marine) clocks are round, wall-mounted clocks with a face 
ilivided into 24h, sometimes into 12h. Modern Soviet clocks (like 
foreign makes too) have hour, minute and second hands usually 
mounted’ on a single central axis. The face 
in divided into 12h, the hands and figures 
ure coated with a luminescent paint. Older 
tlocks do not have second hands and the 
luce is divided into 24h. Ship clocks are 
40 to ship time (7,,), are located in the 
principal service and living quarters, and 
Nvrve as timekeepers for the daily affairs 
of life on board ship. Ship clocks located in 
(le radio room are usually set to Green- 
wich (on long voyages) or Moscow time 
and must have a second hand. 

Since ship clocks do not have a compen- 
xuting device and are subjected to the effects 
of external factors, their rate must be 
widjusted regularly, for which purpose there 
i4 ua special regulator on top of the dial. 

Stop watches are pocket watches with 
xccond and minute hands that are equipped 
with a starting, stopping and hand-return 
(lavice for reckoning from OmO0s. Some stop Fig. 81 
walches have two second hands. Stop wat- 
ches are designed for measuring short intervals of time in navi- 
yulion, astronomical and other observations. Ships ordinarily 
live two or three stop watches. 


SEC. 52. CHRONOMETER AND WATCHLE ERROR (CORRECTION) 


The dial of a chronometer is divided into 12h-instead of 24, there- 
lore, in the second half of the day the chronometer readings differ 
from Greenwich time by 12h. For example, 7,, = 13h25m10s, 
und the chronometer reads 1h25m10s. For this reason, it is sometimes 
necessary to add 12h to the reading of the chronometer. To determine 
whether it is necessary to add 12h and to determine the Greenwich 
date, which often differs from the date at the given place, the first 
4lop is to make an approximate computation of T,,. Given the ship 
time 7,, and the zone description of the ship’s clock, we- get the 
following approximation: 


DFT 5 EDD (410.2) 
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In addition, despite the care taken in manufacturing and maintain- 
ing the chronometer, an ideal mechanical chronometer with absolu- 
tely uniform movement is impossible. For this reason, at a given 
instant a marine chronometer will read differently from 7,, by a 
certain error which varies with time. 

The chronometer correction U.p relative to Greenwich time is the diffe- 
rence between Greenwich time T,, and the chronometer reading T gn 
at the same instant; thus, 


eT eT, (10.3) 


The correction is positive (+) if the chronometer is slow on Green- 
wich time, and negative (—) if the chronometer is fast on Greenwich 
time. Since the dial of the chronometer is divided into 12h, chrono- 
meter correction cannot be greater than +-6h. 


Example 1. 5.08 at Ts5,=8h(ZD=10E); Tgr—=22h00m 00s. T.,x= 9h 49m 22s. 
Find Uch> 
Solution, Since Tg,=22h, obviously T.p = 21h49m22s, 


Then: T gr 22h00m00s 5.08 
—T en 21 49 22 
Ucn | +0h10m38s 


In practice it is more convenient if the readings of the ship chro- 
nometer are closer to: Greenwich time; therefore, if a large correction 
is obtained, it may be reduced by turning the hands of the chrono- 
meter to the required reading. To set the minute and hour hands of 
the chronometer, unscrew the lid of the dial, put the winding key 
on the head of the hand axis and slowly move the hands forward 
to the right of the required reading. In doing so, take care to bring 
the minute hand in accord with the second hand, but never touch 
the second hand. Opening the mechanism and moving the hands of 
the chronometer can affect its rate. Therefore, this should be done 
only in exceptional cases. 

If at a given instant we know the chronometer correction and the 
chronometer reading, it is easy to determine the required Greenwich 
time from the formula 


T gr =T ch t+ Uen (10.4) 


First determine the date and 7',, approximately (to at least within 
4h or 2h) from ship time and the zone description using formu- 
Ja (10.2). | 
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Example 2. 20.09 at 7.,=10h35m; A=38°50’W; T,,=1h23m7s; upp= 
= -| 12m34s. Find Tg,. 


Solution. 
T sh 140h35m 20.09 T ch 1h23m07s 
ToDw | 3 en | +412 34 
Tgp © | 13h35m 20.09 Tyr | 13h35m44s 


Example 3. On 8.10 at 7.,=8h55m(ZD=10E); T.p=10h50m48s; upp= 
---2m41s.5. Find 7g;. 


Solution. 
_Tsh 8h55m 8.10 Ton | 10h50m48s 
ZDr 10 en Ase 22): Afb 
T gp & 22h55m 7.10 T gr 22h52m59s .5 


The computation of 7,, must be thoroughly mastered, since this 
operation is the beginning of practically all problems in nautical 
astronomy. Any blunder in the determination of 7, will lead to 
a wrong solution of what is at times an involved problem, since 
Tg, is ordinarily obtained at the very beginning of the solution. 

iverything that has been said above concerning the chronometer 
correction also applies to deck watches and ordinary watches and 
Clocks. The watch correction u,,,: relative to Greenwich time is 
(he difference between Greenwich time and the reading of the watch 
Twat at the same instant, or 


Uwat =U gr —T wat (10.5) 
[n a similar fashion we determine the watch correction relative 
(0 Moscow time or any other zone time; thus, 
Uwat = L'uos — Lwat 
at’ 
LD’ mos = Twat + Uwat (10.6) 
nnd, generally, 


L,=T wat + Uwat (10.7) 


‘rom the foregoing it is clear that the reading of any timepiece 
must be corrected in order to give the proper time. In nautical astro- 
omy, one has to do exclusively with the chronometer correction or 
watch correction relative to Greenwich time. 
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SEC. 53. THE CHRONOMETER RATE AND ITS VARIATIONS 


Due to the nonuniform movement of the chronometer -mechanism 
its error relative to Greenwich time is constantly changing or, 
technically speaking, the chronometer is gaining or losing. 

The amount of change in the chronometer error for some interval 
of time is known as the rate during that interval. The chronometer 
rate is positive if the chronometer is losing, and negative if it is 
gaining relative to Greenwich time. 

The chronometer error for one day is the daily rate of the chronome- 
ter @. : 

The daily chronometer rate @ with its sign is obtained if we sub- 
tract from the subsequent chronometer correction (error) uo, the 
preceding correction w,, and divide the difference by the interval 
AT¢ between determinations expressed in days and fractions of 
days (to within Od.01); thus, 


Wen—Uen ’ 

W aa (10.8) 

If a positive correction decreases (or a negative one increases), 

then @ will be negative and the chronometer will be gaining; if, 

on the contrary, the positive correction increases (the negative 

decreases), then w will. be positive and the chronometer will be los- 

ing. The daily rate m is computed with an accuracy up to 0s.01 
and is rounded off to Os.1. 


Example 4. On 11.07 at 7,,—14h determined wi, —8m 34s.5; on 16.07 
at Pep 19h determined u,,—=—8m 45s.0 Find the daily rate of the chro- 
nometer. 


Solution: (a) T%,—T;,=AT¢=5d.21 (Table 40a, MT-53); 


(b) o= eee Oe) 8.01 em tact —2s.02 » —2s.0 

The daily rate should be computed for every determination of 
the chronometer correction. However, in practical use, when extra- 
polating the correction (see below), it is necessary to determine the 
mean daily rate for several days. 

As has been noted, the rate of a chronometer is not constant. 
It is affected by temperature variations, changes in humidity, pres- 
sure, the wear of parts of the mechanism, their oxidation, thicken- 
ing of oil, and so forth. Of all these factors, of prime importance are 
temperature variations. Notwithstanding the special construction 
of the pendulum, it has not been possible to compensate fully for 
the effects of temperature variations. Therefore, corrections have 
to be introduced to account for these effects. The amount of change 
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in the daily rate of the chronometer that remains after compensa- 
tion may be expressed with sufficient accuracy by the “temperature 
formula of rate”: 


Wz == Wo + & (ft — to) +.B (t — fo)? 
ai (10.9) 
7 = Wp + ¢ (f= te) 4-55 (t — to)? 


where w; is the daily rate at a temperature ¢ 
Wo is the daily rate at a temperature t) = +18°C 
m and f are linear and quadratic temperature coefficients determi- 
ned in the laboratory and recorded in the certificate 
c is the temperature coefficient 
s is the coefficient of deviation of rate from proportionality 
. to temperature. 
The coefficient B depends on the method of compensation and the con- 


struction of the chronometer; it should not exceed +0.04 ~~ —_ ; 
days- degrees 


the coefficient a differs in different chronometers and should not 


ordinarily exceed +0.1 ——_““"___ | Under factory laboratory 
days: degrees 


conditions, the above quantities and the daily rate of the chronome- 
ler @g are determined at t = -+-18°C, or several rates are given, say, 
for ¢ = +4°, +18° and +32°C; this is accompanied by a table (or 
only a formula) for correcting the chronometer rate: 


Aw == a (t — to) +B (t— to)? (10.10) 


for temperatures between 95° and 30°C. If only the formula is given, 
(hen the navigator computes the corrections Aw. Formulas (10.9) 
may be written in the form 


@; = Wo + Aw (10.11): 


This formula serves for computing w; for intermediate tempera- 
fures. 

All these findings, and also the results of laboratory tests of the 
chronometer are given in the certificate that comes with each chro- 
hometer. 

The chronometer rate is also affected (though very slightly) by 
pressure changes. Experiment has demonstrated that an increase 
of 4 mm in pressure slows the rate of a chronometer by about Os.01 
por day, which means that even for a change of 30 to 40 mm in pres- 
sure in one day, the rate will change by only Os.3 to Os.4 which is 
within the limits of random fluctuations of rate. 

(Changes in humidity influence the rate to a much greater degree. 
Judging from the observations of the Kronstadt anstronomer 
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V. E. Fus, carried out at the close of last century, humidity fluctua- 
tions from 45% to 85% caused changes of rate of up to 4s; as a rule, 
the chronometers lost time. However, it has not been possible to 
make an accurate check on the effect. For this reason, it is advisible 
to protect the chronometer box with a woolen or plastic case, par- 
ticularly during voyages in regions of enhanced humidity. 

Changes that occur in the mechanism itself (thickening of oil, 
wear of axles and jewels, oxidation, etc.) cannot be taken into ac- 
count, but they gradually alter the rate of any chronometer. That 
is why it is important to observe the rate of a chronometer at all 
times and to have it checked in the navigation chamber whenever 
irregularities are found. An index of the quality of performance 
of a chronometer (or clock) is the constancy of its daily rate. The 
difference of two successive daily rates is known as the variation A. 
The quantity A = wm. — w; and is the most important index of 
the quality of performance of a chronometer. Ideally, the variation 
is zero. 

For marine chronometers, the mean daily rate for various tem- 
peratures should not exceed +4s, while the mean variation should 
be within +0s.5. For various temperatures, the extreme values 
should not exceed +-2s.5. Under these conditions the performance 
of a chronometer is said to be satisfactory. 

One should bear in mind that when a chronometer runs down 
due to someone forgetting to wind it, the rate may change, and 
so the daily rate must be derived once again. Observe the perfor- 
mance of the chronometer carefully for about two weeks. 


SEC. 54. DETERMINATION OF CHRONOMETER ERROR BY RADIO 
TIME SIGNALS. PROGRAMS OF RADIO SIGNALS. 
CHRONOMETER RECORD BOOK 


Just recently, determining chronometer errors (corrections) on 
board ship was a rather involved problem and was handled by a 
variety of methods: from astronomical observations of celestial 
bodies for a given known longitude, by comparing with chrono- 
meters at an observatory, by visual time signals delivered in ports, 
etc. 

At the present time, radio time signals are the only ones used to 
determine chronometer corrections. A number of radiostations 
throughout the world broadcast time signals of Greenwich time 
at specified hours. They are given in a definite sequence, or accord- 
ing to a specific program. These signals are broadcast by powerful 
radio stations on all wavelengths, thus making it possible to receive 
them anywhere in the world, by any kind of receiver and at any 
hour of the day or night. For navigational purposes, special signals 
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ure given that are more precise than the signals of general broad- 
casts. Prior to the reception of special time signals, the navigator 
should be acquainted with the programs, the radio stations, their 
call signals, time of operation and the frequencies on which they 
operate. This information is given in the “Program of Time Signal 
roadcasts” published in the U.S.S.R. by the All-Union Research 
Institute of, Measurements and published in the Notices to Mariners, 
in “The Admiralty List of Radio Signals”, Volume V (British), 
the American “H.O. No. 205”, and other publications. 

Of late, the chief programs of special time signals are: 

I, program* known abroad as the “English system” (the program 
of the Rugby radio station); 

II, or new international, program; 

III, the American program; -.and 

the Japanese program. 

(1) On the first program, five or fifteen minutes prior to special 
hours 7,,, short dashes (0s.1) are given every other second from 
one to 59s. The beginning of each 5 minutes is distinguished by 
n long dash (signal) (0s.6). Thus, the first program delivers five 
wories of signals consisting of 59 short dashes and six long dashes. 
This program is most convenient because it permits receiving seve- 
ral signals every minute and obtaining a number of corrections; 
hosides, it is very simple. This program is used for sending out 
time signals by nearly all Soviet and European radio stations, 
nome radio stations of South America, and others. 

(2) On the second, or new international program, the time sig- 
nals are in the form of six short dashes: 


ult OOs-57m 50s Warning signals for group I 


(X every 10 seconds) —--— —-- — 
bn? = =59-58 = =©00 Group I time signals 55 56 57 58 59 0 sec 
by O08 -58 50 Warning signals for Group II 

(N every 10 seconds) —-—-—-:—: 
14 55-59 80 Group II time signals 55 56 57 58 59 O sec 
if) (6-59 50 Warning signals for 

Group III (G every 10 seconds) ——-——-——- 

if) 55-00 00 Group III time signals do 56 57 58 59 0 sec 


(0 15-00 30 16 short signals 
qr 


0 10-00 30 24 short signals 


* Recommended by the International Astronomical Union on 5.09.55 
nw un unified system of signals replacing all other systems. However, we still 
hive a variety of programs. 
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Signals on this program are sent out by certain European sta- 
tions, for instance, French, Italian, Turkish, South African, Indian, 
Chinese, Indonesian, New ‘Zealand, etc. 

(3) The United States system of time signals begins at Som00s, 
that is, 55 minutes after the four or five minutes prior to the onset 
of the subsequent hour; during this time, short dashes are sent 
out every second; the beginning of the dashes mark seconds, and 
their duration is not fixed. Exceptions are the 29th seconds of each 
minute (which are missed) and some of the last ten seconds of each 
minute, which are sent out as follows: 


50s Sts 52s 53s 548 55s 56s 57s 58s 59s 60s 


The beginning of the long dash at the end (4s.3) coincides with 
Om00s of the new hour. | 

The signals of this program are sent out by stations in Washin- 
gton (every even hour of 7,,), San Fransisco (6 times a day), 
Balboa (twice a day), Honolulu (3 times), etc. 

In addition to these time signals, the United States broadcasts 
technical tuning signals (standard carrier frequencies) that are 
exactly oriented in time. These signals may also be used to deter- 
mine chronometer corrections, every 5 minutes in the 24-hour day. 
The transmissions are by radio stations WWV (near Washington) 
on six frequencies and WWVH (Hawaiian Islands) on three fre- 
quencies. The signals are heard in most areas of the Atlantic and 
Pacific Oceans. The transmissions of WWV are interrupted for 
four minutes beginning with the 45th minute of every hour, of 
WWVH for four minutes at the beginning and in the middle of 
every hour. 

The signal begins on every fifth minute and continues three minutes, 
then follow numbers in telegraphic code that indicate T,,, at which 
time the next signal begins: for example: 0—9—2—5, which means 
that the next signal will be at T,,= 09h 25m 0s. This is followed 
by a voice announcing “this is radio station WWV; the signal will 
be resumed at 4h 25m a.m. Eastern Standard Time*; 4h 25m a.m.” 


* In the United States, zone time on the continent is called Standard Time 
(Eastern, Central, Mountain, Pacific; from 5th to 8th zone westwards). 
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(4) Japanese program: 
(un O5s-Om 15s  Ten-second dash 


0 30-0 55 Warning signals for Signal I(N)—-—-—- ete. 

1 = =00-4 O4 Time Signal I — 

1} = 30-1 55 Warning signals for Signal II (D)—--—--.—-- 

» 00-2 04 Time signal If — 

» 30-2 55 Warning signals for Signal III (B) —---—.--- ieee 

'' 00-3 014 Time Signal. II] — 

$= 05-3 15 Long dash if signals are correct; a series of dots if 
incorrect 7 


‘his program is broadcast by radio stations of Japan and is clear- 
ly wudible in all seas of the Far East. 

Itudio stations broadcast call signals and tuning signals prior 
(1 (he time signals. Some stations follow the ordinary time signals 
with so-called rhythmic signals. constructed on the principle of 
(lu vernier of time (61 rhythmic signals during 60s) and serve to 
termine’ the chronometer corrections in coastal astronomical 
nludies where 7',, is required accurate to within Os.041 and Os.001. 

(%casionally, for navigational purposes, the chronometer corre- 
ition is determined from ordinary time signals broadcast by stan- 
ilurd broadcasting programs. At the present time, the time signals 
lnoudcast by Moscow stations ensure an accuracy of up to +0s.1. 
ISul im other cases when the accuracy is not known, one should 
nol work from such signals. 

When sailing in a limited region, the navigator should determine 
(lus chronometer correction using the same radio station and the 
nue program. This develops habits that reduce the probability 
of errors. A record is made of the tuning and the broadcast so as 
tt) be able to locate the station as fast as possible and tune the recei- 
er lo reception of time signals. 

‘Time signals may be received: 

(1) directly with the chronometer, if there is a loudspeaker or 
virphones near the chronometer, 

(b) with a stop watch, 

(‘) with a deck watch. 

‘lo avoid mistakes and inaccuracies, do not confine yourself to 
vuly one signal. It is better to record 3 to 6 signals and then deduce 
wit average correction. To do this, first organize a system of record- 
inp the desired signals. . 

When receiving signals with a stop watch,. the second hand is 
sturted at the instant the first signal is given, subsequent signals 
linge received with the second hand in motion. When the stop 
walch is stopped at the desired instant of the chronometer and 
ihe reading is subtracted from this instant, we get 7, for the first 
wipnal. Adding to this 7,, the recorded instants of the stop watch, 
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we obtain the remaining instants of the chronometer (Example 5, 
Scheme 2). It is still better not to stop the stop watch, but to com- 
pare it with the chronometer two or three times (see Sec. 56). 

When receiving signals with a deck watch, the latter should 
be compared with the chronometer both prior to and following 
reception; then determine the correction of the deck watch in ac- 
cord with Scheme No. 4, and after that determine w,, from the 
correction and the mean comparison. 

For the first program and the United States program it is more 
convenient to receive the signals of the 20th and 40th seconds, 
counting the dashes continuously. 


Example 5. Determine u,;, from the time signals. 


Scheme I 
Signals Received with Chronometer 
T or of signal ‘a Uoh 
17h56m20s 18h2m3\1s .5 —6m1is .5 
56 40 2 32 .0 —6 12 .0 
of 20 3 32 .0 —6 12 .0 
57 40 omitted — 
58 20 4 32 .0 —6 12 .0. 
17 58 40 18 4 52 .0 —6 12 .0 
Average Up,= —6mi1is .9 
Scheme 2 
Signals Received with Stop Watch 
P gp of signal Sec. Toh Won 
17h56m20s Om0s .0- 148h2m3i1s .7 —6miis.7 
06 40 0 20.1 2 3o1 .8 —6 11 .8 
o7 «620 omitted — — 
57 40 - 1 20.1 3 31 .8 —6 11 .8 
 ~—-98 20 2 0.1 4 31 .8 —6 11 .8 
17 58 40 2: -O.2 18 451 .9 —6 11.9 


Average Ucp»= —6mii1s.8 


Stop watch stopped at instant of chronometer 18h8m 0s.0 
Stop-watch reading ............ —dm 28.3 


First instant by chronometer (T’,) . . . . 48h2m31s.7 
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()n the international program it is more convenient to note the 
chronometer reading at the instant of the last dot in each series 
uf signals; on the Japenese program, at the beginning of the dash 
wf all three series. 

‘The accuracy of the chronometer correction determined by radio 
T sufficiently high, particularly if one uses a magnifying glass 
whon receiving with the second hand of a deck watch. The error 
ln the chronometer correction obtained by radio time signals 
laos not exceed +0s.3. 

‘he corrections, like all other data concerning operation of the 
tlronometer, are taken down in the chronometer record book, 
un sumple of which is given below. 


GMT of Chronometer No. Chronometer No. 


io Si Time | Signa- 
radio Sig- 
late nal an any, fure ne 
name of ship’s | of ob-| marks 
station clock | server 


Chronometer time 
Chronometer correction 
Daily rate 
Chronometer time 
Chronometer correction 
Daily rate 


In this form (which is the accepted form for the merchant marine) 
(here is no column for changes in the daily rate and for tempera- 
turo flucluations. These findings should therefore be recorded in 
(he column “Remarks”. Changes in the daily rate, as we have noted, 
characterize the performance of a chronometer, and the tempera- 
(a is needed to deduce the daily rate for conditions that differ 
from those indicated in the certificate. 

ln the “Remarks” column one records any other circumstances 
like) stormy weather, excessive humidity, and so forth; here also 
wi recorded cases of chronometers stopping due to their running 
ilown, If there is a second chronometer, use the opposite page. Its 
carrection is best derived by comparison with the first chronometer, 
whose correction was determined as indicated above. 
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SEC. 55. CARE OF CHRONOMETERS 


(1) Storage of chronometer. A chronometer should be stored 
in a special box in the navigator’s desk and never removed, with 
the exception of very special cases (demagnetization of the ship 
and the like). The outer casing of the chronometer should be firmly 
wedged in the drawer of the desk and covered with a woolen fabric. 
The locking device of the gimbals of the chronometer is released. 
Take care that there should be no steam pipes, water pipelines, 
strong magnetic or electromagnetic fields and vibrating components 
near the chronometer. A constant temperature of the order of +418°C 
should be maintained in the vicinity of the chronometer. When 
working with the chronometer, open only the upper wooden lid 
of the casing, and take observations through the inner glass lid. 

(2) Winding the chronometer. The chronometer should be wound 
every day between 7 and 8 in the morning by the same person (usually 
the third navigator). To wind, with the left hand gently turn the 
chronometer in its gimbals on its face, pushing back the slide and 
entering the key in the keyhole; then turn it slowly counterclockwise 
making from 7.5 to 8 half turns, since each half turn yields a wind 
of 3h. It is desirable not to wind the chronometer to the stop, but 
to the mark 8h or 4h, for then there will be no danger of tearing 
the chain from the fusee. Chronometers should always be wound 
to the same marks so that they perform with the same spring tension 
throughout the 24-hour period. 

(3) Transportation of the chronometer for short distances is done 
by hand. The instrument should be rigidly clamped in its gimbals. 

For transportation over considerable distances, the balance should 
be stayed to prevent breaking it. To do this, take the chronometer 
out of the box, unscrew the lid and, holding the mechanism by the 
edge of the dial, turn it over and extract it from the mechanism. 
Then put the mechanism on the frame, dial downwards, and with 
tweezers carefully insert two wedges under the balance (at: the two 
ends of “the centre bar) (Fig. 78). The wedges should be made of 
pure dry cork 9-10 mm in length, 4 mm in width and 1.2 mm thick. 
When the instrument reaches its destination, remove the wedges 
in the same manner. This operation has to be done when starting 
a new chronometer or one received after repairs or being sent for 
repairs. When assembling or disassembling a chronometer, never 
allow your fingers to touch the parts of the mechanism. 

(4) Starting the chronometer. To start a chronometer that has 
run down, wind it, clamp rigidly, and turn the whole box rather 
slowly one-quarter turn in azimuth. To start up a new or repaired 
chronometer, first remove the stop wedges (see Item 3), then wind 
and start as described above. 
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(5) Chronometer trouble. If the chronometer has suffered mecha- 
nical damage, or if the beat is heard to be irregular, or the change 
in daily rate is large and irregular (see Sec. 53) the chronometer 
should be sent to the navigation chamber for checking and repairs. 
Io not, under any circumstances, try to repair it with the facili- 
(ies on ‘board ship. 

If the faults are detected en route, stop the chronometer and go 
over to the second one, or use a deck watch or any good timepiece 
uvailable. However, in this latter case clock corrections should be 
made several times a day, if possible. close to the time of observa- 
(ions. Observation accuracy may in this case be somewhat below 
(he usual level. | 


SEC. 56. WORKING WITH CHRONOMETER AND WATCH 


(1) Comparison. Since the chronometer on board ship is never 
removed from its box and all observations are done with a clock 
or a Stop watch, one must learn to compare a watch with the chrono- 
meter. 

A comparison (com) is the difference between the. simultaneous 
readings of a chronometer (T.,) and a watch (T wat): 


com =T'en—T wat (10.12) 


The comparison is positive (-++) if the watch is slow on the chrono- 
meter, and negative (—) if fast. 

Having obtained com, we can, from the watch instants obtained 
in observations, compute the appropriate instants of the chrono- 
meter from the formula 


Ten = Twat + Com (10.13) 


In addition, knowing the comparison, one can use the known 
chronometer correction u,, to compute u,,,; and conversely. Indeed, 
combining two equations for one and the same instant, we get 


L'gr — Ich = Uch 
+ 


Ll gr—T wat = “ch + COM = Uyat 


that is, 


Uwat = Uch TCO 
ace (10.14) 


Uch = Uwat — COM 
14—1275 
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Example 6. 7,,,9:—8h 14m 45s was obtained at time T n= 10h55m20s. The 
correction u,,z= -+ 8m 45s. Find uygee 


Solution, 
Ton | 10h 55m 20s 4 Uch -+-Oh 08m 45s 
—T wat 8 14 45 com +2 40 35 
com |+2h 40m 35s lick | + 2h 49m 20s 


The simplest way to compare a watch and chronometer is as 
follows. The observer takes the chronometer instant (7,,) 30 to 40 
seconds in advance (some multiple of 5 or 10 seconds) and writes 
it down. Ten seconds before the desired instant, the observer listens 
to the beats of the chronometer counting half seconds: “mark”, 
“mark”, “mark”, ...., then five seconds before the selected time begin 
the main count out loud: mark (on the fifth second), half, one, 
half, two, half, three, etc., at the same time looking at the watch; 
and at the count of “five” note and immediately record the reading 
of the second hand, then the minute hand, and the hour hand; in 
doing so, note the correctness of the minutes when the hand passes 
through Os, that is, in positions close to 55s-60-5s. This reading 
of the watch will be simultaneous with the recorded Ty. 

This method of counting is convenient in that whole seconds 
are counted (the count “half” falls on half-second beats). What 
is more, a certain skill is: developed in counting seconds mentally 
without a chronometer, and this is needed in astronomical observa- 
tions. 

It is not wise to confine oneself to one comparison. It is best 
to make two or three, selecting chronometer times in different parts 
of the second-hand dial, and then take the arithmetic mean of the 
comparisons. If the ship carries two chronometers, a comparison 
of the second one with the first is done in a similar fashion. Stop 
watches are compared with chronometers in the same way, except 
that the stop watch is stopped for the comparison. 

A watch may be compared with a chronometer by using a stop 
watch, starting at a certain recorded instant. of the chronometer 
and stopping it at a specified: instant on the. other timepiece. Then 
by subtracting the stop-watch reading from the watch reading, 
we get the simultaneous readings: 7,, and T at. 

When performing astronomical observations with a watch or 
clock or stop watch, the rate of which is unknown, make two compa- 
risons: one before and one after the observation, particularly if 
the time interval between comparison and observation is great. 
One comparison will suffice if the timepiece has been carefully 
adjusted. 
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(2) Working with watch and chronometer during observations. 
When measuring the altitude of a celestial body, the observer should 
also note and record the chronometer time or watch time. 

Later on we shall see that at sea it is often required to measure 
from three to five altitudes of each celestial body, so that in the 
observation of say, four stars, one has to record 12 instants of time. 

If the observations are made with the help of an assistant, this 
operation is very simple and is performed by the assistant at the 
command: “stand-by-mark”, the order “mark” is given at the instant 
the image of the body touches the horizon, and “stand-by” is given 
n few seconds in advance. 

If one person is making the observation, it is necessary to learn 
to count seconds so as to record several instants of time. The purpose 
is to allow the observer to shift sight from sextant to watch. The 
counting is done as follows: when the body touches the horizon, 
the observer says “mark” and begins to count “half, one, half, two, 
half, three”, etc., as in the comparison procedure. Shifting his 
eyes to the timepiece, the observer notes the closest instant (the 
best thing is a multiple of 5s) in advance and counts up.to that point. 
Subtracting from the indicated instant the number of seconds counted 
and recording the result, we get 7',,,: at the time the altitude of 
the body is measured. The accuracy of the results depends on the 
training of the observer and the length of the interval. For short 
intervals of the order of 5 to 10 seconds and with a small amount 
of training, accuracies are obtainable up to +1s and even +0s.0. 

Instants of single-hand stop-watch time are recorded in the same 
manner. The first instant is obtained when the stop watch is started 
(Om Os), and subsequent instants are obained by the “counting method”. 

After comparing the stop watch with the chronometer or stop- 
ping it at 7.,, instants of chronometer time are obtained by adding 


instants of stop-watch time to the first chronometer count (Example 
7). 


Kxample 7. Observations of stop watch yield the instants Tsopw. Find 
the corresponding Tp. 


Solution, 
(a) . '(b) 
Von 9h28m40s_ set time 
7 No. rosaings Mstop w Toh 
Vatop w 7m 13s stop-watch ore 00s |9h21m27s= 7%, 
reading at Ten 2]... . 153s |9h22m20s 
_ 3{... . | 4+-1m38s|9h23m 5s 
Vin, 9h21m27s 


14* 
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(3) Reducing chronometer corrections to observation times. In 
all the foregoing cases, to obtain 7',, it is necessary to know the 
chronometer correction (u,,) at the time of observation. Computation 
of the correction u,;, is performed by changing the last up, correc- 
tion obtained from radio time signals by the magnitude of the chrono- 
meter rate during the interval AT® that has elapsed since its deter- 
mination, i. e., by extrapolation of the quantity uz, by means of 
the formula 


Uch = Uin + WAT? (10.19) 


where w is the daily rate of the chronometer at average temperature 
in the time interval AJ; the quantity AT? is expressed in days and 
fractions of days to within 0d.01. 

If the temperature near the chronometer has not changed, for @ 
we can take the last daily rate determined from Ugp. 

Do not disregard computation of u,,; a new value should be 
computed for every round of observations. 


Example 8. A determination of u;,—=—6m 57s.5 was made on 13.09 at 
Tpr=14h; o= —2s.4. Find up, at Tz, ~6h on 14.09. 

(a) AT¢ =6h-+ 24h — 14h =- 16h =04.67, 

(b) wAT¢ = —1s.6. 

(c) uch = —6m 57s.5-+ (—1s.6) = —6m 59s.4 ~— 6m 59s. 


SEC. 57. CARE OF SHIP TIMEPIECES 


Ship timekeeping includes constant care of all ship timepieces 
no matter where they are located. This is ordinarily in the charge 
of one of the navigators (usually the third). All ship timepieces 
must keep ship time to within +1m, and +15s in certain rooms, 
such as the navigator’s room, the engine room. As already mentioned, 
the timepiece in the radio room keeps Greenwich or Moscow time 
with an accuracy of 5 to 10s. 

All ship timepieces are wound and checked daily between 7 and 
8 a.m. by the navigation officer or a trained sailor under the guidance 
and responsibility of the navigation officer. The clock in the naviga- 
tor’s room is additionally compared with that in the engine room 
prior to maneuvres (docking, casting anchor, and so forth) and 
passage of narrows. Timepieces are checked (put forward or back) 
when crossing time zone boundaries by means of a “reference time- 
piece”, which may be any good watch or clock ajusted to 0s by 
the chronometer. 

When checking ship timepieces, it is necessary to derive their 
daily rates, on the basis of which they are regulated with a regulator. 
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THE THEORY AND CONSTRUCTION OF THE MARINE 
SEXTA NT 


SEC. 58. PECULIARITIES OF MARINE ANGLE-MEASURING 
INSTRUMENTS 


In the solution of many problems in navigation and astronomy, 
it is required to measure the angles between various objects. These 
measurements are made from a moving base (deck) and ordinary 
“land-based” instruments are unsuitable. 

Marine angle-measuring instruments have to be made for opera- 
tion by hand without a stable mounting when the ship is rolling 
or pitching, and the measurements have to be made rapidly and 
in a simple manner. These conditions are best complied with by 
means of a “reflecting” optical system consisting of two mirrors or 
prisms. By turning one of the mirrors, the observer can see at once 
both objects between which the angle is being measured, the position 
of the mirrors corresponds to the magnitude of the angle. This 
system was incorporated in an instrument, called the sextant, 
in the 18th century. 

Compared with land-based instruments, the sextant has the 
advantage of being able to measure angles quicker and without 
a stable mounting (by hand), but it has certain drawbacks: limited 
angle of measurement (120° to 140°), reduced accuracy and reliability 
of measurement. 

At the present time, the altitudes of celestial bodies above the 
visible horizon and angles between objects on board ship are measured 
by the marine sextant; besides, at sea use is also made of the arti- 
ficial-horizon sextant with integrator, designed exclusively for measur- 
ing the altitudes of celestial bodies in the absence of a visible hori- 
zon. Finally, in the early 1950’s the radio sextant appeared. 
This instrument permits measuring the altitudes of bodies by 
their radio emission. Dipmeters are used to measure the dip of the 
visible horizon at sea. These instruments are based on the same 


reflection principle, but are only made for measuring angles close 
to 180°. 
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SEC. 59. THEORETICAL PRINCIPLES OF THE MARINE SEXTANT 


The fundamental optical system of the sextant is shown in Fig. 82. 
Let RO be the direction of a ray of light from a right-hand object, 
LO, from a left-hand object. It is required to measure the angle o 
between the directions towards these objects. Place a mirror A in 
the path of ray LO, and mirror B in the path of RO so that their 
planes are perpendicular to the plane of the angle o, and the reflect- 
ing surfaces are directed into the instrument. Turning mirror B 


on its axis perpendicular to the drawing, we can achieve a position 
such that a light-ray from the right-hand object will ‘be reflected 
from the mirror surfaces and will move in the direction AO. The 
left-hand object LO will be seen above mirror A. Superposing these 
images in the field ‘of view of telescope 7, we obtain a definite and 
unique position (for the given angle) of mirror B relative to A. 
Obviously, a strict relationship may be obtained between the angle 
being measured o and the angle @ between the planes of the mirrors. 

On the basis of one of the laws of light reflection (the angle of 
incidence equals the angle of reflection), we get the angles B and a 
between the planes of the mirrors and the light-rays RO and LO. 
Applying the geometric theorem that “an exterior angle of a triangle 
is equal to the sum of the two interior opposite angles” to triangle 
OAB containing ‘angle o, and triangle EAB containing angle o, 
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we get 
angle BAL = 2a-:= 26+ 6 (*) 
and 
angle BAK =a=B+o (**) 
whence 
o=2(a—f) (41.4) 
nnd | 
: o=a—B (11.2) 
After substitution of (11.2) in (11.1), we have 
o= 20 (41.3) 


thus, the angle being measured is equal to twice the angle between the 
planes of the mirrors of the sextant for their position when both images 
of the objects (direct L and doubly reflected R) are aligned in the field. 
of view of the telescope. 

Expression (11.3) may be written in the form 

Go 

or the angle between mirrors is equal to half the angle being measured. 

By this reasoning, we can replace the measurement of angles 
between objects by measurement of the angle between the planes of 


\ 
ae Nog, Ce L 
OrniZon 6] I= 
wo~\ | 
\ \ | 
\ \ : 
Ly Saal Nee wi : 
| 
\ 
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Fig. 83 Fig. 84 


the mirrors. To do this, place mirror B (called the index mirror or 
glass) on a metal arm D (Fig. 83) called the index arm. The index 
arm is capable of turning on its axis, which passes through the centre 
of mirror B. The other end of the index arm with index J moves 
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along the arc of the limb L,L., which is graduated in half-degree 
divisions [on the basis of formula (11.4)]; the numbers, however, 
indicate values of whole degrees so that the reading need not be 
doubled. On the right-hand side of the arc is a zero mark. To the 
left of it are divisions marked up to 140°-150° (at one-degree inter- 
vals); to the right are only five degrees up to 350°. The second mirror 
A, called the horizon glass, is fixed rigidly to the frame of the sextant. 

Obviously, angles will be read by the angle of rotation of the 
large index mirror relative to the small horizon glass, more preci- 
sely, relative to the line BO*°, which is parallel to AE. Indeed, 
the arc O°v of the limb will be measured by the central angle w, 
which is equal to the angle between the mirrors. Hence, the reading v 
of the limb will be equal to the angle o being measured. 

Let us consider some special cases of positions of the index mirror. 

(1) One object L is observed at infinity. When an object LZ recedes 
to infinity (Fig. 84), the light-rays coming from it will be parallel 
(o = 0°) and the alternate angles ABL and BAO will be equal, 
that is, 180° — 2B = 180° — 2a, whence a=f. Hence, mirrors 
B and A will be parallel, and the angle » =a—f= 0°. For 
this position of mirror B, there should be a reading of O° on the 
limb opposite the index of the index arm. But for technical reasons, 
it is hardly ever equal to O°. | 

M, on the limb of the sextant corresponding to the parallel position 
of the mirrors is called the zero mark on the limb. 

When a sextant is manufactured and adjusted, the zero mark 
(0°) coincides with the zero on the limb, but in the process of opera-~ 
tion, the mirror A moves and the point of zero differs from the zero 
mark; in other words, the zero mark on the limb may turn out 
different in each observation. It is obvious, then, that a certain 
correction has to be introduced into the readings. 

(2) Observing an object R situated at a limiting angle. The 
greatest possible angle for observation 0,,,, (Fig. 85) will be for 
a position of the index mirror such that the ray from the right- 
hand object will no longer be reflected, but will slide over the surface 
of the mirror and yet will still be incident on the horizon glass A. 
Here, angle B = O° and from formulas (11.2) and (11.1) we get 


Ones = and Onoxr = 20 (11.9) 


From expression (11.5) it is clear that the limiting angle under 
measurement depends on the position of the horizon glass. In modern 
sextants, the angle a@ is equal to 70°-75° and, consequently, the 
limiting angle Om,, will be 140°-150°. In recent Soviet sextants, 
Omax = 140°, in older ones and in many foreign makes, o,,,, = 190° 
or 145°. So that the index arm should not prevent the mirror B 
grom being put in the extreme left-hand position, the index mirror 
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is placed at an angle to the longitudinal axis of the index arm 
(Fig. 85). For this reason, the zero mark 0° is shifted by the same 
ungle to the right of the theoretical position (O,). 


Fig. 85 


(3) Observing an object ZL situated close to the sextant. If an 
abject Z is situated close to the sextant, rays from it proceeding 
(o mirrors A and B will not be parallel, but will form a slight angle 
” (lig. 86) due to the fact that the angles in a sextant are not measu- 
rod from a single point—the centre of the azimuth circle; actually, 
(he angle y is the parallax of the object; the closer object Z is, the 
inore will be the effect of the AB distance between the mirrors. 
(ionsidering the triangles LBA and EBA by the same reasoning 
wi at the beginning of this section, we get 


23=y+t2a or y=2(p—a) 
wid 
B=o'’+a or wo’ =fp—a (11.6) 
whence 


y = 20’ (11.7) 


I;xpression (11.7) shows that despite the changed position of the 
wiles, the basic law (41.3) continues to hold. Howerer, from a compa- 
tlxon of (44.6) and (14.2) it is obvious that the angle w’ will be 
mative, that is, it will be reckoned from 0° in the other direction. 
his is also evident from Fig. 86, where the angle w’ is equal to 
(ho arc O°v,. It is for the measurement of such excessive angles that 
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the limb has divisions to the right of 0° (360°): 359°, 358°, to 355°. 
Arcs greater than five-degree divisions will not be needed. Indeed, 


Fig. 86 


from the triangle BAD, where BD is perpendicular to the line LO, 
we have 


BD = AB x sin (180° — 2a) (11.8) 


In modern sextants, AB=10 cm, a=75°, therefore BD=5 cm. 
From the triangle BDL we have 


BD _ 95cm 


iD OD r) 


tan y= 

For an angle y=D5° the distance LD to object L will be only 57 cm. 

It is quite obvious that such close distances are not encountered 
in actual practice. 


REDUCING ANGLES TO CENTRE OF INDEX MIRROR 


Due to the fact that the angles in a sextant are not measured 
from a single central point B, their vertices will move along the 
line of ray LO, (Fig. 87) as the angle changes, and it becomes impos- 
sible to compare them. To reduce all angles to the point B (the 
centre of the index mirror), add to each the angle of reduction y 


60. ZERO-POINT CORRECTION. INDEX CORRECTION 219 


which expresses the effect of the distance AB between mirrors on 
(he angles being measured. 
From the triangle BO,L we get the magnitude of the reduced 
(oxterior) angle o,, or 
O,=O,7-Yy (11.10) 
As is evident from (11.9) and Fig. 86, the magnitude of the angle 
/ depends on the distance LD ~ LA between the direct object 
and the sextant. Obviously, the angle y diminishes as the distance 


f, 


2, 


Fig. 87 


increases, and if the object ZL is at infinity, the angle y is zero. Let 
as agree to disregard the angle y if it is less than 0’.4. From (11.9) 
for a small angle we have 


5 cm 
tan ywy’ are 1’ = ) 
yrny LD | 
whence t (11.11) 
\ 
o cm be es ‘ : 
EE Nae G oy 1.72 km ~1 nautical mile J 


Thus, if a left-hand object is at a distance of 1 nautical mile 
ar more, the angle y <0’.1 and it may be neglected. Under ordinary 
conditions at sea, the visible horizon is more than 1 mile distant, 
nv only in rare cases when the object ZL is close to the observer does 
«ua have to reduce angles to the centre of the index mirror (that is, 
wild angle y). 


SEC. 60. ZERO-POINT CORRECTION. INDEX CORRECTION 


ln the preceding section it was noted that the actual position 
of zero on the limb does not coincide with the zero mark 0°, as a 
wxult of which each reading of an angle has to be corrected by the 
mugnitude of the arc O°M, = A (Fig. 88), or the so-called zero- 
golnt correction. 
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A correction, as we will recall, is the difference between the true 
value of some quantity and its measured value. On this basis, the 
zero-point correction is equal to the algebraic difference between O° 
(or 360°) and the reading of the zero mark on the limb, that is, 


A=0°—M) (11.12) 


Here, M, is the reading of the zero mark, or the reading obtained for 
a parallel position of the mirrors. This mirror position. may be 


Fig. 88 


obtained for coincidence, in the field of view of the telescope, of 
a doubly reflected (P’) and direct (L) image of the same object at 
infinity. 

From Fig. 88 it is seen that the angle being measured o will be 
equal to the arc» = w’ + Aand not the reading v = arc w’, and so 


o = 2(w’ +A) (11.13) 
or in half-degree graduations of the limb: 
o=w'+tA 
However, to reduce angles to the centre of the index mirror, 
transfer the vertex O of the angle to the centre of the mirror B; 


to do this, add angle y to angle o in (11.10). As.a result, the reading 
v, which corresponds to the measured angle, must be corrected by 
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two corrections: the zero point on the limb (A) and the magnitude 
of angle y, or 


Oo = arc vJ = 0' +(A+y) (11.14) 


The total correction A + y by which the reading on the limb 
is corrected is known as the index correction of the sextant (i). 

The index correction may be obtained from direct observations. 
Indeed, if in the field of view of the telescope we bring to coincidence 
hoth direct images of an object Z not at infinity (Fig. 88), the index 
mirror will occupy position BJ. The reading of the measured angle 
«’ must be corrected by a correction equal to A+ y, but arc 
(°J = A + y, hence J is the reading that corresponds to the index 
correction. Therefore the reading of a sextant with coincident direct 
and doubly reflected images of a single close-lying object L is called 
the reading of the index correction (oi), and the difference between the 


reading O° (or 360°) and the reading oi is called the index correction 
i, that is, 


i = 360° — oi (11.15) 


The index correction will have the sign (+) if oi < 360°, and 
{—) if oi > 360°. 

As we see, the entire difference between the zero-point correction 
(A) and the index correction (i) has to do with the object that is 
being brought into coincidence in the field of view of the telescope: 
one located at a large distance (A) or nearby (i). 

When measuring altitudes at sea, the direct object is the visible 
horizon, the distance to which is always greater than one mile. 
ln this case, as we have already established, the angle y <.0’.1 and 
the index correction i is practically equal to the zero-point correc- 
tion. Therefore, instead of bringing into coincidence images of the 
horizon (object ZL), which is ordinarily not clearly visible, the 
images of a celestial body (which for practical purposes is at an 
infinite distance) are brought into coincidence, and we get the 
zero-point correction, which is generally also called the index correc- 
lion. 

[;xceptions are cases when the horizon is closer than one mile. 
They occur in the following instances: 

(1) when observing the sun or some other body above the shore- 
line; 

(2) when observing a body above the water-line of another ship 
whose distance away is known. 

In such cases, that is, when the horizon or object is closer than 
one mile, the index correction should be determined from the 
direct object (LZ) and not from a celestial body. 
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SEC. 614. ELEMENTS OF THE MARINE SEXTANT 
14, ESSENTIALS OF CONSTRUCTION 


At the present time, Soviet ships are equipped mainly with 
Soviet-made micrometer sextants (CH) and subsequently improved 


eee sie» 
ES 


jo * fa | 
Fig. 89 


1—frame, 2--limb, 3—index arm, 4—reading device, 4a—micrometer drum,’ 5—gear 

rack, 6—index mirror (mobile), 7—horizon glass (stationary), 8—telescope, 9—coloured 

shades, 10—arm of sextant, 11—supports, 12—levers of connecting device, 13—magni- 

fying glass with lamp for night readings, 14—adjusting screws of index mirror and 
horizon glass. 


models (CHO, CH-2M, CHO-M, etc.). The general appearance of 
the navigation sextant CHO-M is shown in Fig. 89. 


Res 


Fig. 90 


Basic performance data of CH sextants are: 
1. Reading accuracy +0’.1. 

2. Limiting measurable angle 140°. 

‘3. Field of view and telescopic magnification: 
(a) day—4°.5; magnification 6 to 8 x; 

(b) star—6°-8°; magnification 3.5 x; 

(c) general—8°; magnification 7 x. 
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. Reliable performance guaranteed: one year for first models, 
i and more years for latest models. 
). Weight of sextant: first models 1,082 g; latest models 1 000 g. 
In addition to the CH sextants, Soviet ships also have sextants 
of foreign make: Hughes and Kelvin (Fig. 90), Platt and others. 
The design of these instruments is similar to the CH sextants and 
they differ only in the design of various components, size, weight 
und optics. Some ships have vernier sextants of earlier make than 
the CH models, or foreign-made sextants. With the exception of 
the reading system, their designs differ but slightly from the CH 
soxtants. We shall therefore discuss only the vernier. 


2. SEXTANT READING DEVICES 


A. Micrometer Drum (or Micrometer Screw) 


For small movements of the index arm and accurate readings, 
Soviet sextants make use of a worm-gear engagement consisting 
of the reading device and a gear rack cut in the frame of the sextant 
(l‘ig. 89). The reading device consists of an endless tangent screw 
(tangent to the limb) of conical shape on the same axis as the micro- 
moler drum, and a releasing clamp in the form of two levers and 
N spring that presses the screw to the gear rack. The conical shape 
of the screw is for the purpose of keeping the drum as far as possible 
from the limb to increase the diameter of the drum. 

The gear system is such as to ensure that for one complete rota- 
(lon of the drum the index arm moves exactly one division on the 
limb of the sextant (that is, one-half degree). The drum is thus 
ilivided into 60 divisions, each representing one minute of arc. 
If the index falls between minutes, their fractions are obtained by 
“ya to within +0’.4. For greater precision, some sextants have 
uw vornier by the drum. The index arm is moved to another position 
ai the limb after slackening the screw and disengaging it from the 
your rack. This is done by pressing the levers of the-releasing clamps. 

This device permits measurements and angular readings to be 
tude more simply and rapidly than by means of a vernier, yet 
i has a number of drawbacks that are peculiar to gear systems: 
“lImceklash” of the screw, errors of the worm gear, and dependence 
uf reading on the mechanical state of the gear rack and the screw. 
lyust, dirt, frozen droplets of water or hardened oil, and also wear 
of the gear rack or damage may give rise to reading errors. The 
lucklash of the drum does not generally exceed +0’.2, but in old 
noxtants it may turn out to be greater, and it is eliminated by special 
techniques. 
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In the latest Soviet models (CH-2M and CH-M), the gear rack 
is made of bronze or a special alloy, the screw is steel, thus reducing 
wear of these parts and increasing the reliable lifetime. From the 
foregoing it is evident that micrometer sextants require greater 
care and special observational techniques. 


B. The Theory and Design of the Vernier 


The vernier of a sextant is an arc-shaped plate attached to the 
index arm concentric with the limb. It is designed for reading 
angles down to tenths of a minute (Fig. 91). On the right end is 


Coinciaent divisions 


ver, YN, Onal 
a reading40°26.8 


Fig. 91 


a mark 0°, which is the index for reading degrees and tens of minutes 
on the arc of the limb (vernier sextants have the limb graduated 
into 10’ divisions). Left of this mark (towards increasing readings) 
the vernier scale -has equal graduations that are slightly-smaller 
than the ten-minute divisions of the limb. The vernier principle 
is based on the property of marks of two different uniform scales 
to coincide at periodic intervals. 

For example, in Fig. 91 the coincident marks are A, and K, the 


a 
arc OK, = — xX Ky, where a; is the value of a division of the limb, 


m is the number of divisions (m = 60 if fractions of seconds are 
obtained and m = 50 if fractions of minutes), and K, is the division 
number. The sextant reading will be OC = 40°20’ + 6’.8 = 40°26’.8. 
The vernier provides readings to an accuracy of 0’.1. . 

Verniers are used in modern sextants (British makes, for example), 
but more often as a supplementary device to the micrometer drum. 
Vernier sextants have advantages that stem from the absence of 
a gear system: high accuracy and reliability and long lifetime. 
But due to the complex reading that the vernier involves, most 
navigators prefer the micrometer sextant. 

The vernier principle is widely used in measuring techniques. 
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SkC. 62. BASIC INSTRUMENTAL ERRORS OF THE SEXTANT AND 
THEIR REDUCTION. FINDING THE INDEX CORRECTION 


All instrumental errors of the sextant may be broken down into 
(he following basic groups: 

(1) Errors of manufacture (investigated in the laboratory). The 
wffect of these errors on readings is given in the certificate of the 
xextant in the form. of a table of instrument corrections (s). 

(2) Mechanical damage to parts, wear and other factors affecting 
(he readings. These defects require that the sextant be returned 
lor repairs. They do not concern us here. 

(3) Adjustable errors of mirrors and telescope that result in reading 
«rrors., These errors may be determined and corrected by the observer 
under ship conditions. 


|. ERRORS OF MANUFACTURE 


Prismatic error of index mirror. In the theory of the sextant, 
it is assumed that the surfaces of the mirrors are strictly parallel 
xurfaces, and rays reflected by them are not distorted. However, 
ii reality the mirrors always have a certain lack of parallelism 
of the faces, the so-called prismatic error of the mirror. It is characte- 
tized by a “wedge angle” y, which should not exceed 1” in sextant 
Mirrors. 

lrismatic error in the horizon glass gives rise to a constant error 
in readings, which enters into the index correction and, therefore, 
will be taken into account by the observer. Prismatic error of the 
index mirror, however, gives rise to reading errors that increase 
with increasing angle being measured. If the wedge angle y = 1", 
wn error of 0”.4 will result when measuring an angle of 20°, 10” 
for an angle of 130°, which means that the error depends on the 
xizo of the angle being measured. The prismatic error is ordinarily 
determined jointly with the other sextant errors. 

Kirrors of threading in the gear rack. Inaccuracies in gear-rack 
threading give rise to reading errors. These are not ordinarily large, 
lit are variable in the different parts of the limb. For this reason, 
whon determining the total error due to a variety of causes, one 
should choose small angle intervals (10° or, better still, from 3° to 5°). 
‘hese errors are similar to limb division errors in the vernier sextant. 
The gear rack and its screw gradually wear down and the error 
chunges necessitating periodic examination of the sextant. 

Kecentricity of the index arm. By eccentricity is meant noncoincide- 
neo of the centre of the limb with the rotation axis of the index arm, 
due to inaccurate manufacturing of the sextant. Let C, (Fig. 92) 


th F275 
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be the centre of the arc of the limb whose radius is R (the angle 


at C, is equal to a limb reading, that is, st in limb graduations); 


C is the centre of rotation of the index arm (the angle at C is equal 
to the angle between the mirrors in limb graduations, or one half 
the desired angle); e is the CC, distance in millimetres or the linear 
magnitude of eccentricity; angle p is the direction of the eccent- 
ricity (angle M,CE ~ angle 
M,C,£). Let us find the mag- 
nitude of AC = angle C — ang- 
le C,, wich is the correction to 
the sextant reading for eccentri- 
city. For angle D we have (Fig. 92) 


C aj 
gn ope 


5 (C—C,) =b—2 


Fig. 92 Substitute e and p for 6 and z, 
for which purpose drop perpen- 
diculars CK and CL; from the triangles obtained we’ have 


CK =e-sinp and CL=e-sin (p—) 
CK=R.-sin6é and CL=R.-sinz 
or 
R-sin6=e-sin p 
and 


, ; C; 
R-sinz=e-sin (p—5) 
Due to the smallness of the angles 6 and x we get 


= ~ Rare 1” x sin p 


" é C, 

st = Rare * $n (p—+) 
Introducing, in place of the linear quantity émm, the angular e 
expressed in seconds, 


” €mm 
Rmm arc 1” 
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and changing the sign of z, we finally get 
AC" = 2(8—a)" = 2e" | sin p+sin (S—p)] (11.16) 


where the quantities «” and p° characterize the eccentricity and 
are listed in the certificate of-the sextant. 

Generally, eccentricity errors exceed other errors, for example, 
when e = 0.1 mm, p = 0°, R = 165 mm *, we have: for C, = 60°, 
AC = 2’.1 and for C, = 130°, AC = 3’.8. 

Errors involved in the prismatic quality of the mirrors, the thread- 
ing of the gear rack, and eccentricity are ordinarily determined 
jointly and accounted for in the form of the instrument correction s, 
which is given in the certificate of the sextant in the table “reading 
corrections”. The instrument correction is determined in the labora- 
lory on a special testing device (Fig. 93) consisting of a precise 
azimuth circle a with mobile top table and collimator b with a refe- 
rence mark that reproduces an object at infinity. The sextant c 
is mounted on the table and is adjusted and clamped securely. 
Setting the index arm at 0°, 10°, 20°, etc., and bringing the reference 
mark of the collimator to the centre of the field of view (by turning 
the table), we get readings on a precise circle (by means of microscope 
micrometers). A comparison of the exact angle with that obtained 
by the sextant yields the correction of the sextant reading. The 
measurements are repeated a number of times and then averaged. 


Fig. 93 


“In the old 3MM sextants R = 185 mm. 
15* 
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The quantities s, p’ and 26” computed from (11.16) are then entered 
in the certificate of the sextant. 

Depending on the magnitude of the correction s, sextants are 
divided into two classes: if the correction s is less than 40” (in other 
countries, <0’.8), the sextant is “Class A”, for s from 40” to 2’, 
the sextant is “Class B”. For s >-2’, the sextant is pronounced 
faulty and is not issued to ships. 

The correction s may change with time due to wear of rack, defor- 
mations, ageing of the metal, and transportation (these factors 
affect the eccentricity). For this reason, the instructions call for 
an annual checkup of sextants. 

Corrections in the case of gear-rack sextants are particularly unstab- 
le, so that one should not use certificates of more than three years. 

Errors of the micrometer drum. In most sextants, both of Soviet 
and foreign make, the gear system adds an error which depends 
on the angle of rotation of the drum. In this connection, a correction 
s, per 10 drum divisions is obtained in sextant tests. This correction 
is added to the basic correction s. 

Prismatic error of coloured shades. Under specifications, the 
prismatic error of coloured shades should not exceed 10”. Provided 
that the shades are placed at an angle of 90° to the ray of light, 
this quantity does not yield a perceptible error in the reading. 
However, faulty sextants have large prismatic errors occasionally. 
This error may be dceiected when determining the index correction 
by the sun with different coloured shades. If the difference of readings 
oi. — oi, for different shades is different, the shades are faulty 
and the sextant should be replaced. 

Backlash of tangent screw. Micrometer sextants, especially used 
ones, sometimes reveal that the index arm remains stationary for 
small rotations of the drum. This is known as backlash. Tests have 
detected in some sextants a backlash of 1’.5 to 2’. The effect of 
backlash may be reduced by rotating the drum in one direction 
only (for example, towards increasing readings) when determining 
the index correction and in observations. 


II, ERRORS IN POSITION OF TELESCOPE AND MIRRORS. ADJUSTMENT 
OF THE SEXTANT 


When working with the sextant, its telescope and mirrors should 
occupy the theoretically correct position, that is the line-of-sight 
axis of the telescope must be parallel to the plane of the limb, to 
which the planes of the mirrors should be perpendicular. These 
positions may be upset in the course of work, resulting in errors 
in sextant readings. Let us consider the effect of these errors and 
adjustment of the sextant. 
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(1) Line-of-sight axis not parallel to plane of limb. An analytical 
sludy of the error in reading due to inclination of the axis of the 
tolescope is performed on an auxiliary sphere and results in the 
following relationship: 

AC" = 0.0175 (K’)® x tan (11.17) 
where AC” is the error in angle reading (in seconds) 
K’ is the inclination of the line-of-sight axis of the telescope 
(in minutes) 
C is the angle measured by the sextant. 

From (41.17) it is seen that the reading of the measured angle 
will be greater than the actual angle and the error depends on the 
magnitude of the angle being measured. Errors in readings for 
small angles of inclination (up to 10’) do not exceed 0’.14 and may 


he neglected; if the angle of inclination of the axis is of the order 
of 4°, the errors may reach 1’.5 to 3’. It is therefore advisable, 
before taking observations, to periodically check the parallelism 
of the telescopic axis and to remedy any inclination. 

To check position of telescope, position the sextant (readied for 
day observations) horizontally on a stable support and place two 
sighting vanes (a and b in Fig. 94) on the edges of the limb so that 
the straight line connecting them is parallel to the sight axis of 
the telescope. Sighting vanes are angle brackets of identical size 
used for testing a sextant and included in the set of items that come 
with it. Then choose an object at least 50 metres distant and turn 
the sextant so that some horizontal line (CC,) of the object is aligned 
with the tops of the sighting vanes (eye position G, in Fig. 94); 
(hen switch the eye to the telescope (position G.). If the horizontal 
line of the object is in the centre of the square of cross-wires of the 
(clescope, then the sight axis is parallel to the plane of the limb. 
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Otherwise, correct the position of telescope by means of the upper 
and lower screws of the telescope collar. By slackening one screw 
and tightening the other, the object can be brought to the centre 
of the cross-wire square. The remaining lack of parallelism will 
not exceed 5’ to 10’, and will not give rise to errors in practical 
readings if the images of the objects are brought into coincidence 
in the centre of the cross-wires. 

In the absence of sighting vanes, the line of sight to the object 
may be put in the plane of the limb itself, in which case the object 
should be at a greater distance. 

Another method for a telescope check, and one that is convenient 
at sea, is as follows. After adjusting both mirrors, set two wires 
parallel to the limb, find: two stars with an angular distance apart 
of about 90° and bring their images into coincidence with each 
other and with the lower wire. Tilt the sextant and bring their 
images to the upper wire. If the images have not separated, the 
line-of-sight axis of the telescope is parallel to the plane of the limb, 
otherwise it is not. 

(2) Index mirror not perpendicular to plane of limb. When per- 
pendicularity of index mirror is upset, a ray reflected from its 
surface emerges from a plane parallel to the plane of the limb, which 
forces the observer (when trying to align objects) to bring the limb 
out of the plane of the angle being measured and to observe not 
the actual magnitude of the angle, but its projection on the inclined 
plane. The resulting reading will be in error. 

An analytical investigation of this error yields the following 
relationship: oI 
sin(a+-—) < sin («—+) 
AC” == — 0.035 (1’)? ———__—_.—_-__— 

sin € 
where AC” is the error in angle reading (in seconds) 
l’ is the angle of inclination of the normal to the index 
mirror to the plane of the limb (in minutes) 
C is the angle measured by the sextant 
a is the angle between the axis of the telescope and the 
plane of the horizon glass (a = 70° to 75°). 

From formula (11.18) and Table 7 it will be seen that the magnitude 
of the error in a reading increases with diminishing angle C. 

For an angle of 0° being measured, that is when determining 
the index correction via a distant object, the error (as may be seen 
from the table) is equal to infinity; this is evident in observations 
when we find that it is impossible to bring the direct object and 
its reflected image into coincidence. When the index arm is moved 
close to zero, the images will pass one another without becoming 
coincident or will even fail to overlap at all. 


(14.18) 
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Table 7 
0° 5° 10° 30° | 50° 70° 90° 140° 


5! co 9”.3 4".7| 47.5] 07.9] 07.6 | 0”.4| <0".1 
10’ oO 37 .3| 18.6] 6.0/ 3.4] 2.2/4.5] 0.3 
30’ co «| 5/35".7 | 2’47".5 1 54 .4| 30 .9/20. 2/43 .6] 2.4 


The table also shows that only for a 5’ inclination of the mirror 
or less is it possible to ignore reading errors for angles exceeding 5°. 
To check perpendicularity of index mirror to the plane of the limb, 
do as follows. Remove telescope from sextant, and put it horizontally; 
set the index’ arm at about 40° and remove coloured shades from 


G 


(a) 


Fig. 95 


index mirror. Turn the index mirror of the sextant towards yourself 
(I'ig. 95a), place sighting vanes near 0° and 130° and view from 
u distance of 30 to 40 cm past the inner edge of the index mirror 
onto vane Z standing at close to 0°; move vane 2 along the limb 
until its reflection is seen in the index mirror. The tops of the direct 
and reflected vanes should be in coincidence without any displace- 
mont (Fig. 955). If there is a displacement (Fig. 95c), the index 
mirror will not be perpendicular to the plane of the limb. To correct 
‘{s position, turn adjusting screw 3 on top of the index mirror with 
key 4 until the tops of the sighting vanes coincide. 
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By means of sighting vanes, the index mirror can be set to within 
+2’ to 5’, for which the angular error (at C >5°) will be less than 
Ofet: 

In the absence of sighting vanes or in a superficial check of the 
index mirror, the inner edge of the limb at about O° is brought 
into coincidence with its reflection at about 130° in the mirror. 
The check is made without support, by hand. The accuracy is not 
great in this method of determining the inclination of the mirror 
and should be considered as approximate: as a preliminary and super- 
ficial check on the index mirror. 

(3) Nonperpendicularity of horizon-glass mirror to the plane of 
the limb. Investigations of this error yield the following relationship: 


AC” = — 0.035 (m’)?-sin? a-cotC (11.19) 


where AC” is the error in angle reading (in seconds) 
m’ is the angle of inclination of the normal to the horizon 
glass to the plane of the limb (in minutes) 
C is the measured angle. 

From formula (41.19) it is evident that the inclination of the 
horizon glass causes a reading error of roughly the same numerical 
order as for the index mirror, with the exception of large angles for 
which the error changes sign. At an angle of 0°, this error equals 
infinity, which means that it is impossible to bring into coincidence 
direct and reflected images when determining the index correction 
on the basis of a distant object. 

The perpendicularity of the horizon-glass mirror is checked aiter 
verifying that the telescope and index mirror are properly set, since 
we actually set the horizon-glass mirror in a position that is parallel 
to the index mirror. ) 

Select a distant and clear-cut object; a faint star at night, the sun 
or a distant object in the daytime. Star verification will be the most 
exact. We shall make the test with the sun. Turn coloured shades 
into position in front of both mirrors (different colours is best), set 
the index arm at about 0°, and direct the telescope at the sun. Two 
images will be seen in the field: the direct image s and a twice reflect- 
ed image s, (Fig. 96a); if by a slight movement of the index arm the 
image s, covers s exactly, merging with it (see ss, in Fig. 96a) then 
the mirrors are parallel and, consequently; the horizon-glass mirror 
is properly aligned. But if the images of the sun do not overlap exact- 
ly (s, and sin Fig. 965) or pass by one another at a distance apart 
(sp and s, Fig. 96b), then the horizon glass is not perpendicular to 
the plane of the limb; and the greater its inclination, the farther 
the reflected image is away (it may even leave the field of view). 

To correct nonperpendicularity of the horizon glass, arrange both 
images in the closest position (see s,-s-so, Fig. 96b) and, while turning 
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the upper adjusting screw of the horizon glass by means of the key 
(soe 5 in Fig. 95a), change the inclination of the horizon glass until 
the images coincide. In the process, the reflected image s, may be 
uhove or below the direct image, and the index correction (equal 


to the vertical distance between the images) will change. For this 
reason,’ determing the index correction once again after proper 
setting of the horizon glass. 

After checking and carefully adjusting the mirrors and telesco- 
po, residual errors in readings will not exceed +0’.2 and they may 
he ignored. The telescope setting is checked periodically in port and 
roadstead, while the mirrors are checked prior to each observation, 
particularly if they are not frequent. 


II], FINDING THE INDEX CORRECTION 


Earlier, we found that each reading of the sextant must be correct- 
wl by the index correction (i). The magnitude of i varies with the 
‘conditions of observation, depending on the temperature, light 
jurring of the frame, the distance of the object, etc. The rule, there- 
lore, Should be to determine the index correction for every observation. 

(1) Finding the index correction in the daytime from the sun 
The images of the sun observed in the telescope are discs of rather 
lurge diameter, and it is impossible to attain a sufficiently precise 
coincidence of their centres, as is required for a determination of i. 
Thorefore, when determining i by the sun, the opposite limbs of the 
(lise are successively brought into coincidence in the following order. 

(a) Set index arm at about 0° ready for day observations with 
sliude glasses of different colour turned into position in front of both 
Inirrors. 

(b) Direct the telescope at the sun and, turning the micrometer 
dvum, bring the twice reflected image into contact with the direct 
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image first with one limb (s,, Fig. 97), and then, moving s, through 

$s, with the other limb (s., Fig. 97). A reading is taken for each coin- 

cidence: oi, for the first, and oi, for the second. Obviously, the average 

Ol4 + Olo 
2 


reading = 0ig, will correspond to the reading in the case 


of coincidence of the centres of images s, and s, that is, it will be 
the reading of the index correction oi. Subtracting this reading from 
360° (0°), we get the index correction i: 


i = 360° — “1 FO? _ 360° — cigs (14.20) 


The sign of the correction is obtained from the same formula. 
When bringing the images into coincidence, in both cases rotate 
the micrometer drum in the same direction. 
Bear in mind that in the case of micrometer- 
drum corrections (see above), each oi reading 
should be corrected by this correction s,. In 
this case it is best to determine i by a star 
or the horizon. 

An observational check is possible when 
determining i by the sun. Indeed, from Fig. 97 
it is evident that the difference of the readings 
dig — ot, is 4Ro, which is four apparent angu- 
lar radii of the sun. 

It will be recalled that Ro is equal, on the 
average, to 16’.0, and the exact value of R is 
taken from an Almanac. When comparing the 
reading difference oi, — oi, with the quadrup- 
led angular radius of the sun from the MAE, 

Fig. 97 discrepancies* are allowed that do not exceed 

. +0’.4, which is a check on the observational 

correctness. This check is valid for altitudes 

of the sun that exceed 15° to 17°; for observational checks at smal- 

ler altitudes, observations of oi should be made via horizontal coin- 

cidence of the sun’s images (with the sextant in the horizontal 

position), because changes in refraction will affect the difference 

of readings for a vertical position of the sextant. Determining i 

by the sun is a more precise method, yielding accuracies of up to 
+0’.1-0’.2. 

Examples. 1. On 15 May, 1962, oi4=35$°32’.4; oi9 =360°35’.8. Find i with 
a check. 

Solution. 


[e) , (>) a 
px 39°32. 4+ 360°85'.8 _ geceys 4 


2 
i = 360° — 360°4’.1 = —4’.4 
* Due to random errors with irradiation disregarded. 
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Check: oig—oiy=63'.4; R, from MAE=15'.9; 4R=63’.6. Observations 
were good. 
2. On 26 November oi,=—359°25’.5; oi9 =360°30’.5. Find i with a check. 


Solution. 

399°25’.5 + 360°30’.5 
2 

Check: oig—o0i,=65'.0; Ro = 16.2; 4R=64’.8. Observations were good. 


i = 360° — = 360° — 359°58’.0 = + 2’.0 


To facilitate calculations of i there is a good practical rule; in 
each reading find an excess over 30’ or a complement up to 30’, 
a minus sign being affixed to the excess and a plus sign to the deficit. 
Half the sum of these quantities for oi, and oi, yields the magnitude 
of i with its sign. Thus, for the first example, 


; —2.4—95.8 —8’.2 , 
for the second: 
i= PAO + 2’.0 


(2) Determining -the index correction by a star. In night obser- 
vations, the index correction is determined by a star. For this pur- 
pose, a rather faint star is selected not too high above the horizon 
(up to 15°). Bright stars yield hazy images in the telescope of the 
yoxtant. The sextant is readied for night observations, the index 
rm is set at about 0° and the telescope is directed at the star. There 
will be two images of the star in the field of view: a direct image 
und a doubly reflected image. Bringing them into coincidence in 
the centre of the field, we get the reading of the index correction oi, 
after which 


i = 360° — oi (11.21) 


It is particularly convenient to bring the images into coincidence 
in the case of very small residual nonperpendicularity of the horizon 
yluss, as a result of which the star images pass nearby practically 
merging. A stellar determination of i is somewhat: less accurate than 
u solar determination, and what is more there is no check. 


Example 3. oi =359°57’.2; i= 360° —359°57’.2= +.2’.8. 


(3) Determining the index correction by the horizon or some 
object. If the distance to the object is less than one mile, the index 
correction, aS we know, is determined by the direct object. When 
determining i by the horizon, bring the doubly reflected image and 
the direct image into coincidence in the field of view of the telescope 
wnd take a reading of ot. When determining i by an object, choose 
nu prominent feature; if it is vertical, hold the sextant in a horizontal 
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position, and vice versa. The reading of the sextant, when the direct 
and doubly reflected images of the object are brought into coinciden- 
ce, yield oi, after which i is obtained from the formula (411.21). 
In this case, the index correction is less accurately determined than 
by star. 

(4) Reducing the index correction. In astronomical obgervations, 
the magnitude of the index correction, whether +20’ or —1’, does 
not play any role theoretically; it needs 
only be known and taken into account 
when correcting the reading. However, in 
navigational determinations it is most 
convenient to have a small index corre- 
ction, less than 0°.1. By this reasoning, 
if the correction exceeds 6’, it should 
be reduced. 

The index correction is reduced by tur- 
ning the horizon glass to a_ position 
parallel to the index mirror when brin- 
ging the index of the index arm into 
coincidence with the zero mark of the 
limb. To do this, after checking perpen- 
dicularity of both mirrors, set the index 
arm at exactly 0° and the drum at 0’.0, and direct the telescope 
at a star, the sun or some distant object. There will be two images 
in the field of view: a direct image C; and a doubly reflected image 
C, that are not in vertical coincidence (Fig. 98). Using the key 
to turn the lateral screw (see 6 in Fig. 95a) of the horizon glass, bring 
these images into coincidence or, more precisely, to a single horizon- 
tal line (C, — C3, Fig. 98). As is evident, there may be a lack of 
perpendicularity in the horizon-glass mirror. For this reason, after 
reducing the index correction, be sure to eliminate the nonperpendi- 
cularity of the horizon glass (using screw 5, Fig. 95a). Then find 
the new value of the index correction. Do not strive to reduce i to 
zero because extra turning may loosen the screws of the horizon glass. 


by Keflected 
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Fig. 98 


Cc HAPTER 12 


MEASURING ALTITUDES OF CELESTIAL BODIES WITH 
A MARINE SEXTANT 


SEC. 63. METHODS OF MEASURING ALTITUDE 


The measured or observed altitude h’ is the vertical angle between 
directions to the centre or limb of a body and the visible horizon, 
instrument corrections being taken into account. To measure alti- 
(ude with a sextant, first of all bring the images of the horizon and 
the body into the field of view of the telescope (preliminary opera- 
(ion), then place the sextant vertically and bring the images into 
wxact coincidence (basic operation). That, essentially, is what 
measuring altitudes at sea consist in. 

The first operation is called bringing the body down to the horizon. 
It is done in a variety of ways, depending on conditions, that is, 
the visibility of the body and the horizon. We shall consider these 
methods below for the sun and for stars. After bringing the body 
to the horizon, the sextant reading should be approximately (to 
within 2°-3°) equal to the altitude and both images should be visible 
in the field of view of the telescope. 

The chief difficulty in performing the basic operation (bringing 
the images into coincidence) is to achieve a correct vertical position 
of the sextant. Slight deviations from the vertical will increase the 
ultitude. Fig. 99 shows the proper position of the image of body S, 
when brought into coincidence with the visible horizon. Angle h’ 
is the altitude of the limb of the body above the visible horizon. 
When the sextant is inclined to the vertical at an angle j, the image 
of S| will coincide with the horizon outside the vertical, in Ly, 
und the altitude h, will be greater than h’. 

The error in altitude Ah = h, —h’ will be defined as the diffe- 
ronce between the hypotenuse and a leg of an elementary right- 
wungled spherical triangle SLL, by the formula* 

Ah =/- are 1’ sin 2h’ (12.1) 

For a small angle j, not noticeable to the eye, for instance, j = 2° 
wnd for altitudes equal to 5°, 10,° 45°, 60°, 88°, Ak will be equal, 


—* See Appendix III, Item 5 
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respectively, to: -+0’.18, 0’.36, 4’.05, 0’.94, 0’.07. Thus, for ordinary 
average altitudes the error is greatest, the sextant for this reason 


should be strictly vertical when measuring altitude. To achieve 
this, a special method of measuring is applied that consists in swing- 
ing the sextant (the arc) so that the body image describes an arc aa’ 
(Fig. 100) in the field of view relative 
to the horizon. In Fig. 100, the image is 
inverted, as seen in the telescope. The 
image of the body arrives at the point of 
the arc closest to the horizon (ZL) when 
the limb of the sextant is exactly in 
the plane of the vertical. If the sextant 
is set to a reading slightly greater than 
the altitude, the image of the body will 
(when swung) pass partially or comple- 
tely “through the water” (see Sz in 
Fig. 99 and 100); if the reading of the 
sextant is less than the altitude, the 
Fig. 100 image of the body will pass completely 
“through the sky” (see S,); if the rea- 
ding is equal to the altitude, the image will contact the horizon. 
There are basically three ways of making a body move in an arc: 
by swinging the sextant about the plumb line OZ (Fig. 99), by 
swinging it around the axis of the telescope OL, and around the ray 
SO incident on the index mirror. Combinations of these rotations 
are also possible. 


63. METHODS OF MEASURING ALTITUDE 239 


(4) Swinging about the plumb line OZ is achieved by moving the 
telescope of the sextant in azimuth through small angles, while 
holding the limb of the sextant in the vertical plane, that is, by 
the observer turning round the plumb line. Then the image of the 
body will describe in the field of view a curve (parabola), the point 
of tangency of which with the horizon lies precisely in the vertical 
circle of the body. 

In this method, the image of the body moves very slightly from 
the horizon for altitudes up to 30° and for small oscillations; if 
the rotation is 3° or more it will leave the field of view. It is therefore 
difficult to establish the point of tangency, and the first method is 
not suitable for small and medium altitudes; it is applicable only 
for very large altitudes (for the sun in the tropics). 

(2) Swinging the sextant round the axis OL of the telescope is one 
uf the oldest methods and is executed by moving the sextant by hand 
about the axis of the telescope with a simultaneous slight movement 
of the telescope along the horizon about the vertical circle of the 
hody so as to bring the images of the body and the horizon into coin- 
cidence in the middle of the field of view. In this case, the doubly 
reflected image of the body also describes a parabola in the field 
of view, but for ordinary altitudes (< 60°) with greater curvature 
than in the first method. For small rotations of the sextant, the image 
will leave the horizon rapidly, and so the second method is the most 
exact one. However, it is difficult to execute, and is therefore used 
only by experienced observers, because when the sextant is turned, 
the reflected image of the body easily leaves the field of view and 
Is lost, particularly for large (60° and more) altitudes. 

In the second procedure, the horizon remains in the centre of 
the field in an unchanged position, while the body describes a para- 
bolic arc about it (Fig. 100). 

(3) Swinging the sextant around a ray incident on the index mirror 
Is performed by rotating the sextant round the direction OS to the 
body, with the telescope moving in azimuth to right and left. That 
in, the sextant moves in a circle with a radius of h’ and with centre 
in the star. Then the image of the body will all the time be in the 
middle of the field (Fig. 101). This is done as follows: bringing the 
hody to the horizon and holding the sextant stationary relative 
(0 your face, swing the upper part of your body so that the image 
uf the body is always in the centre of the field of the telescope, while 
(he horizon tilts and recedes from the body. 

It is much easier to measure altitude by this procedure than by 
the preceding one, because the body is kept constantly in the field 
of view, while the horizon leaves the field only for very large incli- 
tutions of the sextant (of the order of 15°-20°) which are not needed 
ln practice. The curve described by the body has smaller curvature 
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than in the second procedure, and diminishes with increasing altitu- 
de. For this reason, the third procedure is less accurate than the 
second. For very large altitudes this progedure is not at all suitable, 
since it is impossible to establish the point of tangency and, hence, 


Move body Straight 
to the right 


Fig. 104 


the vertical circle of the body; it is recommended for inexperienced 
observers when observing the sun with a telescope having a small 
field of view. 

The most common is the second procedure of swinging the sextant 
round the telescope axis with movement along the horizon. 

Let us now consider methods of bringing into coincidence a body 
and the horizon, which is done while swinging the arc. Two procedu- 
res may be utilized to achieve this: (a) by preliminarily setting the 
instrument and then waiting for tangency, and (b) by making the 
images tangent by micrometer movement of the index arm. 

The former procedure is more exact and more convenient than 
the latter, but it is more difficult since it requires more experience 
and greater skill to determine the intervals at which the index is set. 
This procedure isnot suitable for a body located close to the meri- 
dian, in which case the latter procedure is better. 


SEC. 64. MEASURING ALTITUDES OF CELESTIAL BODIES ABOVE 
THE VISIBLE HORIZON 


I, CHOOSING A POINT OF OBSERVATION 


To measure altitudes, first select a point of observation that will 
satisfy the following general requirements: 

(a) It should be protected from the wind, water spray and, if 
possible, from the vibration of the ship. 

(b) It should afford a good view of the chosen stars and horizon. 
No streams of warm air (from stacks, the machine or galley wells, 
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vlc.) should be allowed to pass through the vertical circles of the 
hodies. In night-time observations, eliminate any illumination 
that might interfere with the visibility of the bodies and horizon. 

(c) Under ordinary conditions, and in clear weather, observations 
are best carried out from a high spot:. the upper bridge deck. This 
wnsures more even horizon and better visibility. 

(d) In case of poor visibility of the horizon (due to fog, mist, rain, 
ar snowfall) it is better to bring the site of observation down to 
the lower open deck. The horizon will then be closer and visibility 
better. 

(e) If the ship is rolling and pitching, choose a site closer to the 
centre-line plane of the ship, where it is more convenient to take 
observations. When the observation of several bodies is involved, 
one site may not be enough; then several convenient sites of obser- 
vation will have to be found. 


II], MEASURING THE ALTITUDE OF THE SUN 


Preparing the sextant for observations. In cold or hot weather, 
(he sextant is taken out to the site of observation 10 to 20 minutes 
heforehand so that it will take on the temperature of the ambient air. 

Before observing the sun, put on the telescope (magnification from 
(} lo 8X), adjust it to your eye; then check the positions of the mir- 
rors, and determine the.index correction. When determining i, 
(urn the shade glasses into position in front of the index mirror and 
horizon glass. For the index mirror use the same shade glasses that 
will be needed in the main observations. After i is determined, remo- 
vo shade glasses from horizon glass. A weak shade glass is used if 
the surface of the sea in the direction of the sun is reflecting brilliant- 
ly or if the horizon is very bright. 

Bringing the sun’s image to the horizon. To bring the sun’s image 
lo the horizon, that is, to bring both images into the field of view, 
use one of the following methods: 

1. Direct the telescope at the horizon under the sun, maintaining 
the sextant as vertical as possible. Then, without losing the horizon 
line from the field of view, use your left hand to move the index arm 
from small to large readings, swinging the sextant about the axis 
of the telescope so as to get a view of a larger belt of the sky. The 
movements are kept up until a reflected colour image of the sun is 
oon in the field of view. 

lor inexperienced observers and for a small field of view of the 
luloscope, we advise turning a weaker shade glass into position 
In front of the index mirror during the “search” (when the sun’s 
Image passes the field of the telescope, a glowing redness will 
ho seen). 
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The foregoing procedure for bringing the sun to the horizon is 
the most common one. 

2. The shade glasses are left in the same positions as for determin- 
ing i from the sun (that is, in front of both mirrors). The index arm 
is set at 0° and the telescope is directed at the sun; two images of 
the sun will be seen in the field of view. Slowly lower the telescope 
of the sextant to the horizon and at the same time move the j~dex 
arm forward so that the reflected image remains in the field of view. 
Continue the movement to a horizontal position of the telescope, 
then take out the shade glasses of the horizon glass and bring the 
sun’s image to the horizon. This is a 
more universal procedure and is_ suf- 
ficiently simple. 

3. On the sextant, set a reading 
roughly equal to the altitude of the sun 
(determined “by eye”), direct the teles- 
cope at the horizon under the sun, and, 
swinging the sextant and slightly moving 
the telescope, “catch” the image of the 
sun. 

Measuring altitudes of the sun far 
from the meridian. At sea, the usual pro- 
cedure is to measure the altitude of the 
lower limb of the sun, since in this way 
the image of the sun in the field of view 
of the telescope is projected onto the 
“sky” and we can more easily see the limb of the sun brought 
tangent to the horizon (S,, Fig. 102); it is comparatively rare that 
the altitude of the upper limb (S», Fig. 102) is measured. 

When the edges of the sun’s disc are not seen clearly, for instance 
due to clouds or fog, it is best to bring the centre of the disc to the 
horizon, that is, to make the horizon split the image of the sun into 
two halves. When working with modern sextants in which the field 
of view of the telescope is large, it is best to use the second procedure 
when swinging the sextant: swinging it about the axis of the telescope 
with a slight movement along the horizon in a so-called swinging 
under the sun. 

Bringing the limb of the sun’s image tangent to the horizon is 
done either by constant rotation of the drum until the images are 
coincident, or by preliminarily set readings. 

The procedure “at a set reading” is used for measuring altitudes 
far from meridian (when they are varying with sufficient rapidity) 
and is done as follows. 

In the forenoon, the altitude of the sun is increasing, and so mov- 
ing the drum brings the image of the sun slightly onto the “water”, 
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sinking it so to speak (Fig. 103a); in the afternoon the altitude of 
the sun is diminishing, and so the sun’s image comes a bit away 
from the horizon (Fig. 103b). The amount of overlap or divergence 
of images depends on the rate of variation of the sun’s altitude and 
upon the skill of the observer; the more experienced the observer, 
the less “extra” overlap and the less waiting for tangency. The highest 
rate of variation of altitude is found near the prime vertical and 
image overlap here is greatest (up to 10’-15’). As the sun recedes from 
the prime vertical, the rate of change of altitude diminishes, and thus 


Coincidence in forenoon Coincidence in afternoon 


Fig. 103 


ulso there is a decline in image overlap. It is best to choose sextant 
readings that are multiples of a small number of minutes of altitude 
(2’, 5’, 10’, etc.). After the index arm has been set, do not touch 
the drum any more; swing the sextant and wait until the image of 
the sun (as it comes out of the water or descends into it) makes 
contact with the edge of the horizon: at that instant, read the watch 
or chronometer. 

In all these cases, rotate the drum in one direction when setting 
the reading—in the same direction as when determining the index 
correction. This is done to eliminate errors due to backlash of the 
tangent screw. 

Since measuring altitude also involves recording the time by 
u watch or chronometer, it is best to work with an assistant: one 
observes with the sextant, the other records the time. The first 
observer, noting the instant when the sun (as the sextant is swung) 
ix a Slight distance from the horizon, gives the preliminary command 
“stand-by”, and at the instant of contact, the executive command 
“mark”. At the command of “stand-by”, the second observer begins 
to watch the second hand; at the command “mark”, he notes the 
roading (up to Os.5) and records first the seconds and then the minutes 
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and hours. The reading of the sextant, noted by the first observer 
to within 0’.1, is also recorded. When observing the sun, it is best 
to take 3 or 5 altitudes and compute the average. 

If the observer does not have an assistant, he should give the com- 
mands to himself, and at the instant of tangency he should begin 
a count of seconds (half, one, half, two, etc.) to have time to switch 
to the timepiece (see Sec. 56). , 

A less precise procedure is possible with a stop watch. Start the 
watch at the instant of contact of the images (command “mark”) 
and, without reading the limb, go up to the chronometer and stop 
the watch at some convenient reading of the second hand of the chro- 
nometer. Record this reading and put the reading of the stop watch 
alongside. — 

Measuring circummeridian and meridian altitudes of the sun. 
When measuring the altitude near the meridian, remember that 
the altitude of the body in this position changes slowly and the 
“waiting” method is not suitable. For this reason, circummeridian 
altitudes are measured like angles, that is, by using the micrometer 
screw to bring the arc described by the sun’s image into contact with 
the line of the horizon, and noting the instant. All other operations 
are performed in the same way as for common measurements. 

As we shall see later on (Sec. 124), at sea, the meridian altitude 
of a celestial body does not coincide with maximum altitude (due 
to the ship’s motion and to changing declination of the sun or moon); 
it is thus necessary to distinguish between measuring meridian and 
maximum altitudes. 

(a) To measure the meridian altitude, compute the instant of 
transit (meridian passage) of the sun for the meridian on which 
the ship will be at noon. At about this time, begin to measure cir- 
cummeridian altitudes as indicated above, and take for the meridian 
altitude the one which will correspond to the computed instant of 
transit (for instance, at the watch assistant’s command). 

However, at sea it is more common to measure the maximum 
altitude and disregard the difference between it and the meridian 
altitude, or to recognize this difference in the form of a correction. 

(b) There are two ways of measuring the maximum altitude. 

First procedure. Begin measuring the circummeridian altitudes 
and note the instants and readings for some time prior to transit 
of the sun (5 to 10 minutes) and perform the measurements without 
-interruption and rather quickly until the altitudes begin to decrease 
systematically (or increase, for lower transit). Of the recorded read- 
ings, take the greatest, which is regarded as the maximum (or meri- 
dian) altitude. In the process, see that the motion of the micrometer 
drum. is in the same direction and coincides with that used in deter- 
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Second procedure. Begin observations a few minutes prior to transit; 
bring the sun’s image into contact with the line of the horizon and 
(by rotating the micrometer drum in one direction) maintain this 
contact while swinging the sextant as usual until the sun is seen 
(o bo moving in the opposite direction. Stop measuring, and without 
louching the setting of the drum, take a reading: it will be that of 
the maximum altitude. It is not possible to record the exact instant, 
but this is not required for meridian altitudes. 

The first procedure is in all respects superior to the second; it is 
loss tiring and permits computation on the basis of measured circum- 
moridian altitudes if for some reason the maximum altitude has not 
loon obtained. The second procedure is used only in low latitudes 
when measuring very large altitudes of the sun (>-80°-85°). 


III. MEASURING ALTITUDES OF THE MOON 


The best time for observing the moon is in the daytime or during 
(wilight. As a rule, the moon is not observed at night because the 
horizon under it is not reliable due to dark and bright bands on the 
doa under the moon that may be taken for the horizon. What is more, 
the observations themselves are more complicated than those of 
the stars and planets. 

Near the first and last quarters, the moon may be observed together 
with the sun in the daytime or just before setting (after sunset). 
Joint observatigns of the moon and sun are possible for only 4 to 
(} days a month, but one should strive to utilize these observations 
in place of observations of the sun at different times. 

In general, taking the altitude of the moon in the daytime does 
nol differ from taking the altitude of the sun, only the shade glasses 
ure not needed and measurements are made of the altitude of the 
limb that is visible in the given phase of the moon. 

When measuring the altitude of the moon after sunset, use the 
muime telescope as in the daytime, but for deteriorated visibility of 
(he horizon, use the star telescope. Sometimes weak shade glasses 
aro turned into position in front of the index mirror and the horizon 
ylass so that a poorly visible horizon should not be lost in the rays 
of the moon’s bright image. Altitude measurements of the moon 
ure less accurate than those of the sun. 


IV. MEASURING THE ALTITUDE OF STARS AND PLANETS 


A star telescope (with larger field of view) is used on the sextant 
for observing the stars and planets. The index correction is found 
from some faint star in the morning prior to observations and in the 
wvening following observations. 
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Measuring the altitude of stars is complicated by two circumstan- 
ces: (a) insufficiently clear outline of the visible horizon (occasional- 
ly, it is not visible at all), while in daylight the stars themselves are 
hardly visible; (b) large numbers of stars make identification in 
the field of view of the telescope difficult. 

Conditions of visibility of stars and horizon are igproved by 
proper choice of the time of observation. The altitudes of stars and 
planets are usually measured in twilight when the horizon is still 
clear enough, while the atmosphere (then less illuminated by the 
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Fig. 104 


sun) makes the stars and planets visible. Stellar observations are 
possible also on moonlight nights if the horizon is bright enough. 
Avoid measurements in the vertical circle of the moon. 

To improve visibility of the horizon, use a star telescope, which 
has a field of view from 1.5 to 2 and more times greater than the day 
telescope, thus making it possible to see more of the horizon. When 
the illumination is reduced, a long line of the horizon is seen better 
and for a longer time than a short line. What is more, a star telesco- 
pe gives a brighter image of the horizon (the brightness depends on 
the ratio of the diameters of objective lens and eyepiece lens and 
magnification of the telescope). A larger field of view also takes in 
a larger area of the sky, and this simplifies locating a desired star. 

When observing on dark but clear nights, one sees only a dark band 
(in place of the line of the horizon), above which it is almost impos- 
sible to observe. For such cases, many foreign sextants are provided 
with a special Wollaston prism in front of the index mirror, which 
simplifies observations somewhat. This prism is made of quartz 
and has the property of splitting a ray from a star entering at an 
angle of 10’ so that we have two images in place of one (Fig. 104). 
The dark band H-H’ is brought by the index arm to the middle of 
the interval C,C, between the images of the star when swinging 
the arc. The reading is the altitude of star C above the axis of the 
dark band. The index correction is likewise determined with the 
Wollaston prism by alternate alignment of the direct image and both 
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rfloctions: C, and Cy. Computations from there on are similar to 
(hose for the sun. However, observations with this prism are not 
wlways reliable. 

The measurement proper of the altitude of a star (like that of the 
mun) Consists in bringing the image of the star to the horizon (pre- 
liminary operation) and bringing star and horizon into coincidence 
ln the vertical circle of the star (basic operation). Bringing the image 
ul the star to the horizon is done as described in the second and third 
procedures for the sun, but modified for fainter objects (stars). 

lirst procedure. Set index arm at exactly 0°0’, direct telescope at 
mlurand move the index arm forward, at the same time slowly dropp- 
lng the telescope towards the horizon and holding the reflected image 
uf the star in the centre of the field of view until the image of the 
horizon appears there as well. 

If the star is faint and is easily lost among adjacent stars, the sex- 
tunt is turned limb upwards, the telescope is directed at the star, 
wn the horizon is brought as close as possible to the star by moving 
‘(he index arm; after this the sextant is returned to its original posi- 
(lon and the measurement is made in the usual fashion. 

Second procedure. The sextant is set to an approximate altitude 
uf the star as obtained from a globe. The sextant is then turned to 
(ho azimuth of the star (obtained in the same way), and the image 
of the star is sought near the horizon. To do so, slightly move the 
lalescope in azimuth and swing the sextant. 

The second procedure is the only one suitable for day time obser- 
vitions of Venus and for observations of the stars and planets imme- 
ilintely after sunset or before sunrise when the stars are not visible 
with the naked eye. Since twilight is brief, especially in low latitu- 
dos, observations sometimes have to be continued in sunlight. In 
that case, first compute the time of sunset (sunrise) and twilight and 
thon obtain for this time the altitudes and azimuths of the chosen 
bright stars by means of a star globe. 

After bringing the star to the horizon, the images of the star and 
horizon are brought into contact by swinging the sextant about the 
uxis of the telescope accompanied by a slight movement along the 
lorizon. This procedure is best here because the poorly visible 
horizon will always be in the centre of the field of view of the telesco- 
yu. When measuring the altitude of a planet, the centre of the visible 
ilisc is brought into coincidence with the horizon. As a rule, from 
(hree to five altitudes of each celestial body are taken. 

The time, by watch or chronometer, is recorded by the assistant 
abserver, as described for the sun. For this purpose and also for the 
rocording of readings, one requires a special faint illumination (from 
the compass, for instance). In the absence of any special light, the 
ussistant also reads the sextant. 


248 MEASURING ALTITUDES OF BODIES WITH MARINE SEXTANT 


In modern sextants CHO, readings can be made in the dark. The 
frame of the magnifier lens and the scale divisions are coated with 
a luminescent material that glows if the sextant has been held under 
a strong light prior to observations. 


SEC. 65. SPECIAL CASES IN MEASURING THE ALTITUDES OF 
CELESTIAL BODIES 


I, MEASURING ALTITUDE ABOVE THE SHORE LINE 


In the daytime or in twilight, the altitudes of the sun, moon or 
some bright planet, like Venus, may be measured above the shore 
line (more precisely, above the water level) if the horizon below 
is blocked by the shore line. In certain cases, the water line of another 
ship can play the part of the shore line, if the ship lies in the vertical 
circle of the celestial body and is not far from the observer. 

In this case, the altitude is measured in exactly the same way as 
above the visible horizon, but after observations a determination 
is made of the distance to the “shore line” by means of a range finder, 
or in some other way. 

The index correction must be found from the “shore line”, with 
the exception of cases when the shore lies beyond the visible horizon. 
Observations are taken in the same way as above the ordinary visible 
horizon. 


II, MEASURING ALTITUDES “VIA THE ZENITH” (BACK SIGHT) 


In certain cases the horizon under a body may have poor visibility 
(due to fog, haze, etc.), while the opposite part is clearly visible. 
If the body is situated high enough, its altitude may be measured 
above the opposite part of the horizon, “via the zenith” (Fig. 105). 

The altitude measured in terms of the zenith, h,, will, as apparent 
from Fig. 105, be approximately equal toh, ~ 180° — h. Obviously, 
h, should not be greater than the limiting angle measured by the 
sextant, or about 140°. Consequently, the altitude of a body h should 
be greater than 40°. When measuring altitude via the zenith, bear 
in mind that altitude equal to the arc SS, is the greatest recession 
of the body from the horizon, in contrast to ordinary altitude. For 
this reason, when swinging the sextant, the arc described by the 
body in the field of view of the telescope (Fig. 106) will be upside 
down (convex down). 

When measuring the upper limb U of the sun “via the zenith”, 
the image of its disk (S;) is projected on the “sky”; that is, it occupies 
the same position as in conventional measuring of the lower limb 
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af the sun. So we can say that the upper limb JU in ordinary altitude 
tnvasurement will be the lower limb when measuring via the zenith. 
Now when measuring the lower limb ZL of the sun via the zenith, 
the image of its disc (S.) will be projected completely on the “water”, 
wnd in this case the picture will be similar to ordinary measurement 
of the upper limb of the sun. As a rule, one should use the back- 
Night method for measuring the altitude of the upper limb U of 
the sun (S,). It is more convenient in this case to bring the images of 
the horizon and the star into coincidence. 

Due to difficulties in measuring altitude via the zenith, it is advi- 
xuble to put on a star telescope even in daytime observations. This 


Fig. 106 


simplifies observations. And the number of altitudes taken via the 
zonith should be increased to 5-7, so that their accuracy will approach 
(hat of ordinary measurements. 

Back-sight observations are done as follows: measure the appro- 
ximate altitude h’ of the limb of the sun in the usual way and then 
compute 180° — h’ ~h,. The index arm of the sextant is set at 
this reading of h,. The observer then turns his back to the sun (in 
the direction of his shadow) and directs the telescope to the horizon; 
then by moving the telescope and swinging the sextant, he finds the 
image of the sun. To make the images coincide exactly, the sextant 
is swung round the axis of the telescope and the telescope is moved 
in a direction opposite to usual. It is best to measure from set read- 
ings (see above). Back-sight observations are much more difficult 
than the ordinary kind. A good deal of practice has to be put in 
(o learn the proper movements. Besides the foregoing cases, altitude 
sights via the zenith are used in a procedure for eliminating systema- 
lic errors in the altitude of the sun. 
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III, MEASURING ALTITUDE WITH AN ARTIFICIAL HORIZON 


In certain cases, in the absence of a visible horizon, an artificial 
horizon may be used. It is rarely used at the present time (mostly 
for measuring the altitude of the sun from ice when sailing in ice- 
fields). However, the artificial horizon is useful for taining purposes 
in taking altitude. 

Also, the artificial horizon may be used in calm shore situations 
for checking human systematic errors and errors both of ordinary 
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sextants and sextants with artificial horizon. The artificial horizon 
is more often used to measure the altitude of the sun, and less often 
that of the stars. 

For these purposes, one should use a liquid artificial horizon, which 
is a Shallow flat vessel filled with mercury (Fig. 107) or some other 
viscous liquid. For example, any dish, broad-bottomed jar or pail 
filled with cylinder oil or fuel oil can be used. Put up vertical shields 
for protection against the wind. Mercury horizons are much more 
accurate than oil horizons, but they are very sensitive to vibrations 
and the wind. | 

Due to gravity, the surface of the liquid is perpendicular to the 
plumb line, that is, it is in the plane of the true horizon, except 
at the edges of the vessel. 

If the sextant telescope is pointed to the sun’s image in the arti- 
ficial horizon, and the index mirror directly to the rays from the 
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sun, the angle between the directions SP and PO’ will be 2h, as is 
avident from Fig. 107. Hence, when the images of the sun are made 
to coincide, we get twice the altitude, 2h. 

In actual practice, the measurements are made not by coincidence 
but by external tangency, the reflected image 2 (Fig. 108) moves 
rolative to the direct image Z so that their 
lower (Z) or upper (U) limbs are made tan- 
yont as the sextant is swung about the axis 
of the telescope. The path of the rays in this 
case is shown in Fig. 107. If the direct ima- 
go (J) is on top, we measure the altitude of 
ihe lower limb of the sun. The direct image 
may be found by covering the index mirror 
with your hand. 

To bring the image of the body 2 to the 
direct image 7, set the index arm to approxi- 
mately 2h; to find image 2, turn a weak shade 
ylass into position as described above (Item II, Sec. 64). The images 
ure allowed to move into external tangency (at a set reading); to 
uchieve this, in the forenoon (when measuring the altitude of ©) 


the discs are made to overlap slightly, in the afternoon they are 
soparated. Image J of the body should be reflected in the middle of 
the horizon in order to avoid distortions due to the inclination 
of the surface layer of the liquid near the edges of the vessel. 

When measuring altitude, hold the sextant as close to the horizon 
us possible,and rest your elbows on a support. 

Altitude measurements in an artificial horizon are much more 
accurate than above the visible horizon. 


Fig. 108 
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SEXTANTS WITH ARTIFICIAL HORIZON 


SEC. 66. ESSENTIAL THEORY OF SEXTANTS WITH ARTIFICIAL 
HORIZON AND INTEGRATOR OR AVERAGER (TYPE HAC) 


Special sextants with artificial horizon are now used for measuring 
altitudes of celestial bodies at sea in the absence of a visible horizon. 
These sextants were originally used by aircraft and found application 


Fig. 109 


at sea only after World War II. For this reason, most Soviet models 
have the aircraft designation (integrating aviation sextant, or AAC) 
and only recently have special marine sextants of similar design 
appeared (MMC). 
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The MAC sextants utilize the same principle of reflection as the 
ordinary marine sextant, only the visible horizon is replaced by 
u level (or gyroscope) that yields the plumb-line direction. 

By introducing mirrors, we measure the angle between the mirrors 
instead of measuring the angle between directions in space. 

Suppose (Fig. 109) ZO is the plumb line, CB is the direction of 
u ray from a celestial body, BA is the horizontal plane. Then the 
angle CBH will be equal to the altitude of the body h, and angle 
ZEC = z= 90° — Ah. 

At B, place a rotatable half-silvered mirror called the main or 
index mirror; at A, a stationary mirror (in the form of a pentagonal 
prism). Denote the angle between the planes 
of these mirrors by w. The plumb-line dire- 
ction is indicated by the bubble R, the 
light from which is reflected from mirror A 
nl an angle a, passes through the main 


| Coincidence 
mirror B and enters the eye of the obser- {4udile of star 
ver G. The beam of light from star C imp- Zp 
inges on the surface of the mirror B and is \¥4y 


reflected from it at an angle Bp. By turning 
the index mirror B round the axis perpend- 
icular to the plane of the drawing, that is, 
by varying the angle w, it is possible to 
bring to coincidence the rays from the Fig. 110 

ytar C and from the bubble R; their images 

will coincide in the field of the telescope (see Fig. 110). The 
oincidence will occur for a definite relationship between the 
ungle @ and the angle being measured (90°—h). From the tri- 
ungle ABE (cross-hatched in Fig. 109) and on the basis of the 
relations mentioned in Sec. 59, we have 


(90° — h) + 28 = 2a 


‘Or 


90°—h = 2 (a — 8) (13.1) 
Similarly, from the triangle ABF we have 
o+Bp=a 
or 
o=—a—Pfp (13.2) 
Comparing formulas (13.1) and (13.2), we see that 
90°—h = 20 (13.3) 
ar 
90° —h 


@ = 


: (13.4) 


254 SEXTANTS WITH ARTIFICIAL HORIZON 


that is, the angle being measured between the plumb line and the direc- 
tion of the star is equal to twice the angle between the mirrors when 
the images of the bubble and the star are brought into coincidence in 
the field of view of the telescope. 

The relation obtained, (13.3), is similar to that derived above for 
the marine sextant. 

Differentiating formula (13.3) with respect to w and sg and passing 
to finite increments, we get 


— Ah = 2A@ 
or 
Ah 


Z 


— —Aw (13.5) 


which means that an increase in altitude by the angle Ah will cause 
a turn of the mirror in the reverse direction by one half of this angle. 
Thus, the angle of rotation of the mirror relative to some initial 
position may serve as.a measure of the altitude of a star. The angle 
of rotation of the mirror is measured, in the MAC sextant, by means 
of a special angle-measuring drum and an averaging device. 

Let us find out how the mirror B will be positioned relative to A 
for altitudes of a body h = 0° and 90°. 

From expression (13.4) for h = 0° we get wo = 45°, and for h = 
= 90° we have w = 0°; in other words, the angle between the mirrors 
varies between 45° and 0°, and it would be more correct to call this 
instrument an octant instead of a sextant. Thus, if for an angle 
Wo = 40° we put zero on the index of the micrometer drum (see 
Fig. 109), and mark the half-degree divisions of the drum as whole 
degrees, then the angle of rotation of the drum (which is proportional 
to the angle of rotation of the mirror B) will be equal to the altitude 
of the celestial body. 

The relations obtained hold only for a position of the sextant as 
indicated in Fig. 109; that is, when the main plane (the plane per- 
pendicular to the planes of the mirrors A and B and passing through 
the centre of the spherical surface of R) coincides with the plane 
of the vertical circle of the star. Any deviations from this correct 
position of the sextant will obviously cause an error in the angle 
being measured. If the sextant is tilted a small angle in the main 
plane, it will not give rise to an error in the angle being measured. 
This important condition is attained by making the bubble-assembly 
lens R_ spherical and introducing a collimator lens K. The principal 
focal length of the lens K is taken equal to the radius of curvature 
of the spherical lens of the level. 

As a result of this design, when the sextant is inclined in the main 
plane (say, by an angle y), the bubble of the level will also move 
over the spherical surface of the level through an angle y, and will 
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again occupy a position on the plumb line, while remaining in the 
focus of the lens AK. The bubble image in the field of view of the 
telescope will move by 2y. On the basis of (13.5), the image of the 
star will also move this much so that both images will remain coin- 
cident and the angle being measured will not change. 

But if the principal plane of the sextant is inclined perpendicular 
to the plane of the vertical circle of the star and the star image is 
brought into coincidence with the bubble image (which in. this case 
will be to the right or left of the centre of the field of view), the angle 
being measured will have an error dependent on the angle of inclina- 
tion of the sextant and the altitude of the star*. An analysis of this 
phenomenon shows that the lateral tilt of the sextant should not 
exceed 1° so that the altitude error does not exceed 1’. 

In the field of view of the telescope of the sextant (Fig. 110) is 
a grid on the lens of the level; there is an angular distance of 
2°.8 between the sides of the central square of this grid; it is thus 
possible to judge the angle of lateral tilt of the sextant from the 
position of the bubble relative to the grid. If, for example, the centre 
of the bubble has shifted to a side line, the inclination is 1°.4, which 
is impermissible. 

It is thus possible to bring about image coincidence near the longi- 
tudinal line mm’ without deviating to one side more than 1°, which 
is twice the angular diameter of the sun or moon. 

Let us now consider faulty coincidences of images. 

The images of the bubble and star may diverge in the field of view 
along the longitudinal line mm’ and also at right angles to this 
direction. In the former case, divergence is due to insufficient rota- 
tion of the principal mirror and causes an error in the measured 
altitude. Thesg errors are eliminated by turning the angle-measuring 
drum until the images coincide. 

Divergence of images in a lateral direction is caused by a transver- 
so inclination of the sextant or by taking it out of the vertical circle. 
If this divergence is exactly transverse and within the limits of the 
yrid square of the level, there will be no altitude error because the 
principal mirror remains in accord with expression (13.4). On this 
basis, one might make the images tangent in the transverse direction 
(instead of coincident); but this. is harder to do, and ordinarily the 
images are brought into coincidence. 

From the foregoing it follows that measuring altitude with an 
MAC sextant is done by bringing three points into coincidence in 
the field of view of the telescope: the centre of the celestial body, the 


/ 


2 


* By the formula sin -=sin > sec y where z’ and z are the measured 


und true zenith distances, y is the tilt of the sextant. 
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centre of the bubble, and the centre of the field of view. This is rather 
hard to achieve on a moving support, and to obtain reliable results 
one has to develop definite skills through long practice. 


SEC. 67. DESIGN FEATURES OF THE HAC SEXTANT 


The MAC sextant consists of the following basic components: 

(1) optical.system and level, f 

(2) angle-measuring device, 

(3) averaging device, 

(4) illumination system, 

(5) frame of instrument and auxiliary parts. 

(1) The optical system of the sextant is shown in Fig. 111, where 
the double arrowhead indicates the path of rays from a body, while 
the single arrowhead shows the path of rays illuminating the bubble. 
The eye of the observer is shown in two positions: G,, usual position 


Fig. 111 


for observations through the telescope, and G»,, the. position for 
observation through the index mirror, in which the body images are 
brought to the horizon (i.e., the bubble). 

The principal mirror 7 is a plane parallel glass covered with a spe- 
cial lacquer so that part of the rays passes through the glass, while 
the other part is reflected. The small mirror 2 is in the shape oi 
a pentagonal prism for convenience in mounting and to eliminate 
prismatic errors. 
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‘he main purpose of the collimator lens 3 consists in the following. 
Ihe bubble, for reasons already indicated, always lies in the princi- 
pul focus of the collimator lens; therefore, light rays coming from 
(he bubble emerge from this lens as a parallel beam and the bubble 
image appears removed to infinity, just like the image of the celestial 
body. As a result, both images may be regarded jointly for an eye 
identically adapted to “infinity” and in any point of the field of view. 
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Fig. 112 Fig. 143 


‘The telescope of the sextant serves to increase the accuracy of align- 
invent of images (magnification, 2.2, field of view 7°.5). The rela- 
lively large field simplifies identification of the required star among 
its neighbours. 

Lamp 9 ee, shade glass 6 are used in night observations of stars 
und planets for illumination of the bubble and for setting up a dark- 
rod background about it. White and yellow stars are particularly 
clear against such a background. In night-time observations, the 
frosted glass 7 is replaced by a reflecting mirror 8, and the solar 
shade glasses 9 are thrown out of position. The bubble assembly 4 
consists of an upper spherical lens and a lower plane glass, the space 
hetween them being filled with ethyl alcohol that contains an air 
hubble. This assembly is mounted in a special body of the level 
«quipped with an expansion chamber and an adjusting screw at the 
hottom of the instrument (Fig. 145). 

(2) The angle-measuring drum (see Figs. 112 and 113) is designed 
lor measuring the angle of inclination of the principal mirror relative 
to the initial position marked 0°O’. Fixed rigidly to the principal 
mirror is an index J (also see Fig. 109) that indicates tens of degrees 
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of rotation of the mirror on the dial 2. The angle-measuring drum 
38 (Fig. 112) is held by a handle and is connected with the principal 
mirror 10 via a roller 9 that rolls along the spiral 77 cut in the inner 
surface of the drum. As the drum rotates about the axis 72, the roller, 
pressed to the spiral by spring 73, rolls along the spiral, receding from 
the axis (or approaching the axis), as a result of which the angle ol 
inclination of the mirror varies as indicated by the index J. Afrotati- 
on of the drum through 360° makes the principal mirror tilt only 30°. 
This device permits increasing 12-fold the linear magnitude of 
a degree on the rim of the angle-measuring drum, thus considerably 
enhancing the accuracy with which the rotation angle of the mirror 
is measured. On this basis, the circumference of the drum is divided 
into 30°, three intervals from 0° to 9°, and into smaller divisions with 
values of 5’ each. Tens of degrees are indicated, as already mention- 
ed, directly by the index 7. Single measurements (minutes) are read 
by the minute vernier 4 (Fig. 113), but at sea single measurements 
are not taken. 

The result of a series of measurements is averaged by an integrator, 
the angle-measuring scales (6, 7) of which are shown in Fig. 113. 

The integrator is switched in by stop 5 after the drum has been 
rotated to approximate alignment of the images of bubble and cele- 
stial body in the field of view of the telescope. By pressing catch 5a, 
insert pin 5b into aperture cut in each degree of the drum. Now, each 
motion of the drum and, hence, rotation of the mirror is transmitted 
via the stop and the gear sector 74 (Fig. 112) to the integrator, which 
records it on the degree scale 6 (Fig. 113) and the minute drum 7 
by means of indexes 8a and 8b. The readings of these scales are 
increments (+ Ah) to the reading on pin 5b of the stop and the ten- 
degree scale; hence, the total reading of the measured altitude is 
obtained as the sum of four readings (Fig. 1413): | 


10-degree scale 10° 
reading of stop on angle-measuring drum 6° 
degree scale of integrator 3° 
minute drum of integrator 20° 
Reading of measured altitude 19°55’ 


The scales 6 and 7 of the integrator do not indicate negative incre- 
ments of altitude. This is achieved by setting the zero position of 
the degree scale of the integrator at +3°. To compensate, the scale 
of the angle-measuring drum is displaced by —3° relative to its actual 
position. The MAC sextant can measure altitudes approximately 
from —1°15’ to +81°45’, which is a range of 82°30’. 

(3) The averaging device (integrator), a schematic diagram of 
which is shown in Fig. 114, consists of a carriage 7, inside of which 
is a shaft 2 with the minute drum 7 and a worm 5 that engages the 
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your of the degree scale 6. The shaft can turn about its longitudinal 
uxis, but due to friction against roller 3, the shaft will turn only 
when the angle-measuring drum turns. This rotation is transmitted 
\o roller 3 via a transmission mechanism and fork 4. When the carria- 
yo is stationary, these rotations do not cause any consequences. But 
the carriage can move along guide strips 9 by means of gear 10 of 
the clock mechanism that acts as an engine. When the carriage and 
shaft are in motion in the direction of the arrow, the roller will 
roll along the shaft. . 

As the angle-measuring drum turns through some angle (say, 
a diminishing angle), the fork and roller 3 will turn in the direction 


Fig. 114 


of the arrow and, due to friction, the shaft 2 will begin to roll onto 
the roller. The readings of the drum 7 by index 8 will then be decreas- 
ing, thus reflecting’ the diminishing. angle of rotation of the prin- 
cipal mirror. 

If the drum executes more than one rotation, the readings of the 
degree scale 6 of the integrator will change via the worm gear 3. 
The rate of motion of the carriage depends on the work time of the 
time mechanism, which in the MAC sextant is set equal to 40s, 120s, 
und 200s. The short period of work, AT, of the mechanism wil] 
obviously yield a small number of increments of altitude. That is 
why the 40s period is used in good conditions. If conditions deteriora- 
le, the period should be increased. 

The angle through which the minute drum turns is the sum of the 
positive and negative rotations of the angle-measuring drum during 
the period of operation of the clock mechanism. The drum is turned 
by the observer in order to keep the images of bubble and celestial 
body aligned; its rotation reflects the variation of altitude and fluc- 
tuations of the bubble relative to the plumb line due to rolling of 
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the ship. The sum of the bubble fluctuations for a long time of 
coincidence approaches zero, and the integrator reading will be equal 
to the increment of altitude for the period of operation of the mecha- 
nism. 

The total sum of scale readings yields the altitude reading (sr), 
which corresponds to the mean instant of observations or the starting 
time (7,;) of the mechanism plus half the interval of operation: 


A 
Ter =Toa +>. 


(4) The illumination system of the MAC sextant is designed to 
illuminate the bubble and the instrument scales for night-time obser- 
vations and consists of three 2.5-volt lamps, wiring, rheostat, switch 
and cord with plug for connecting to 24-volt ship mains. Storage or 
dry batteries (3 to 4 volts) can also serve as a power supply. 

(9) All the foregoing components are mounted in the frame of the 
instrument, which consists of two plates, a handle for holding the 
instrument and a number of auxiliary parts. A general view of the 
sextant is shown in Fig. 4115. 

Design features of the MMC sextant. The MMC marine sextant 
(Fig. 116) has a supplementary device that permits determining the 


Fig. 1195 
1-—frame, 2-—-handle, 3-—-micrometer drum, 4—main mirror, 5—lock of connecting 
device, 5a—tail of lock, 5b—catch of locking device, 6—integrator,, 7—clockwork of 
integrator, 7a—head of interval switch, 7b— winding head, 7c—release lever, 8—mlirror 
for night observations (or glass for day observations), 9—lever of night colour shade, 
10—level, 11—level regulating-head, 12—telescope, 13-—daytime colour shades, 14— 
socket and holder for electric input, 15—light regulator, 16—support for observations 
through index mirror. 
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Fig. 116 


zero-point correction by the bodies. For this purpose, it has inside 
un telescopic system with an objective lens in place of the frosted 
glass (8 in Fig. 145 in the MAC sextant). In Fig. 116, the objective 
lons of this system is covered with shade glasses for sun sights. When 
determining the correction, point the objective lens at a celestial 
hody to obtain a direct image; then rotate the angle-measuring drum 
(with a special wheel) to bring the reflected image of the body into 
coincidence with the direct image in the field of view, and then read 
a, The zero-point correction will be found from the formula i = 
= 10° — (a+ 3°). 

In additien, the MMC sextant is supplied with a certificate that 
contains instrument corrections of readings s so that one can obtain 
u total correction A = i +s. This increases the reliability of mea- 
sured altitudes. 

The angle-measuring drum of the AMC sextant is protected from 
Hpray by a jacket on top of which are two pins for switching the 
Integrator on and off. 

Design features of sextants with gyrohorizon. Besides bubble 
xoxtants, gyrohorizon sextants have been manufactured. This type 
of sextant is constructed in the same way as the MAC sextant, with 
the exception that in place of a bubble assembly there is a gyro- 
horizon chamber. The gyroscope rotor is a massive bronze disc, the 
contre of gravity of which is located below the point of support. 
lho rotor is actuated either by air or, in the latest models, by electri- 
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The lateral surface of the air rotor has depressions that receive 
jets of air from a special manually operated pump. On the top sur- 
face of the rotor is a lined plate and a collimator lens. When the 
gyroscope is in rotation, its surface is hori- 
zontal and the lines on the plate, removed to 
infinity. by the collimator lens, depict an 
artificial horizon. When measuring altitude, 
the image of the star should fit between close- 
lying lines (Fig. 117), the image of the sun, 
between more distant lines. . 

The gyrohorizon sextant permits measur- 
ing. the altitude of a celestial body even 
when the ship is rolling heavily, and the 
accuracy will be considerably greater than in 
the MAC bubble sextant. However, it is not 
easy to work with an air-operated rotor, and electric sextants are 
not yet in common use. What is more, they require a source of 
electricity, which is a handicap. 


Se //), 


fo = hhh Se © 


e/a 


_ Fig. 117 


SEC. 68. USING THE HAC SEXTANT 


I, CARE OF THE SEXTANT 


As is Clear from the foregoing, the MAC sextant is a far more comp- 
lex mechanical instrument than the ordinary sextant: For this 
reason, the following additional rules should be observed: 

(1) do not subject the sextant to sharp variations of temperature 
and humidity in storage and protect it from shock; 

(2) use a brush to remove dust from the optical system, and use 
clean rags to remove moisture; take special care when cleaning the 
principal mirror so as not to disturb it; 

(3) when in storage, the clock of the sextant should not be wound; 
the bubble-adjustment lever should be turned to the stop in a direction 
opposite to that of the index pointer; the angle-measuring drum 
should be turned to maximum reading, and the stop released; 

(4) during operation, periodically check performance of the 
sextant; check proper functioning of the basic components, bubble 
adjustment, the clock and integrator, and the stability-of the cor- 
rection obtained. 

The clock is checked by comparing periods of operation (40s, 
120s, 200s) with simultaneous readings of an accurate stop watch. 
Discrepancies should not exceed +2s, +6s, and +10s, respectively, 
otherwise the sextant should be repaired. 

To check the integrator, set the clock mechanism at 40s and pro- 
ceed as follows: 
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(a) start the clock without switching in the stop; when it stops, 
(he integrator drum should read 0°0’; 

(b) turn angle-measuring drum exactly +-2° by the vernier and 
start clock. When stopped, the integrator scales should read 1°0’ 
at 5°0". Deviations of the order of +2’ are permissible. 


{I, DETERMINING THE CORRECTION OF THE MAC SEXTANT 


Like any other instrument, the MAC sextant has instrument errors. 
The large number of mechanical and optical components and the 
complicated kinematic scheme of the MAC sextant lead to constant 
and random errors in altitude readings being many times greater 
(han those of a marine sextant. The constant instrument errors can 
Num up to 5’ to10’. These errors must therefore be taken into account 
in the form of an instrument correction to the reading. However, 
(he certificate of the MAC sextant does not include tables of instru- 
ment corrections of readings (the MMC sextant includes such tables), 
und so these corrections must be obtained together with the zero- 
point correction in the form of a total correction A, called the correc- 
tion of the MAC sextant. In the course of time, the correction of the 
“extant may change under considerably changed environmental 
conditions. It therefore has to be determined from observations 
periodically (as frequently as possible). 

To obtain the total correction A, the altitude of the celestial body 
measured by the MAC sextant (h,,.,;) is compared with a more pre- 
cise value of the altitude of the body (h;,) obtained at that moment, 
This work is done in one of the following ways. 


(a) Determining the HAC Sextant Correction on a Test Instrument 


Under laboratory conditions, a special test instrument can yield 
the exact (true) values of altitude (h;,). At the same time, these 
angles are measured by the MAC sextant every 9°-10° twice for each 
value of altitude; then the sextant corrections are computed from 
the formula 

A = hir —hmeas (13.6) 
und tabulated. This procedure is the most exact and speedy; however, 
lest instruments are not yet widely available. 


(b) Determining the Sextant Correction by Comparing with the Computed 
Altitude 


This method may be used on shore, in a roadstead, and at sea. 
‘he sole requirement is that the coordinates @ and A of the posi- 
tion be known to within +0’.5 and the external conditions (visi- 
hility of celestial body, rolling and pitching of ship) be favourable. 
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by turning the switch in the direction 40-200-120s or 120-200-40s 
to coincidence of the index (point) and the desired number. The 
switch-over should be made only when the clock is operating. 


V, OBSERVING CELESTIAL BODIES WITH THE WAC SEXTANT 


The MAC sextant may be used to measure the altitude of the sun 
and moon in the daytime and the stars, planets ¢nd the moon at 
night. It is first necessary to bring the celestial body to the bubble, 
that is, to bring the image of the body into the field of view together 
with the bubble. This is done in two ways: 

(a) by setting the approximate altitude of the body on the angle- 
measuring device; 

(b) by observing the body through the index mirror from position 
G, (see Fig. 111); by rotating the drum, bring the image of the body 
in line with the bubble. 

The first procedure is used in daytime observations of the sun or 
moon and in night-time observations of very bright stars and planets. 
However, the latter procedure may be used also for the sun if for 
some reason its image cannot be seen. 

The actual measuring of the altitude of a celestial body is done 
by protracted coincidence of the centres of the images of bubble 
and body in the centre of the field of view of the telescope during 
the entire clock interval. 

The bubble image is brought to the centre of the field in the follo- 
wing manner: holding the sextant with both hands, tilt it in the 
longitudinal and transverse planes, which is best done by the obser- 
ver bending his body. The image of the celestial body is brought to 
the centre of the field of view by moving the sextant along the hori- 
zon (to a precise position in the vertical circle of the body) and by 
rotating the angle-measuring drum until the image of the celestial 
body coincides with the bubble. 

If the ship is rolling (pitching), take up a stable position when wor- 
king with the MAC sextant (for instance, with your back to a sup- 
port of some kind). Note the watch or chronometer time when the 
clock mechanism is started, because the stopping is not always 
clear-cut. The total reading obtained (sr) will refer to the mean 


instant, that is, 7, = Ts: + ed , where AT is the period of ope- 
ration of the clock. 

Measuring altitude with the WAC sextant requires a good 
deal of practice under shoreline conditions and then at sea. The 
accuracy obtained with these instruments (especially when the ship 
is rolling)’is considerably lower than that provided by the marine 
sextant. 
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SEC. 69. FUNDAMENTALS OF THE RADIO SEXTANT 


‘The earth’s atmosphere lets in from outer space not only visible 
light, but also radio waves of a specific wavelength. Figuratively spea- 
king, the atmosphere has two “windows”: the optical window and the 
rudio window through which we can see and study the universe. From 
l'ig. 118a, in which on the y-axis we have the amount of energy 
(ransmitted by the atmosphere (in percentage), it is obvious that 
(he terrestrial atmosphere is more transparent to radio emissions 
(wavelengths from 0.7 mm to 40 metres) than to light. However, 
(he radio-emission energy is exceedingly small and requires very 
minsitive and intricate instruments for reception; that was why the 
construction of radio telescopes became technologically feasible 
only in the 1940's. 

Ship radio-sextants are small-size radio telescopes on a movable 
lasis. Technically, they are more complicated than stationary land- 
hased radio telescopes, which explains why the first operating ship 
instrument appeared only in 1952. 

The objects of extra-terrestrial radio emission include the sun, 
moon and several thousand discrete sources of emission mainly in 
the regions of the Galaxy, for example in the constellation Cassio- 
poia (“Cassiopeia A”), Cygnus, Orion, and elsewhere. 

Of all these sources, only the sun and moon are of practical use at 
(he present stage of technology. The other sources are considerably 
loss intensive; what is more, their emission maxima lie in the lon- 
yor wavelengths, as may be seen from the curves in Fig. 118b, where 
(he vertical axis indicates the density of a monochromatic flux 
of radiation in watts per square metre per cycle per second. For 
the sun and moon, emission maxima come at the same wavelengths 
(ubout 0.8 to 2 cm). Waves shorter than 7 mm are strongly absorbed 
ly the oxygen and water vapour of the air, whereas metre waves are 
ilistorted and absorbed by the ionosphere. Now the maximum emis- 
nlon of “Cassiopeia A” (the shortest-wave source) lies at about 
{0 metres. It is thus difficult to construct a ship instrument suitable 
loth for sun and moon and also for stellar sources of emission, so 
modern radio sextants are designed only for observing the sun and 
moon. 

The radio sextant is a complex instrument consisting of the follo- 
wing basic components (Fig. 119): 

(a) antenna system, 

(b) receiving system, 
(c) tracking system, 

(d) stabilized platform in gimbals, 

(0) panels containing recording, averaging and control appa- 
ritus, 
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For receiving weak cosmic radio emission, the antenna has a metal 
parabolic reflector (from 30 cm to 1.5 metres in diameter), the pur- 
pose of which is to concentrate the radiation energy to a focus where 
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the antenna is located in the form of a half-wave dipole (see Fig. 120). 
However, it is difficult to separate the weak cosmic signals from 
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the receiver noise, and a special method of modulation has to be 
usod that consists in the following. If a flux of energy of some extra- 
lorrestrial radio source is periodically interrupted or varied with 
u definite frequency, then the signals being received acquire the 
name additional frequency in the receiver. The modulated signals 
aun then be separated from the nonmodulated noises and amplified. 
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For this purpose, a special mechanism and motor (J and 3 in 
lig. 119) feed to the antenna of the radio sextant small “nutation” 
ascillations with a frequency of 20 to 30 cycles per second. 

Due to nutation, the axis of the antenna moves relative to the 
muximum of emission (the sun, let us say), and this results in modu- 
lution of theeincoming signal. 

The incoming signals are fed, via a waveguide, to receiver 4 of 
(he radio sextant, which is essentially the same as a radar receiver. 
Ilere, the radiation impulses are transformed from their frequencies 
(A = 0.8-1.9 cm) to an intermediate frequency that allows for ampli- 
lication. After amplification and rectification, the signal acquires the 
form of an envelope, that is, it is modulated depending on the nuta- 
(ion oscillations, external interference, etc. The output signal of the 
roceiver is fed to a low-frequency resonance amplifier 5 that passes 
und amplifies only frequency bands close to the nutation frequency 
of the antenna. The output signals of the amplifier are fed to two 
phase discriminators 6 and 7, whose functions will be discussed 
bolow. 
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To track the sun, or fol- 
low it in the radio sextant, 
a tracking system is provi- 
ded(separately for altitude 
and azimuth) that operates 
as followsgWhen the anten- 
na occupies some specific 
position relative to the sta- 
bilized platform and a dia- 
metric plane (the direction 
of the vertical circle is set 
by a gyrocompass), the refe- 
rence-signal generator 2 de- 
livers two signals for alti- 
tude h and azimuth A that 
have a phase difference of 
90°; the frequency of the 
reference signals is equal 
to the nutation frequency. 
These signals are fed to a 

Fig. 120 different lead-in of the phase 
discriminators 6 and 7; here 
also are fed the cosmic- 

radiation signals picked up by the antenna after they have passed 
through the receiver and amplifier. The discriminators determine 
the difference between the principal and reference signals, and 
the output signals of the phase discriminators express deviations 
of the antenna in hk and A from the centre of emission on the sun. 
These signals are amplified and transformed into commands to the 
motors 70 and J/ of the tracking system, which correct the position 
of the antenna. Simultaneously these signals are fed to special 
averaging systems, and thence to the selsyn indicators that give the 
antenna position in h and A; these data may be further fed to a com- 
puter to obtain @ and A. All systems of the radio sextant are powered 
by direct and alternating currents of a variety of voltages, thus 
requiring transformers, rectifiers and motor-generator sets. 

Much attention in recent models of radio sextants is given to the 
problem of stabilization of the antenna system on a rolling ship. 
The use of inertial stabilization by means of gyrointegrators has been 
reported. A gyrointegrator is capable of maintaining a given direc- 
tion to within 0.5% of the angular velocity of the earth and with 
a systematic error in the drift of the gyroscope axis of about 3’ per 
hour. The radio sextant introduces corrections for inertial drift 
of the antenna axis due to the gyrointegrators, while the values of h 
and A are obtained directly from the gyrointegrators. The entire 
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antenna system of this type of radio sextant is hung in gimbals made 
up of several rings and is balanced to a state of equilibrium in order 
to reduce the effect of accelerations due to rolling of the ship and to 
wind. These radio sextants have greater precision than earlier models. 

In addition to errors in the radiometric part and _ stabili- 
zation errors, radio-sextant readings are greatly affected by atmo- 
spheric radiation that causes a drift of the antenna axis and has a 
maximum at the same frequencies that the radio sextant operates on, 
and also by radio-refraction. These two effects must be taken into 
account in the form of corrections that depend (according to-recent 
studies) on the temperature, pressure and humidity of the air and 
the altitude of the celestial body. Radio-refraction is similar to ordi- 
nary optical refraction, and the correction is introduced in a simi- 
lar manner, though it is somewhat less stable. 

The first ship radio-sextant (model AN/SAN of Collins Co., U.S.A.) 
was designed for sun sights only, and operates on a wavelength 
of 14.9 cm. It has a 91-cm-diameter antenna reflector. There are also 
radio sextants with small reflectors (30 to 60 cm) operating on 8.7 mm. 
They are, however, less stable and more dependent on weather 
conditions, particularly for small altitudes of the sun. The Collins. 
AN/SRN-4, put out in 1959, has a 1.5-metre reflector and operates on 
iu wavelength of about 2 cm. This radio sextant is for sighting the 
sun and moon (see Fig. 120). 

Studies of the first models of radio sextants have demonstrated 
that these instruments can function in any weather, and only strong 
thunder storms reduce the accuracy of their readings. Marine inve- 
stigations into determining location by radio sextant have yielded 
u probable (50%) error in altitude of about +2’ or s, ~ +2’.8 in 
222 measurements. Subsequent studies carried out in the Antarctic 
(aboard the “Arneb”) yielded, from 528 observations, a mean devia- 
tion of +2’.7 from altitudes measured by the conventional sextant, 
with maximum discrepancies reaching 8’.2. The chief source of 
errors was unreliable stabilization of the unit. 

The merits of this new navigational instrument are: the possibi- 
lity of observing the sun and moon under a cloud cover, automatic 
und continual operation, thus permitting a link-up with computer 
for continuous determination of and A of position and of compass 
correction. The drawbacks of the radio sextant are that it is extre- 
mely complex and cumbersome, depends on sources of power, is. 
applicable only to a limited number of celestial bodies, and is still 
rather expensive. 
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SEC. 70. THE NECESSITY FOR CORRECTING MEASURED ALTITUDES 


The astronomical triangle, whose solution is a part of almost 
every astronomical problem, includes the altitude of the celestial 
body. 

From the definition of altitude given at the beginning of this 
text, it follows that the arc h, equal to the altitude, lies between 
the celestial horizon and the place of the celestial body, which is 
given as a geometric point. But at sea, altitudes are measured above 
the visible horizon, and the direction to the star is also apparent; 
for bodies with a visible disc, the altitude of the limb is measured. 
It is obvious that before the measured altitude can be used in the 
astronomical triangle, a number of corrections must be applied. 
Correction of altitude is the transition from measured altitudes to so- 
called true geocentric altitudes. 

Let us now consider in more detail the causes that deflect light 
rays and the corrections applied to measured altitudes. 


SEC. 71. ASTRONOMICAL REFRACTION 


When a ray of light coming from a celestial body moves through 
the earth’s atmosphere, it changes its original direction. This is 
called astronomical refraction. Observer A on the surface of the earth 
will not see the body in the actual. “true” direction AC, (Fig. 121) 
but along AC,, called the apparent direction. The angle C,AC, 
between the apparent and true directions of the body is called the alti- 
tude correction for astronomical refraction (p), or simply the astronomi- 
cal refraction (in Fig. 121, angle p is greatly exaggerated). 

For the sake of simplicity, let .us assume that the earth's 
atmosphere consists of a series of infinitely thin concentric layers, 
the optical density of which diminishes with altitude. We deter- 
mine the path of a ray of light on the basis of the laws of refraction 
of light (Fig. 122), namely: 
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(1) the incident ray and refracted ray lie in the same plane as 
(he normal to the line of junction of the media; 

(2) when a ray of light passes into a denser medium, it approaches 
(ho normal; 

(3) if the index of refraction of the medium A is denoted by wg, 
of medium B by wy, and the angles of incidence and refraction are 
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/,, and in,-4, respectively, then 


al eer (14.1) 


Sin tn_4 - La 


Applying these laws, it is possible to obtain the value of astro- 
nomical refraction for each infinitely small layer. 

As a result of refraction, a ray will occasionally describe a curve 
lt the plane of the vertical circle of the body and the observer will 
mn the body closer to the zenith, in the direction of the line AC, 
lungent to the ray. From Fig. 121 it is clear that 


z=2' +o or h,=h'—o (14.2) 


(lat is, the true altitude of the body will be less than the measured 
ultitude, and the astronomical refraction is always subtracted from 
(lo measured altitude of the body. 

‘or purposes of nautical astronomy, we can derive an approximate 
formula obtained on the assumption that the layers of air are parallel. 
This formula disregards the law of change of density with height of 
lnyor. As is seen from Fig. 123, the angle of incidence i, of a ray 
un the outer layer is equal to the true zenith distance z, while the 


in 1275 
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angle of refraction i, at the ground layer is equal to the apparent 
zenith distance z’, hence 


z=2'+p=In (14.3) 


Denoting the refractive index at the gpound layer by py, and at 
the boundary of the atmosphere by pn=—1, we can write (on the 
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basis of the third law) 
Sinin = Mn-1, SiMin-4_ Mn-2 . . simig ba 
Sinin-1 Up ° SiNin-o BUni’ §’ Siniy pe 
Multiplying together the right and left sides of these equations 
and cancelling, we get 
SINin _ 
sini, 4 
or, taking into account (14.3), we have 


sin (z’-+9) _ 
sing’ 


Removing brackets and substituting coso ~1, sino ~ 0’arci1’, 
we get 
1+ cot z2’p’-arce 1’ = py 
whence 


, —1 , 
op’ = 15; tanz (14.4) 
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Ata temperature of t = + 10°C and a pressure of B = 760 mm, 
(luv refractive index po obtained on the basis of observations is 
Nw 1.0002916. 

The refraction for all these mean conditions is called the mean 
wtronomical refraction 09 and after substitution of wo into (14.4), we 
have 


0, = 1’.0026 tan 2’ 
or finally 


0, = 1’.00 cot h’ (14.5) 


l)espite the fact that formula (14.5) was obtained on very rough 
wuxsumptions concerning the structure of the atmosphere, the values 
af pf will be sufficiently precise for our purposes for altitudes in 
wxcess of 15°; for smaller altitudes, this formula is totally unsuitable. 
Thus, for h = 0°, Oo is equal to infinity from (14.5), whereas the 
tfraction on the horizon is actually about 35’. 

In the U.S.S.R. refractions are calculated from tables published 
ly the Pulkovo Astronomical Observatory. These tables are compiled 
lrom more complicated and precise formulas based on Giilden’s 
theory. 

More exact formulas of refraction are obtained if for each infini- 
(asimal concentric layer of the atmosphere we take its value dp 
wxpressed by the differential equation dp = tan z’ -f (u) du, where 
s’ is the zenith distance in the given layer, f (u) is the law of varia- 
lion of the refractive index. 

Integrating this equation over the entire totality of layers from 
round (refractive index w,) to the boundary of the atmosphere 
(refractive index p,), we get the refraction for an observer A: 


Un 
p= { tana’-f(u) dp 


1 


lt has been established experimentally that » — 1 = K6, where 
' is the optical density of the air, and K is an empirical coefficient. 
Thorefore, the refraction will depend on the laws of variation of air 
dwnsity with height of layer and with changes in the environment. 
All refraction formulas have been obtained on the basis of various 
lhypotheses concerning changes in air density; however, due to the 
‘complexity of this phenomenon, the best results are given by tables 
compiled from semi-empirical formulas. 

‘or changes in the temperature and pressure of the air relative to 
the values given above, corrections are introduced into the mean 
wstronomical refraction for temperature and pressure, Ap; and 
App. These corrections take into account air density changes in accord 


18* 
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with the formula 

273° 
273° 
where 6, is the density of the air at ft = 0° and B = 760 mm; physi. 
cal determinations yield 6) = 0.0012928. 

After applying these corrections to the mean refraction we gel 
a quantity closer to the real value of the refraction, the so-called true 
refraction, 0, that is 


B 


P= Pot Ap: + Apz (14.6) 


In nautical tables, the mean astronomical refraction is given in 
Table 12, MT-63, and the corrections for temperature and pressure 
in Tables 14a and 146, MT-63. 

From these tables it is seen that for small altitudes of the body, 
the refraction varies very repidiy, and the values are very conside- 
rable. One has to take into account these peculiarities of astronomi- 
cal refraction when studying the rising and setting of celestial bodies, 
when correcting small altitudes of bodies and in other cases. The 
compression of the disc of the sun and moon in the vertical direction 
at about rising and setting time is also due to a rapid change in 
refraction with altitude. 

Foi a small altitude, the rays from a body pass through a maxi- 
mum thickness of atmosphere, a considerable portion of which is 
directly above the earth’s surface. The density and temperature 
of the air here are subjected to perceptible fluctuations, and so the 
actual values of refraction for altitudes Jess than 2° may differ some- 
what from the tabular values. In addition, an important factor when 
correcting small altitudes is the dip of the horizon, which is usually 
not accurately known. 

From the foregoing it follows that corrections of altitudes of cele- 
stial bodies that are less than 2°-3° are not always reliable; one 
should be cautious about these altitudes. 


SEC. 72. DIP SHORT OF THE HORIZON, THE DIP OF THE HORIZON 


Terrestrial refraction. Light rays coming from objects on the 
earth’s surface or near it are refracted just like rays entering the 
atmosphere from celestial bodies. This displacement in the atmosphere 
of a ray of light coming from a terrestrial object is called terrestrial 
refraction. 

Observer A (Fig. 124) does not see an object B along the line AB, 
but along the curved ray AaB, or along the tangent AB’ raised 
above AB by an angle p,. This angle 9, is what is usually called 
the terrestrial refraction. 
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Similarly, observer B will see object A along the line BA’ raised 
through an angle p2, which is not, in the general case, equal to the 
unglo 0, However, for an approximate solution (which is permissible 
I navigational problems) we assume the curvature of the ray AaB 
lo be constant. Then p, = pe = ep and 
thea path of the ray will be the arc AB 
of radius “R, which is considerably 
ureater (6- to 7-fold) than the earth’s 
tndius. The angle 29, equal to the 
vontral angle O,. will be (in radians): 


20 an Ri (*) 


The arc A,B,=D (on the earth’s 
Hurface) is proportional to the central 
wigle C, that is, 


D=Rz-C (**) v 


where Ry, is the earth’s radius. 
[ue to the small difference bet- Fig. 124 
woon the arcs AB and D, we can put 
arc D ~ are AB and after substitution of (**) in (*), we have 


_1ia, Re 
=e 


The ratio of radii ae is called the coefficient of terrestrial 
1 


refraction K. 
We then finally have 


p=5K-C (14.7) 
ar the magnitude of the angle » in minutes of arc is proportional 
lo the distance C between the objects expressed‘in nautical miles. 

The coefficient A depends on the optical density of the air in the 
lower layers of the atmosphere. Since the conditions of air masses are 
constantly changing at sea level, the air density and, hence, the 
curvature of ray AB is constantly changing, and this changes the 
coofficient AK. With the exception of fluctuations due to local con- 
ditions and temperature, the coefficient K has rather regular diurnal 
und annual variations, which have been studied mainly on land. 
luring a 24-hour period, A varies from maximum at sunrise to a 
moan value of 0.16 at noon, and then again increases, reaching a maxi- 
mum at sunset. For this reason, the visibility of low objects is better 
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at sunrise and sunset, and this is utilized by navigators when appro- 
aching low shores. The variability of A under sea conditions has 
not yet been studied very thoroughly. K has been observed to fluctuate 
from 0.01 to 0.36. For coastal conditions the mean value of K is 
usually taken at 0.14, for sea conditions, 0. 4p. 

Dip short of the horizon and dip of the horizon. At sea, the altitu- 
des of bodies are measured above the apparent (visible) horizon, that 
is, above the line along which the surface of the sea is projected 
on the celestial sphere. This line is a small circle on the surface of 


the sea described by the line of sight AaB (Fig. 125) by which obser- 
ver A at height of eye e sees the most distant point B of the sea 
surface. The arc A,B is roughly equal to the arc AaB and is the 
distance of the visible horizon D,, while the vertical angle HAB' 
between the plane of the true horizon HH" and the tangent AB’ to the 
ray to the visible horizon is called the dip of the sea horizon d, or simply 
the dip of the horizon (or the dip). To bring the observed altitude to 
the true horizon it is obviously necessary to subtract angle d from 
it. Due to the action of terrestrial refraction, the visible horizon 
will be farther away than the “geometric” horizon, or the horizon for- 
med by the tangent to the earth’s surface, and its dip d will be less 
than the “geometric” dip. From the figure it is seen that the higher 
the height e of the observer’s eye, the greater the dip, but if e = 0, 
then d = 0 and fhe visible horizon coincides with the true horizon. 

Now if the line of sight is not directed at the visible horizon, 
but at a closer point of the sea, say F, then the angle A between the 
tangent AF’ to the ray directed at a close point of the sea, and the plane 
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vf lhe true horizon is called the dip short of the horizon. Obviously, 
inclination of the line of sight is the more general case, a particular 
lnstance of which is the dip, when point F is at limiting distance. 
Then the dip short of the horizon is minimal and equal to the dip d 
of the horizon, thus A,,;, = d. 

Deriving the formula for the dip short of the horizon. Let us 
derive the formula for the dip short of the horizon A as the more gene- 
tal one, from which we readily obtain formulas for dip and horizon 
dlistance. Besides, the formula for A will itself be needed when correc- 
ting altitudes measured above the shoreline. 

Let us obtain the quantity A as a function of the height of eye, 
distance of point #, and refraction. 

rom the plane triangle AOF (Fig. 125), in which the angles A 
and F are denoted by x and y, we can write on the basis of the tan- 
gent theorem: 


= 1 1 
tan 2 — g(AO—FO) 5 le+Re—Re) + 
tanYtZ  (AO4 FO) Slet+Re+Rn) Ret s 
whence 
e 
1 4 2. 
tan > (y— 2) = tans (y+ 2) ——— (14.8) 
R é 


E> 


From this expression we determine the angle zx, which subse- 
quently is easily related to the desired A. 
Replace angle x+y; to do this, we find from the triangle AOF 


xt+ty+C = 180° 


or 


. -l © C 
: ety 90° > (14.9) 


Substituting (14.9) in (14.8) and neglecting > in the denominator 
(it is less than the accuracy with which RAR, is computed) we get 
é 


1 C 2 1 e 
tan > (y— 2) == col>-X po =—oX aR (14.10) 
tan = 


Due to the smallness of the angles + (y—z) and aC. we replace 
the tangents by the first terms of their expansion in a Taylor’s 
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series (in radian measure): 


1 1 | € Cc 
tans (y—2)=> (y—2z)+.--s5 tan>=>+ ae 


Putting these aaa into (14.10), we have 


e é 
zW-*)=7x Ry = Cis (14.11) 
2 
Subtracting expression (14.11) termwise from (14.9), we determine 
the value of the angle z: 


z= 90° —— a (14.12) 
Considering the angle OAH’, we can write 
zt+to+A=90° 
or 
z= 90°—A——+K-C (14.13) 


where po is substituted by the expression (14.7). 
Equating the right-hand sides of expressions (14.12) and (14.13), 
we have 


whence 
s ,  e 


This equation is the ae formula i dip short of the hori- 
zon. 

Expressing A and C in minutes of arc, e in metres and taking the 
earth radius in metres to be 1,852: arc 1’,* we get 


/ , __ Care 1’ hes €metres 
A‘ arc 4 (1—K) + ap ge> 1,852 
or, after substituting the numerical values: arc 1’ Beers and the 


3,438 
mean value K =0.16, we finally obtain the formula for the incli- 
nation of line of sight: 


A’ = 0'.42C + 1.856 —metres. (14.45) 


* Here, the earth radius is ‘taken to be that of a sphere, the length of one 
minute of the meridian of which o is equal to the standard nautical mile 
of 1,852 metres. Suppose angle C at the centre of the earth is expressed in terms 


of the arc o on the surface in radians (fractions of radius), or (22 ; taking 
E 


R 
1,852 metres 


o = one nautical mile, C = arc 1’, we get Rep = arc 1’ 
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where C is the distance to the object (the shoreline, for example) in 
tiutical miles. 

l‘ormulas for dip of the horizon and its distance. It will be recalled 
(hit. the minimum dip short of horizon is equal to the dip of the 
lrizon, that is, d = A,j,. We find the minimum of expression 


(11.14). To do this, equate the derivative a to zero: 


dA 4 e 
se = Ut a a, = 0 (14.16) 

Then the angle C will take on its greatest value, equal to the 
ilixtance of the visible horizon Dy. Thus, from expression (14.16) 
wa obtain 


nl Ve = 
Cnie=De=/ —te x En (14.17) 


Substituting D, for C in (14.14) and noting that Anin=d, 
.Ww0 obtain 

_ 7 Day, ee {1—K ,  e¢ 
Amin =d =F" (1—K) +35 = Da (G4 Apr} 
wr after substituting the values of D, from (14.17) and some simple 
tunipulation we have 


d=VI-Kx] ie (14.18) 


l;xpressing d in minutes of arc: d’ arc 1’, e in metres and taking 
(he earth radius as before at 1,852 m: arc 1’, we get 


; V1i-K 2€metres acc 1’ sg, aT = 
it XV “ase metres = 827 V1—KxVemetres (14.19) 
wt the dip depends on the height of the observer’s eye and the value 
af the coefficient of teyrestrial refraction K. 

If we take the mean value of K, which corresponds to the mean 
nutmospheric conditions, K = 0.16, we finally get 


d’ =1'.766 V emetres (14.20) 


In nautical tables (MT-63), formulas (14.15) and (14.20) are 
usod to compute special tables: 14a and 116. 

If in (14.17) we express D; in minutes (nautical miles, that is) 
und take the above-indicated values of K and Ry, we will get a 
familiar navigational formula for the distance of the visible horizon: 


Dp = 2.102 V emattes 
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The indicated tabular value of dip corresponds to the mean state 
of the atmosphere. Actually, the state of the atmosphere and, con- 
sequently, the coefficient of terrestrial refraction AK, may differ con- 
siderably from the mean at the time of observation; for this reason, 
the actual values of dip may differ appreciably from tabulated values; 
for instance, deviations of 1’ to 2’ are rather frequent. Occasionally, 
they attain greater values. | 

Investigations have shown that the dip depends on the temperature 
difference of air and water, the humidity, air pressure, wind, local 
conditions, and others. Numerous attempts to establish an empiri- 
cal formula that would take into account the principal cause (tempe- 
rature difference between air and water) have not yielded satisfac- 
tory results, and the formulas obtained are sometimes not even as 
good as the tabulated values. 

Extensive experience has established that: 

(1) The dip in open sea for stable hydrometeorological conditions 
is approximately in accord with the tabulated value. 

(2) In enclosed seas and coastal regions the dip is often (and some- 
times rather substantially) different from the tabulated value. For 
instance, appreciable deviations of d are observed in the Red Sea, 
along the western coast of America where the Andes come close to 
the shore, and in other places. 

(3) The dip differs considerably (up to 15’) from the tabulated 
value after the passage of a squall. 

(4) At points of encounter of large ocean currents with different 
temperatures or where currents come to the surface, we constantly 
find d deviating from the tabulated value. The following characte- 
ristic regions have’ been defined: 

(a) south of Newfoundland on the boundary of the Gulf Stream; 

(b) near the western coast of Africa from the Cape of Good Hope 
up to the Congo River and from Cape Blanco to the town of Mogador; 

(c) near the islands of Lofoten. 

In some regions there are seasonal deviations of d from the tabu- 
lated values, for example: 

(a) in summer in polar seas, especially on the ice fringe; 

(b) in spring in the northern seas (White, Barents, and others); 

(c) in spring and at the beginning of summer in moderate ocean 
areas. 

Thus, the tabulated value of the dip can very often give errors 
in corrected altitude. To avoid such errors, it is best to determine 
the actual value of the dip at a given instant by means of a special 
angle-measuring instrument called a dipmeter. In certain cases, 
the error due to the dip may be eliminated from the final result 
together with other systematic errors by special observational 
procedures. 
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SEC. 73. ESSENTIALS OF THE DIPMETER 


Many specialized instruments have been proposed for measuring 
(he actual magnitude of the dip of the horizon. Some of them are 
devices attached to the sextant for measuring the dip, others are 
Mwparate instruments called dipmeters. Only dipmeters have gained 
popularity as being more convenient and accurate than sextant 
utlachments. 

Iussentially, all these instruments are based on measuring the 
vertical angle H,A HA, (Fig. 126) between directions to opposite sides 
//, and A, of the visible sea horizon. 


When measured through the zenith, this angle will be equal to 
180° + 2d; when measured through the nadir it is 180° — 2d. 
Whence we can obtain d. It is assumed here that the dip in opposite 
directions is the same. As experience shows, this assumption is not 
wlways true, but in the open sea detected variations of dip in azimuth 
lave been within the limits of accuracy of nautical observations. 

Dipmeters, being instruments for observations at sea, must be 
designed to measure by hand the above-indicated angles on a rolling 
ship. For this purpose, dipmeters use a reflecting optical system 
in which rays from opposite sides of the horizon are reflected from 
(he faces of two prisms and then enter the field of view of the obser- 
ver simultaneously at an angle of 2d to one another (Fig. 127). 
lacing a scale graduated in units of d near the movable prism and 
(urning one prism relative to the other until rays 7 and 2 coincide, 
we can read the value of dip d on the scale. 

The above principle is used in the Pulfrich dipmeter. 

In the Soviet dipmeter (designed by Professor Kavraisky), the 
rays are moved not by rotating the prism, but by turning the entire 
instrument about the longitudinal axis, the horizon images in the 


284 CORRECTING SEXTANT-MEASURED ALTITUDES OF BODIES 


field remaining parallel to each other. As the instrument is turned, 
the images of the right and left horizons move @different distances 
in the field of view due to the fact that the left and right objective 
lenses have different magnifications. 

The optical system of Kavraisky’s dipmeter (HA) and the path 
of the light rays are shown in Fig. 128. The distant (relative to 


horizon 


——e 


[NY 
II 


SBS 


Fig. 128 


eyepiece) objective lens 7 gives a magnification of 4.7; the closer 
objective lens 2 magnifies 4.1; the eyepiece 3, which consists 
of two systems of lenses, is set to the eye of the observer by means 
of the dioptric ring 9. The rays from opposite parts of the horizon 
are bent by prisms 4 and 3, which are glued together along the face 
a-a. Prism 4 is a complex polyhedral roof-like prism in which the 
faces that meet along edge b-b intersect at 90°, which means that 
they are inclined +45° to the plane of the figure. By virtue of this 
design of the roof-prism, rays coming from the left horizon not 
only change direction by 90°, but also turn through 180°; they are 
inverted, and as a result, the image of the left horizon is “direct” 
in the field of view, while the image of the right horizon reflected 
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(rom the face a-a of the ordinary rectangular prism 5 will be inverted 
(vo Fig. 429). 

‘The face a-a of the roof-prism 4 has an aluminium coating in the 
form of strips 6 that are perpendicular to the plane of the figure 


Heed hae Fai 


Fig. 129 


and equal in magnitude to the blank spaces between them. As a 
rosult, roughly one half of the rays from the left horizon passes 
lotween the strips and enters the observer’s field of view. At the 
mitine time, the other half of the 

tuys from the right horizon is reflec- ’ © 2 
‘ud from the strips and also enters fee 
the observer’s field. Both right and 
lift horizons are thus visible at 
the same time. Both horizons are 
projected onto a glass 7 that con- 
luins a scale graduated in divisions 
of 1’. 

With this type of optical system, 
(he images of the horizons in the 
lisld of view remain parallel to 
ane another and perpendicular to 
(.ho base of the scale c-c (see Fig. 130) 
when the instrument is in a hor- 
{zontal position. . 

The brightnesses of the two por- Fig. 130 
(ions of the horizon may differ, 
the brighter one making the fainter one invisible. The more distant 
objective lens is supplied with a diaphragm 8 for the purpose of 
udjusting brightness. The eyepiece has a rubber blinker 70 to pro- 
loct the eye from extraneous rays. All parts of the dipmeter are 
rigidly mounted in the body 712. 

ig. 129a shows the scale and images of left and right horizons 
for a horizontal position of the instrument, while Fig. 129b shows 
thom after rotation of the instrument through some angle about 


/ st 
position 


f 
286 CORRECTING SEXTANT-MEASURED ALTITUDES OF BODIES 


the longitudinal axis. The magnitude of d is given by the scale 
reading along the line of coincidence of the horizon images. 

The dip of the horizon thus measured includes the constant posi- 
tion error of the zero of the scale (which we denote by zx). To eli- 
minate this error from the result, it is necessary to make two mea- 
surements: through the zenith and the nddir. To do this, invert 
the instrument. 

The scale in the Kavraisky dipmeter is designed and positioned 
so that the reading in the first instance is d, = d + 2, and in the 
second, d. = d — x; the zero error of the instrument is eliminated 
in the half sum of the readings: 


da At (14.21) 


where d is the value of the dip without the zero error. 

Operating the Kavraisky dipmeter. The dip may be measured 
either before or after observations of celestial objects, depending 
on the visibility of the horizon. Before taking observations, focus 
the dipmeter to your eye. Select a spot at the same height as that 
used to measure the altitude of the body, and one from which oppo- 
site parts of the horizon are visible. If visibility of the horizon is 
poor, lower the height of eye; this will improve visibility. The dip- 
meter is held at the eye of the observer horizontally with the far 
objective lens towards the brighter part of the horizon (let us take 
it on the left) and visibility of horizons is balanced with the aid 
of the diaphragm. Turn the dipmeter round the longitudinal axis 
and align the images of the horizons; at the line of coincidence, 
read d, on the scale. The dipmeter must be horizontal; if its axis 
is tilted, the images of the horizons will not be perpendicular to the 
base of the scale. To take the second observation, invert the dip- 
meter with the far objective lens to the right, then turn through 
180° so that the far objective lens is again directed at the bright 
part of the horizon. The second reading (d.2) is obtained like the 
first. After taking the measurement, compute the magnitude without 
the zero error from (14.21). 

The sign of d is determined from the instrument scale: if horizon 
alignment is above the mean division of the scale, the dip has a nor- 
mal value and is subtractive from the measured altitude, but il 
alignment occurs below the mean division (which happens very 
rarely) then the dip is additive to the measured altitude. * 

The accuracy with which dip is measured with the Kavraisky 
instrument depends on the conditions of observation and the skill 
of the observer. Under good conditions, in the absence of rolling. 


* The visible horizon is higher than the true horizon. 
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Fig. 134 


wind, vibration, and with good visibility the mean square error 
uf one complete measurement will be of the order of +0’.2-0’.3. 
‘or a very rough-to-high sea (magnitude 5-6), the error increases 
to +0’.5. For a relatively inexperienced observer in average (that 
Ix, real) sea conditions, the error will be of the order of +0’.8. 

A drawback of Kavraisky’s dipmeter is the difficulty involved 
ln aligning the horizons with a simultaneous reading of the scale 
when the ship is rolling and vibrating and there is a wind, all of 
which makes the instrument shake in the hand producing all kinds 
af tilting. It is extremely difficult in such conditions to hold the 
horizons in coincidence for the time necessary to take a reading, 
wud this naturally reduces the accuracy of the measurement appre- 
tluably. In this connection, Soviet manufacturers began the produc- 
(lon of a new dipmeter (HM-1, Fig. 131), which is an intermediate 
(ypo between the Pulfrich and Kavraisky instruments and the new 
typo FiM-5. In type HM-1, the prism block closest to the microme- 
lor drum is rotatable, as a result of which the horizons are aligned 
ly rotating the micrometer drum, which gives the dip reading, and 
uy thore is no scale in the field of view. Otherwise, the operating 
principle and diagram of the instrument are the same as those of 
(he Kavraisky dipmeter. 

The IIM-1 dipmeter is operated in exactly the same way as the 
HWY instrument (with the exception of rotation of the instrument). 

ln this dipmeter, the images of the horizons after alignment 
ly means of the micrometer will not diverge, thus simplifying 
ohaervations ino a rolling ship. Besides, the horizons are aligned 
ln the contre of the field of view (in the TH instrument they are 
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aligned out of the centre), and evaluation of divisions and reading 
of the dip are less subjected to human errors. From the foregoing 
it will be seen that observations with the HM-1 and HM-5 dipme- 
ters are more accurate and convenient than with the HK dipmeter. 

Despite these comparatively convenient instruments for mea- 
suring the dip of the horizon, the reliability of values obtained is 
open to question. Further studies of the variability of dip in azi- 
muth and its variability in different areas for different times of 
the year are still needed. 


SEC. 74. DIURNAL PARALLAX 


When observing a body whose distance away is comparable to 
the size of the earth, the body will be seen from different angles 
at different points of the earth. Thus, for an observer A (Fig. 132) 
moving with the diurnal rotation of the earth to positions A,, Ao, 


Fig. 132 


A3, the celestial body will be projected on the celestial sphere at 
the points C,, C2, C3; in other words, we have a parallactic shift, 
and the coordinates of the body will therefore change. 

The diurnal parallax p is the angle at which the radius of the earth 
(corresponding to the site of observation) is seen from the centre of the 
celestial body, or, more precisely, the arc CC, on the celestial sphere 
between the geocentric position of the body C2 and the place of the 
body C as seen from the earth’s surface. 

From Fig. 132 it is seen that for an observer at the point A, the 
star will be on the horizon and the diurnal parallax will be greatest. 
For an observer at A>, the star. will be in the zenith and the diurnal 
parallax will be zero. 
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uly bodies of the solar system whose distances away are rela- 
tively small exhibit a diurnal parallax. This phenomenon is simi- 
lur to the annual parallax of stars, the only difference being that 
(lh observer moves a distance of one earth radius and the period 
in diurnal. If all coordinates are referred to the centre of the earth, 
(hat is, if we obtain geocentric coordinates, then the diurnal paral- 
lux will have no effect on them. Almanacs give the geocentric coor- 
dinates for bodies of the solar system. But altitudes measured from 
(he surface of the earth are subjected to the effects of the diurnal 
mrallax and must therefore be referred to the centre of the earth 
wfore they can be introduced into computations. 

In Fig. 133, let the angle CAH, =h’, the altitude of the body 
for an observer at the earth’s surface, and the angle COH, be the 
weocentric altitude of the same celestial body; this is the altitude 
referred to the centre of earth. We then have 


h=h'-+-p (14.22) 


The value of p for a body on the horizon is called the horizontal 
parallax. Since the shape of the earth is much like an ellipsoid of 
rvolution, the greatest horizontal parallax will be found for an 
ubserver on the equator, a distance away from the centre of the 
arth equal to the semimajor axis a. This maximum parallax is 
called the equatorial horizontal parallax po, where the subscript 0 
is replaced by the symbol of the celestial body. But since the diffe- 
rence between the equatorial and polar parallaxes even for the 
moon does not exceed 0’.2, tables give the equatorial horizontal 
parallax po for all observers. 

When the body has an intermediate altitude, its parallax p will 
abviously be greater than zero but less than the horizontal parallax 
py. From the triangle CAO (Fig. 133) we obtain 


sinp  sin(90°-+h’) 
R D 
whence 


sin p=— cos h’ (14.23) 


where R is the radius of the earth; 
D is the distance of the body. 
Isul from the triangle C,;AO we have 


R : 
Wi eae S1n Po 


Substituting this value in the preceding formula, we have 


6 sin p=Sin po-cosh’ 
11). 1275 
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Due to the smallness of the angles p and py, put the first terms 
of a series expansion in place of the sines, we then finally get 


P= po cosh’ (14.24) 


The angle p is called the diurnal parallax of the body at an altitude, 
and it is applied to correct altitudes on the basis of formula (14.22). 
A more precise formula is obtained if in the expression (14.23) 
in place of the earth’s radius R we take the value of the radius 
of the vector o of a given point of the earth as derived in naviga- 
tion: 9 = a (4 — a sin? g), where a is the semimajor axis, a is the 
oblateness of the earth, and @ is the latitude of the place. 


Then sin p = a (1—a sin? ~) cos hk’ and, substituting — by 
SiN Po, we get 
sin p = sin py (1 — asin? @)-cos h’ (14.25) 


The closer a body is to the earth, the greater its diurnal parallax. 
Thus, the value of po for the sun is an average of 0’.15; for the moon, 
about 57’ (from 61’.5 to 53’.9), for Venus, from 33” to 5"; for Mars, 
from 24” to 4”, and so forth. The values of po for the sun, planets 
and the moon are given in the daily tables of the MAE for Oh Green- 
wich time (for the moon, an additional value is given for 42h). 


SEC. 75. SEMIDIAMETERS OF CELESTIAL BODIES 


When measuring the altitude of the sun and moon, the horizon 
is brought to coincidence with the limb of the body and not its 
centre, so that we get the altitude of the limb of the body. But the 
MAE and other almanacs give the coordinates of the centre of the 


Fig. 134 


body. Obviously, the measured altitude of the limb of the body must 
be referred to its centre too. To do this, add the apparent angular 
radius R of the body to the measured altitude of the lower limb, and 
subtract R from the altitude of the upper limb. 

The apparent angular radius R, or the semidiameter, of the body 
is the angle bAc (Fig. 134) at which the radius of the body is seen from 
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the varth’s surface. But the MAE gives the central true angular radii 
(x«midiameters) R’, which are the angles bOc referred to the centre 
ul the earth. For the sun and the ‘planets, the difference R’ — R 
In nogligibly small, for the moon however it reaches 0’.3; for this 
rason, tables for correcting the altitude of the moon include the 
‘computed apparent radius of the moon as a function of its parallax 
wind its altitude. The MAE does not take into account the effect 
uf refraction. 

The refraction effect here lies in the fact that rays coming from 
il centre and from the upper and lower limbs of the body are re- 
lrncted differently, as a result of which the apparent radii of the 
xt and moon differ slightly from those given in the MAE. This 
difference, for altitudes less than 15°, is sensible. Thus, for small 
wltitudes of the sun, one should not take the measured vertical 
rudius as equal to that given in the MAE, and when correcting the 
wllitude one should introduce only R from the MAE or tables. 

The apparent angular radius of the sun varies from a maximum 
16.3 on about 3 January to a minimum 15’.8 at about 3 July, 
yielding an average Reg = 16’.0. For the moon, the angular radius 
varies from 16’.8 (at about new moon) to 14’.7 (at about full moon); 
(he average angular radius of the moon is 15’.5. 

The semidiameters of the planets are neglected in nautical astro- 
inomy due to their smallness and to the fact that the centre of the 
upparent disc of the planet is aligned with the horizon. 


ERRORS DUE TO IRRADIATION 


I’xperiment has shown that a bright body on a dark background 
uppears to the observer's eye to be greater than its actual dimen- 
Mions. This is due to an optical illusion called irradiation. When 
the bright sun is viewed on a comparatively dark sky background, 
the disc of the sun appears exaggerated (about 0’.6 on either side, 
wecording to certain authors). Similarly, a bright sky appears to 
““ncroach” somewhat on the dark background of the sea (also about 
()’.6). Due to irradiation, the stars do not appear as points, but 
tuther as bright spots. In observations of the lower limb of the 
Ht, errors due to irradiation of the solar disc and the horizon just 
whout balance, and no corrections are needed. But if the upper 
limb of the sun is observed, the corrected altitude may have a total 
wrror due to increased disc (0’.6) and “depression” of the horizon 
(0.6). In British and American tables and the MAE, this error 
iy taken care of by a special correction for irradiation for the upper 
limb of the sun equal to —1’.2. This correction is not introduced 
for other bodies. Since this phenomenon has not been sufficiently 
verified, it is best not to take sights of the upper limb of the sun. 


19% 
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SEC. 76. CORRECTING THE ALTITUDES OF BODIES MEASURED 
ABOVE THE VISIBLE HORIZON 


“Correcting altitude”, as we have noted, is the transition from 
a sextant reading to the true geocentric, or observed, altitude. In 
each case we take into account the corrections necessary for the given 
specific measurement. The general sequence for making corrections 
and the appropriate terminology are as follows: 

(1) the sextant reading (sr) or (sert. alt.) corrected by the index 
correction (i) and the instrument correction (s) taken from the cer- 


Fig. 135 


tificate of the sextant is called the measured altitude h’ of a celestial 
body or of its limb (hk. = hyegs = angle E’AD in Fig. 135); 

(2) the measured altitude corrected by the dip d is called the 
apparent altitude (hap) of the body or of its limb (h,, = angle HAE’); 

(3) the apparent altitude corrected by the astronomical refrac- 
tion op is called the true altitude of the body or of its limb (angle 
HAE); 

(4) the true altitude of the limb of the sun or the moon corrected 
by the angular radius R is called the true altitude of the centre of the 
body (angle HAS); 

(5) the true altitude of the centre of a body (the sun or moon) cor- 
rected for parallax p is called the true geocentric altitude of the centre 
of the body (angle SOW) or the observed altitude, and is denoted by 
h or hoy. The signs of all corrections are shown in Fig. 135 for the 
ordinary case. 

Bringing all corrections together, we get the following general 
formula for altitude correction: 


h=sr-+its-+(—d) +(—po) +p+(+ R)+(+ Ap, + (+ App) (14.26) 
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where Ap;, g are corrections to altitude due to variation of the 
mean refraction 0) with temperature and pressure 
(for h < 30°) | 
+R is for correcting the altitude of the lower limb of the body 
—R is for correcting the altitude of the upper limb. 


I, CORRECTING ALTITUDES OF THE SUN 


To correct the altitude of the sun on the basis of the basic for- 
inula (44.26) (disregarding Ap,,;), three arguments are needed: 
height of eye (for d), altitude of celestial body (for 0) and p) and 
date (for Reo). To simplify the work, a single table of “general cor- 
rections” is compiled (on the basis of two arguments) and a supple- 
mentary table of small corrections for the date. To do this, trans- 
form (14.26) separately for the lower (14.27) and the upper (14.28) 
limbs of the sun: 


h=sr+i+s-+(—d— p)-j-p-+ Rav) -| [AR] (14.27) 
h= sr = its | (— i Co +- p -E Rav) —- [2Ruv =e AR| (14.28) 


where p = Dg cosh 
p> >= 0'.15 
Ry is the average (mean) angular radius of the sun equal to 16’.0 
AR is the correction to it for the given date. 

The bracketed quantities are combined into a total correction, 
A,,:, included in a single table 8a, MT-63, based on the arguments: 
height of eye in metres and measured altitude of body (from 3° 
to 90°). The quantities in square brackets are given as additional 
corrections A,g in the tables: 86, MT-63, for the lower limb; 8p, 
MT-63, for the upper limb. The date is the argument for entering 
(hese tables. The quantities Ap, and Ap;, given in Tables 14a and 
146, MT-63, are considered only for h < 30°. 

l;xamples 1 and 2 indicate the outline of computations and desig- 
nutions of corrections. 


Example 1. On 21.10 a measurement was made of the altitude of the lower 
limb of the sun: To = 32°18’.6, height of eye of observer e = 8.5 metres; 


vl, 359°31’.2; oig = 360°35’.8; certificate yields s — 0’.4. Find h. 


sr | 32°18.6 j= 960° — SBE — 37,5 
its |— 3.1 
h' 32°15'.5 Check: oig —oi,=- 64’ .6 
Table 8a Nees) oh, WG od Rg X 4= 16" 1x 4-64" 4 
{ 


Table 86 Aaa | + O .: 


Rod Or he | 32°25’.0 
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Example 2. On 8.11, ret as e=9.4 metres; oi,—360°32’.2; oig= 
=: 359°27’.0; s=—0’.2; t-= +1°; B=775 mm. Find h. 


sr 7°27 4 pa TO tO 
its + 0.2 
h 7°27" .6 
Table 8a Atot + 3.7 
Table 88 Aad — 32 .2. Check: 0i,—0i9 =65’ .2 
Tables 14a, 6 Api,p | — 0.95 Ro X 4=64'.8 
ho 6°58’ .6 


Note. For altitudes less than 5°, it is best to enter Table 8 (A; 5+) with 
hap-=h' —d, where d is taken from Table 116. In this case, enter Table 8 
with e=0 metres. When correcting the altitude of the upper limb of the 
sun, bear in mind the possible correction for irradiation (—1’.2). 


II, CORRECTING ALTITUDES OF STARS 


For the altitudes of stars there are no corrections for semidia- 
meter and diurnal parallax, and so the general formula (14.26) 
will have the form 


hy = sr+its+(—d—pp) (14.29) 
The quantities d and py are combined into the total correction 
Aio¢ and given in a single Table 9a, MT-63, the arguments for ente- 


ring this table are height of eye in metres and the measured altitude 
of the star. The correction from Table 9a will always be negative. 


Example 3. Sy = 31°43". 4; oi = 309°57’ .5; e=11 metres; s=+0’.4. 
Find hy. 


sr 31°43’ .4 
i+s{|-+ 2.9 
h’ 31°46’ .3 
Table 9a Azote | — 7.5 


hy | 31°38’.8 


III, CORRECTING ALTITUDES OF PLANETS 


The altitudes of planets are corrected by the same table as those 
of stars, but for Mars and Venus, and sometimes Jupiter, it is neces- 
sary to introduce an additional correction for parallax from Table 
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(6, MT-63, using the arguments: equatorial horizontal parallax 
tnkon from the MAE for the date of observation and the altmude 
of the planet. 


Example 4. Date: 13.11.68. Morning measurement of altitude of Venus: 
moun sr=12°33’.4;5 i=+1.8; s=—O0’.5; e=9.8 metres; t=—10°; 
# = 6770 mm. Find h 


e° 
sr 12°33’ .4 
i+s {+ 4.3 From MAE po=0’.1 
Table 9a h’ 12°34’ .7 
Table 96 Atot | — 9 .9 
‘nbles44a,6 Aaa | + 0.14 
Api,p | — O .4 


ho 12°24’ .5 


LV. CORRECTING ALTITUDES OF THE MOON 


When correcting the altitude of the moon, formula (14.26) takes 
(he form 
hc =sr+its—d—potprat Rc + Api, sz (14.30) 


The diurnal parallax of the moon and its angular radius vary 
rapidly; therefore, they are taken from the MAE for a given date 


Fig. 136 


und are interpolated for Greenwich time, 7,,. The result is that 
(14.30) acquires many arguments, and the construction of a general 
luble becomes complicated. But a relationship can be established 
hetween pc and Ac that simplifies the formula for altitude cor- 
rection. 

Take the earth 7 for a sphere of radius rs (Fig. 136), denote the 
distance of the moon (L) by D, and the linear radius of the moon 
hy rc. Then from the triangles TAL and TBL we have 

‘ EO ; Re 
Sin Pc =D and sin R¢ ay 
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whence we get 


‘ 
sin R¢ =— sin p¢ = K sin pc 
6 


r 
The ratio of the linear radii of the moon and the earth — == K. 
} 


which is a constant equal to 0.2725. 

Due to the smallness of angles Rc and pc, we can substitute 
the first terms of the series for the sines of the angles. We then obtain 
the following approximate equation: 


Ro =0.2725p¢ (14.31) 
The general formula (14.30) in MT-63 is transformed as follows: 
he = sr-+i+s+(—d) + Ah¢ + Ah, (or ) tT Ahi, B (14.32) 


Here, Ah, = 54’.0 cos hap + 0.2725 X 54’ + 0'.26 sin hap — Py — 2’ 

where 54’.0 is the least value of the equatorial horizontal parallax 
of the moon 

0.26 sin h,, is a correction for the increase of the geocentric angu- 
lar radius of the moon when passing to the surface 
of the earth. 

This correction is given in Table 10a, MT-63. The corrections Ah 

and Ah— are given in Table 106 (lower limb) and in Table 10B 

(upper limb). Enter these tables with altitude and parallax taken 

from the MAE for the given hour of 7,,. Enter the main table 

(Table 10a) with altitude only. 

In Table MT-53 and also TBA-57, BAC-58, the tables for moon 
altitudes are based: on other formulas: 


Cho =sr+its+(—d)+[— Pot pc (cos h’ + 0.2725)] ! (14.33) 
Chc =sr4-i+ts+(—d)+[— 0+ Pc (cos h’ — 0.2725)] 


The corrections in the square brackets are functions of only two 
arguments and are given in Table 10a, MT-53, for the lower limb 
of the moon and in Table 106 for the upper limb. | 

In formulas (14.32) and (14.33) the correction d is taken from 
Table 116, MT-63 or MT-53, for eye height. First introduce this 
correction into the measured altitude and then with the apparent 
altitude obtained enter Table 10a and Table 106. 


VY, CORRECTING ALTITUDE OF BODIES MEASURED “ABOVE THE SHORE 
LINE” 


When correcting altitude measured above the shore line, intro- 
duce the correction for “dip short of the horizon” derived above 
(Sec. 72) in place of the dip correction. 
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From formula (14.15) for the inclination of the line of sight 


A’ =0.42C mites + 1-856 petres 


miles 

reduced to the form 

’ emetre 

A’ = 0.042C can teng + 18.56 a (14.34) 

we have the Table 14a, MT-63. The arguments for entering this 
table are: distance to shore line C in cable lengths and eye height 
in metres. The formula for correcting the altitude of a body will 
have the form 

h=sr+its—A—p+p+R (14.35) 


After applying the correction A to the measured altitude, we get 
the apparent altitude; therefore, when subsequently entering the 
tables for general corrections of the sun, stars and planets, it is 
necessary to choose the values of A;,; for zero height of eye, i.e., 
Ao, given in the first column under the argument ‘altitude of body’. 

When correcting the altitude of the moon, use the correction 
from Table 11a (in place of Table 116), otherwise there are no chan- 
ges. 


Example 6. On 10.08.68 altitude of sun measured above “shore line”, 
ST = 49°27" 5; i= +1’.2; s=—6", e=12.5 metres; radar-determined di- 


stance to shore line, D27 cable lengths. Find hp. 


sr 49°27’ .5 
its 1.4 
Re’ hare 49°28’ .6 
Table 11a A — 9.7 
hap 49°18’ .9 
Table 8 (Atot)o + 15 .3 
Table 86 Aad — 0.2 
ho | 49°34’ .0 


VI. CORRECTING ALTITUDES OF BODIES MEASURED “VIA THE ZENITH” 


Above it was mentioned that via the zenith (or back-sight obser- 
vations) is a method used in measuring mainly the altitude of the 
sun, sometimes also thtsmoon. We shall therefore consider correct- 
ing the altitude of the sun. If altitude corrections for other celestial 
bodies are needed, the procedure is fully analogous. 
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ln this method, it is more convenient to measure the altitude of 
(luv upper limb of the sun, that is, ho,; it will be the lower limb 


when measuring via the zenith (Fig. 137). An altitude measured via 
(luv zenith is reduced to the visible horizon by subtracting the dip 
(lable 416), after which the result 
in xubtracted from 180° and we obtain 
(lu apparent altitude measured in the 
wrdinary way. Total corrections are 
then applied, but without the dip of 
(i horizon. In this case, the correc- 
(lon for irradiation is not needed. The #7 
formula for the upper limb of the sun -4q 
inmasured via the zenith will be 


hs = [180° — (sr +-i+s—d)]+ 
| ( ~P+P+ Rav) —(2Rav+ AR) (14.36) 
‘The quantity in the second parentheses is taken from Table 8a, 


M'l'-63, for height of eye equal to zero (8,); that in the final paren- 


thisos, from Table 8s. Similarly, for stars use Table 95, and for 
ihe moon, Tables 10a, 106, 108 without change. 


ixample 7. On 3.07.68, altitude of ordinary upper limb of the sun mea- 
nured via the zenith: sO 2 == 122°43’.6; i= +1'.5; s= —73"; e=—10.4 metres. 


Fig. 137 


sr 122°43' .6 

its + 0.3 

h' > > 122°43’ .9 

Tuble 106 d — 5.7 
hap® : 122°38’ .2 

see 57 21 .8 

Table 8a +15 .4 
Table 88 — 31.8 
| 51° 5b V4 


ho 


VII, CORRECTING SMALL (LESS THAN 3°-5°) ALTITUDES OF THE SUN 


lt has already been pointed out that the tabular refraction for 
small altitudes is not quite reliable, particularly if the dip is not 
known exactly. However, when sailing in high latitudes one finds 
I. necessary to measure small altitudes of the sun. In such cases, 
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altitude corrections have certain peculiarities. Due to a rapid and 
nonuniform variation of refraction about the horizon, even slight 
changes in the argument of the altitude cause appreciable changes 
in refraction. For this reason, 

(a) enter tables of refraction with the apparent altitude, that is, 
as corrected by the dip of the horizon; 

(b) it is best to correct each sextant reading separately, and not 
the mean of 3 to 5 readings, as usual, otherwise discrepancies will 
appear, especially when deriving the root-mean-square error olf 
observation. Under ordinary conditions, one can correct the mean 
sextant reading as usual. | 

Table 8 does not contain solar altitudes less than 3°, and so sepa- 
rate corrections are applied from different tables according to the 
formula 


hg =sr-+i+s+(—d)+(—po+p)+(+ Ro) + (+ Ape) + (+ Aon) 
(14.37) 
Here, the quantities taken from separate tables are given in 


brackets; Ro (Table 13a) is taken with the “++” sign for the lower 
limb of the sun and with the “—” sign for the upper limb. 


Example 8. On 13.10.68, three altitudes of © were measured: sry=1°15’.5; 
S8To5= 1°17’ 623 srg 1°19’ .4;5 t= +1’'.4; s=+0’.2; e=11.2 metres; t= —5°; 
B=TT14 mm. Find ho av 


I TI lll 
sr 1°15'.5 1°17’ .2 1°19" .4 
its + 1.6 | + 14.6 |] + 1.6 
h’ 1°17’ .4 1°18’.8 1°24’ .4 
Table 116 Set; ON) wee: HO. ee. Bee 
hap 1°41’ .2 1°12’ .9 1°45’ .4 
Table 13a p-tp ee ee ee ee ee 
IN ey DH eae Oi), Se AS 
App — 0.5 | — 0.5 | — 0.5 
hep 0°45’ .9 0°47’ .8 | 0°50’ .3 
Table 136 Ry — 16.4 | — 16.4 i 16.1 
he | 0°29’ .8 | 0°31’.7 | 0°34’ .2 


he ay = 0°31’ .9 
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VII[. CORRECTING ALTITUDE OF BODIES WITH DIP MEASURED BY-: 
A DIPMETER 


I{ d is obtained from observations, it should obviously be excluded 
in all the foregoing total corrections. To do this, enter tables for 
(lho sun and stars with height of eye equal to zero. The dip will 
thon be eliminated and the other corrections will remain unchanged. 
lip is not included in the total correction of the moon in MT-63. 
‘l'ho only change therefore is that the measured value d,,.,, is used 
insload of Table 116. The working formulas will then be 


hy=sr+i+s+(—dmeas) + Table 82+ Table 86 (or 8B) 
hy, =sr+i+-s+(—dmeas)+ Table 92) (14.38) 


hh. == sr+its+(—dmeas) + Tables 10a+ 106 (or 10s) 


‘or altitudes less than 30° and temperature and pressure different 


from mean values, also add to these values the corrections from 
Tubles 14a and 146. 


cxample 9. On 4.08 68, sr= 14°27’ .5; i= +3’.6; s=+0’.4; e=10.3 met- 
res; measured d= —6’.4; t= +24°; B=745 mm. Find hs and the dip error. 


sr | 14°27’ .5 dtable —o5’.7 
i-s + 4 .0 as 
dineas —6 .4 
h’ 14°31’.9 | , 
error +O’.7 
dmeas = O44 
hap 14°25’ .4 
Tuble 8° ae, ers, 
Tuble 8B — 31 .8 
'lubles 14a, 6 4+ 0.3 
hs | 14° 6’.1 


SEC. 77. CORRECTING ALTITUDES MEASURED WITH ARTIFICIAL 
HORIZON AND BUBBLE SEXTANT MAC 


1. Correcting altitudes measured with artificial horizon. When 
observing celestial bodies in an artificial horizon, we really measure 
wi’, so before correcting the measured altitude, divide it by two. 
No dip correction is needed, and the remaining correction is similar 
lo the above-considered case with measured dip. The formulas for 
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this correction will be of the following form: 


@ hg = THES + (p+ pt Rav) + (AR) 


*K hy = (14.39) 


sr+i+ts | 
— De 


| 
© hg = +10 + pg (cos h’ + 0.2725)] } 


In these formulas, s is taken for sr and not > sr. 


For the sun, use Table 8) (for zero height of eye) and an additional 
correction from Table 86 or 88; for a star, use Table 92 or, which 
is the same thing, Table 12, and for the moon, Tables 10a, 106, 
108 without any changes. 


Example 10. On 20.07.62, altitude of lower limb of sun was measured 
in artificial horizon, srq@=74°28’ .6; i= —1’.8; s= —0’.8. 


sr 74°28’ .6 
its — 2.6 
2h’ 74°26’ .0 
h’ 37 13 .0 
Table 8a + 14 .9 
Table 86 — 0.2 
hs | BE Ot at 


Il. Correcting altitudes measured by WAC sextant. Unlike the 
artificial horizon, sextants with artificial horizon in the form of 
a bubble or gyroscope measure the altitude of the centre of the 
body and not the limb; accordingly, the formulas for correcting 
altitude take the form 


© hgo=sr+A—p+p 
*K hy =sr+A—p (14.40) 


C hg =sr+A—p-+ pc:cosh’ 


where A is the correction of the MAC sextant. 

For the sun, use Table 13a, which gives the sum (—p -- p); for 
stars, use Table 12 or 92, for planets a parallax correction is added 
from Table 96. The altitude of the moon is corrected by Tables 10a 
and 106; from these corrections subtract R, taken from the MAE. 
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Mxample 41. On 18.09.68, at 7,,—=14h, the altitudes of the sun and moon 


witty) measured with the MAC sextant: ST = 12°40"; sr. ¢ = 19°28"; i= 
B28’, 
© C Oh p’ 30° .6 (-+0’.7 
sr | 12°40" sr abezs! en, Ee) 
A~ |— 8 A aig. aeeR ie 
h’ 12°32’ h’ 19°20’ p | 56".0 
Vablo 18a op+p |— 4 Table 10a -+ 61 
—______—_ Table 106 + 4A Ro ss15".3 
hs | 12°28’ Roe} — fb 
he | 20°10’ 


When correcting altitudes measured by radio sextant, the formu- 
lus will be similar in structure to those considered above, but the 
vulues of refraction of extraterrestrial radio emission will be diffe- 
lout, requiring special tables. 


SEC. 78. ERRORS INVOLVED IN CORRECTING ALTITUDE 


Systematic and random errors may creep into altitude corrections; 
losides, the calculator may make blunders. 

Klunders occur most often in the numbers of tables and in signs 
uf the corrections. The only way to avoid blunders is by neat and 
curoful work. One check is to compare the corrected altitude with 
(lus measured altitude. For stars and planets, the corrected altitude 
Ix always less than the measured altitude, for the lower limb of the 
nin the corrected altitude (for h > 10°) is always greater than the 
imiasured altitude, and for the upper limb, it is always less. The 
corrected altitude of the moon, irrespective of the limb, will always 
erceed the measured altitude. 

Systematic errors are due mainly to the fact that the actual con- 
tions of observation differ from the mean conditions on which 
lubles are based. 

Practically the only source of systematic errors in tables of total 
‘arrections for the sun and stars is the dip error (Ad). This error, 
it, will be recalled, can be eliminated by taking the value of dip 
measured with a dipmeter instead of the tabulated dip. If this is 
not done, the error Ad will enter the altitude and consequently the 
llno of position in toto. — 

to make the tabulated value of refraction closer to the actual 
vulue, introduce corrections from Tables 14a and 146 for altitudes 
lows than 30°. 
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Slight residual errors due to the above-mentioned causes may bo 
considered random errors. 

Total-correction tables for the moon utilize formulas that neglect: 

(a) variation of parallax with latitude; 

(b) the effect of azimuth on parallax. 

The errors generated by these simplifications are not great, of the 
order of 0’.4 to 0’.2 in each case. Since appropriate corrections are 
not introduced, these errors completely go into the altitude, which 
means that the altitude of the moon is corrected with a slight addi- 
tional systematic error. 

Random errors of altitude correction occur mainly due to inter- 
polation. Experience has shown that the greatest error due to all 
these causes for tables of total corrections of the altitude of the 
sun and stars does not exceed +0’.3, for the moon, +0’.5. Errors 
of interpolation obey the law of equal probability, and so the rool- 
mean-square error of interpolation for stars and the sun will be 


0’.3 
&y= + — = + 0'.17 
1 a V3 ie a 
and for the moon, 
0’.5 
& = t— — HS Ht 0’.29 
1 i is V3 ie Se 
These values may be taken as the mean tabulated accuracy olf 
altitude correction of celestial bodies. | 
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KRRORS IN OBSERVING ALTITUDES AT SEA, METHODS 
OF DETECTING AND REDUCING THEM 


SEC. 79. ERRORS IN MEASURED ALTITUDES AND WAYS OF 
DETERMINING THEM 


I'rom theory we know that all errors are divided, as to the way 
they affect a measured quantity, into systematic (including recur- 
rent) and random (see Appendix V). The true, geocentric, altitude 
vbtained from observations and called the observed altitude h or 
i, inevitably contains both systematic and random errors of mea- 
nurement and correction of altitude that are independent of the 
will of the observer. These errors differ with different observers, 
conditions and instruments. 

Isesides, an observer can always commit a blunder when measu- 
tinge or correcting altitude; this will also enter into the observed 
wltitude. Thus, the observed altitude h,, differs from the true alti- 
tude (h¢,) for a given observer by the sum of the systematic (A) 
wind random (-+46) errors; in certain cases, h,, also contains a blun- 
(ir of some magnitude. Consequently, 


Now = hur + A+ (+ 9) (15.1) 


which means that h,, contains a total error, the magnitude and 
nign of which are usually unknown to us. 

Problems in detecting blunders in the measured altitude will be 
considered together with random errors, while blunders in compu- 
(ntions will be examined in the method of altitude lines of posi- 
(lon*. In this chapter we shall dwell only on-systematic and, par- 
(lcularly, random errors in observed altitude. 

(1) Systematic errors in observed altitude. We shall consider 
uly such systematic errors as have the same sign and magnitude 
(recurring errors) in’ the process of a single measurement. 

The main sources of such altitude errors are: 

(a) the personal error of the observer due to a property of his eye 
when aligning images: he does not achieve complete tangency or 
permits overlapping; 


* Chapter 20, Section 143. 


“0 -4275 
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(b) errors due to inaccurate adjustment of sextant before obser- 
vations; 

(c) “instrument” errors: errors in the instrument correction s taken 
from the certificate; prismatic errors of shade glasses, and errors 
due to the tangent screw and its backlash; 

(d) error in index correction; 

(e) error in the tabulated value of dip; 

(f) error in value of refraction (for small altitudes); 

(g) error in chronometer correction, which may be converted to an 
altitude error by the formula (3.16) in the form 


Ah’ = —0.25cos gsin AAT*” (15.2) 


where AT is a systematic error in the chronometer correction. 

The greatest of these errors is that of dip of the horizon, the others 
are usually small, given proper handling of the sextant and chrono- 
meter. Systematic errors may be eliminated either by introducing 
corrections or by special methods of observation. Both procedures 
are used in nautical astronomy and will be considered specifically 
for each method of determining the position of a ship and its coor- 
dinates. Finding personal systematic errors is shown in Sec. 84, 
Item 4 

(2) Random errors. As we know, random errors cause the results 
of measurements of one and the same quantity to differ; they have 
a certain spread; the smaller the spread, the more accurate the 
measurements. Accuracy of measurement is characterized by the 
so-called root-mean-square error or standard error (see Appen- 
dix V). 

Let us try to find out what mean-square error may be expected 
in individual operations in measuring and correcting altitudes and 
let us determine their total magnitude from present data. 

(1) The error due to deviation of the plane of the limb from the 
plane of the vertical circle when measuring (see Sec. 63). Since the 
inclination of the sextant is unknown in each measurement, the 
error expressed by formula (12.1) is of a random nature. For the 
average observer, this error may be taken at about 6, = +0’.2. 

(2) Sighting error, or error of “alignment”. This error is due to 
inaccurate alignment of the images of celestial body and horizon 
in the field of view of the telescope. Under average conditions, the 
resolving power of the eye is c = 45” (0’.75), which means that 
two points are still distinguishable by the eye at this angle. This 
quantity is taken as the sighting accuracy of the naked eye. A teles- 
cope increases this quantity in proportion to the magnification of the 
telescope, w, 


P c 
Sw 
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Magnification of telescopes of present-day sextants ranges from 
4.0 X for star telescopes to6 < and 7  X for day telescopes. Depend- 
Ing on this factor, the sighting error will be ¢ = --0’.24 for a star 
lolescope and &, = +0’.12 for a day telescope, respectively. 

(3) The error in micrometer-drum reading due to interpolation 
“by eye” may be taken* at 6, = +0’.12. 

Pei We take the error in determining the index correction at 

fant = +()'.1 

"5 5) We take the random errors in correction of altitude (see Sec. 78) 
ut e, = +0’.17. 

(6) The random error in chronometer time can also be referred 
to errors of altitude. To do this, we rewrite formula (15.2) for the 
mean-square error &) 


E, == —0’.20 cos p sin Aes (15.3) 


where er is the error in the chronometer time and chronometer 
correction. &- does not usually exceed 1s; for this reason, under 
uvorage conditions, & = &, ~ +0’.14. 

It may be taken that all causes that give rise to errors operate 
Independently, then from the formula of error theory we get the 
wxpected random error in the corrected altitude: 


fxp=tVei+e t+esteitetes= + 0’.35 


This is the possible theoretical precision of the observed altitude 
of the sun or a star obtained under average conditions. 

Iixperience has shown that the principal factors determining the 
uccuracy of altitude measurement are: brightness of horizon, skill 
of the observer, quality of the instrument, and care taken in making 
(he observation. Due to poor visibility of the horizon, the sighting 
wror is almost always greater than the theoretical value, so that 
wvon in the case of a good observer the mean-square error in the 
uvbsorved altitude is always greater than the possible theoretical 
value obtained above. 

Studies have shown that for an observer of average skill, the 
wrrors &, fluctuate as follows under various conditions: 


in daytime for the sun: from + 0’.3 to + 1’.0 (average + 0’.7); 
at night for stars: from +0’.5 to +1’.5 (average + 1’.0). 


l'or the MAC-1 sextant, the magnitude of a random observational 
error is greater than for an ordinary sextant. Under very good con- 
ditions (in a roadstead or at a wharf), the error of measurement 
r, may be of the order of +1’.0-1’.5. Errors increase drastically 
In the case of rolling or pitching of the ship. For rolling or pitching 


* According to Professor N. Matusevich. 
20* 
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up to 2° (moderate-to-rough sea), 6, ~ +3’; for rolling or pitching 
from 5° to 8°, the error &, = -td’-7’. For greater values do not use 
an WAC sextant for measuring altitude. 

The highest accuracy in altitude measurements is obtained with 
a mercury artificial horizon (under coastal conditions); here, 6, = 
== +(0’.21-0’.26) and is close to the highest theoretically possible 
ae in sextant measurements of the altitude of a celestial 

ody. 

(3) Finding the mean-square error of measured altitude. Error 
theory has worked out methods for determining the mean-square 
error ¢ in the measurement of a quantity when the true value of this 
quantity is not known. In this case, a procedure is applied called 
“by inner agreement of measurements” in which are found the devi- 
ations v; of individual measurements from their arithmetic mean, 
after which the error of one randomly taken measurement in a given 
series is determined from the formula 


Yv2 
g = + fos (15.4) 


where n is the number of observations. 

This and other formulas that follow from the normal (Gaussian) 
law of distribution of random errors will be used to determine alti- 
tude errors. 

Recent studies in the field of error theory indicate that the methods 
and formulas derived from the Gaussian law hold only for very 
large numbers of observations (7—>oo). For a small number of 
observations (9 to 7), other laws of error distribution have to be 
invoked (Student’s law, for example), also special tables and for- 
mulas that yield better results. However, for navigational purposes 
we still make use of the classical methods of determining ¢, as being 
simpler and of more practical convenience. 

To compute ¢« from formula (15.4) it is necessary to take many 
measurements of one and the same quantity, angle a, say. Now the 
altitude of a celestial body is constantly varying, and so it is not 
possible to take a series of measurements of the same altitude. 

Measuring a series of different altitudes of the body, we get diffe- 
rent angles each time; it is therefore impossible to appraise obser- 
vational errors from the data obtained. 

Change of altitude is due to the following causes: 

(1) diurnal rotation of the sphere, 

(2) movement of the ship over the earth’s surface, 

(3) change of declination of the celestial body, 

(4) random errors of observation. 

If we eliminate from consecutively measured altitudes the effects 
of the first three factors by introducing corrections, we can take it 
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(hit. these “reduced” altitudes (h,.g) are equally exact and represent 
(lw result of a multiple measurement of one and the same quantity. 
Irom a comparison of reduced altitudes we can judge the observa- 
tional accuracy and compute the error &,. 

Systematic errors do not usually vary perceptibly during the 
(ime of observation, and so we shall consider that they will have 
iw offect on’ change of altitude. Due to their operation, all measured 
wl(itudes are erroneous in the same direction and by the same amount. 
The same is assumed in the correcting of altitude. On this basis, 
wi can “reduce” sextant readings directly without any corrections. 
‘The altitude thus obtained is the reduced altitude, h,.,. 


SEC. 80. REDUCING ALTITUDES OF CELESTIAL BODIES TO A SINGLE 
INSTA NT 


To reduce an altitude to a given single instant, that is, in order 
(0 oliminate the effect of the diurnal rotation of the sphere, apply 
( each altitude the correction Ah,;, which expresses the magnitude 
wf change of altitude for the interval of time from the instant it is 
(nken to the instant to which the altitude is reduced. 

In Sec. 14 we obtained the formula (3.27) for increment of altitude 
luo to diurnal motion, taking into account the second terms of the 
nvrios expansion of the altitude. For small intervals of time and for 
lurge distances from the meridian of the observer, we can confine 
wurselves to the first term of this formula, or 


Ah= —cos @-sin A- At 


whore Az¢ is the variation of hour angle or, approximately, the change 
in time (AT). 

Near the meridian of the observer, however, do not neglect the 
mcond term of the series (acceleration of altitude rate). In these 
ruses, it is best to reduce each altitude to the meridian (as an ex-me- 
rldian*® altitude), and this will take account of the diurnal motion 
uf the sphere. From the foregoing we have two ‘ways of reducing 
lo a single instant. 

(n) Reducing to a single instant altitudes measured outside the 
meridian. To reduce, apply formula (3.16), in which the quantity 


Amee = AT is the increment of time: 
Ahr = —0.25cos p-sin A-AT*” (15.5) 
Altitudes may: be reduced to any instant in the past or future, 
lui. when using the formula remember that when reducing an earlier 


* See Section 127. 
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altitude to a subsequent instant, consider AT in this formula posi- 
tive for west hour angles and negative for east hour angles. When 
reducing a subsequent altitude to a previous instant, the signs olf 
AT will be reversed. Incidentally, it is hard to make a mistake in 
the sign of the reduction even without these hints because the very 
nature of the altitude change will indicate clearly the sign to be 
affixed to the correction Ah,. 

In order to deal with smaller numbers, it is more convenient 
to reduce all altitudes to 7,,, the instant when the average altitude 
is measured; then AT in the above formula (415.5) will represent 
the difference between the instant of each of the observations (7';) 
and this mean instant. The azimuth in (45.5) is ordinarily obtained 
for T,, by compass and is converted to true azimuth or is computed 
from the formula sin A = cos 6-sin t-sec hh. To compute Ah, from 
(15.5), first compute the factor K = 0.25 cos q-sin A, which is 
change of altitude in one second of time, or the rate of change of 
altitude. It is computed from tables of logarithms or from Table 156 


to the third decimal place. The quantity A7Ti° = T; — T,, is 


obtained in seconds, and then Ah’, = K-AT; is computed by 
slide-rule. All computations are arranged as shown in Example 1. 


Example 1. On 10.09.68, @=46°N, at anchor measured altitude of © 


in forenoon and recorded instants; average conditions of observation; at 
mean instant, 4j=57° SE. Reduce altitudes to mean instant and determi- 


ne Ep. 


(a) : (b) Determination of 
K=Ah during ts 
Ah, = 
To, |i la=xar,| Mea | A | 42 0.25 log |9.3979 
p=46° |cos |9.8418 
6h 08m 32s| 141s| 20’..6/33°24’ .3133°44’ .9|—0’.3| 0.09 4o= | sin [9.9280 
09 08]105 | 15.3] 30.4) 45 .7/+0 .5) 0.25 =7BF= 
10 12] 44] 6.0} 40.0} 46 .0|+0 .8| 0.64 ==123° 
10 53} 00 | 00 45 4 45 .3|-40 4 0.04 log X [9.1633 


kK==0’.146 in 1s 
14. 26] 33 4.8 49 .5 44 .7/—0 .5} 0.25 eee 


11 53] 60} 8.8} 53.2} 44 .4|-0 .8] 0.64 (c) n=V = = 
12m 35s| 102s] 14’ .9]34°00" .2/33°45’ .3|+.0’.4} 0.04 


— +0'.56 
Nay == 33°45’ .2; TA2—1.89 


* True bearing. 
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(b) Reducing to a single instant altitudes measured near meridian. 
li this case, the measured altitudes are regarded as ex-meridian and 
wt reduced to the meridian by adding to each a reduction r taken 
from Table 176, MT-53; we then consider the altitudes free from 
(he effect of diurnal motion. This method is analogous to determin- 
ing latitude on the basis of ex-meridian altitudes (Sec. 126). 


SEC. 81. REDUCING ALTITUDES OF CELESTIAL BODIES TO A SINGLE 
ZENITH 


lf an observer on board ship moves over the earth’s surface, his 
aznith on the celestial sphere and the associated plane of the cele- 
wtinl horizon will also move. As a result, the altitudes of bodies 
will change independently of 
their variation during the (a) Z, AT 
diurnal rotation of the sphere. 
'l'o compare altitudes, all con- 
sicuLtively measured altitudes 
must be referred or reduced 
lo a single place on the earth 
or to a single zenith. The 
reduction is performed by in- 
lroducing into the altitude 
u correction for ship move- 
ment (Ahz). 

Suppose that at the first 
measurement of the altitude 
of a celestial body C, the 
zenith of the observer on the 
Mphere (Fig. 138a) was at Z, 
und the body had a zenith 
distance 2z, = 90° —h,; its 
azimuth in circular reckoning will be A; the course of the ship (true 
course, 7'C, or K) is reckoned from the meridian of the observer 
PZ, in circular reckoning. By the time of second set of observa- 
lions, the ship’s zenith will have moved to Z.; the arc Z,Z» in mi- 
nutes will be equal to the run S of the ship in nautical miles during 
this time. The zenith distance of body C will now equal z. = 90° — 
— he. The difference between z, and z, will represent the change 
in altitude of the body due to movement of the ship. If we drop 
from Z, a spherical perpendicular Z,D on arc Z,C, then Z,D will to 
a first approximation represent the difference z; — zo = h, — h, = 
= Ah,, or hy =h, + Ah,. Taking the small spherical triangle 
4,Z,D for a plane triangle, we get 


Ahz = S+cos (A— K) (15.6) 


Fig. 138 
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where (A — K) is the course angle of the celestial body. Consequent 
ly, to reduce the first altitude to the second zenith, simply intro 
duce the small correction Ah,z; then both altitudes may be consi- 
dered as measured from a single place on the earth. 

Apply the following rule of signs in formula (15.6). If the reduc- 
tion is forward, that is, the earlier altitude is reduced to a subse- 
quent zenith, the run is regarded as positive and the sign of Ah, 
is determined from the sign of cos (A — K); if the reduction is 
backward, the run S is negative and the signs are reversed. Now 
the sign of cos (A — K) depends on the course angle CA = A — K: 
if CA <90° or CA > 270°, then the cosine is positive, otherwise 
it is negative. Thus, if the preceding altitude is reduced to subsequent 
zenith, the correction Ahz will be positive when the ship is sailing 
towards the celestial body and negative when sailing away from it. 
In reduction back (subsequent altitude to preceding zenith), the 
signs are reversed. 

This correction will attain its maximum value when the body is 
located ahead or astern: in this case Ahz = S in miles. But if the 
body is located abeam the correction Ah, is zero. As the observer's 
zenith moves, the altitude changes and so also does the azimuth of 
the body; but change in azimuth is slight and does not affect the 
magnitude of reduction Ahz. 

It is more convenient to compute the correction Ah, with the 
aid of Table 16, MT-63. For compilation of this table, formula 
(15.6) is given in the form 


Mhz = Gy (T2— 11)" -c0s (A—K) (15.7) 


where V is the speed of the ship in knots, 7,—T;, is the difference 
between first and second observations in minutes. If we take 7,— 
—T,=1 minute, we get the formula 


Ahtmin = -q- cos (A— K) (15.8) 


which is used to compile Table 16—“Reduction of Altitude to a 
Single Zenith” (for one minute). The arguments for entering this 
table are speed V and course angle (A — K), where the azimuth 
of the body is computed from formula (2.3) or is obtained by com- 
pass. The sign of the correction Ahjmin is indicated at the top and 
bottom of the tables, depending on the course angle. 

After taking out Ah; min we get 


Ahz = Ahymin (L2—11)"" (15.9) 
It is required to reduce altitudes to a single zenith not only when 


deriving observational errors, but also in night-time observations 
of the stars and planets and day observations of the sun and moon. 
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Mxample 2. At @.=951°20’N; course 221° true; speed 15 knots; measured 
wltitudes of two stars: av. s7,;=27°34’; T,=—5h 5m 25s; RCB, = 21°; AK = 


4°,53 av. sr79== 39°21’; To=5h 11m 34s. 
Ililtice hy to zenith ho. 


(1) A 199°.5 (2) Ts 5h 11m 34s 
CMG=K | 224 Ti 5 5 25 
A—K | 338°.5—21°.5 jee 6m 9s ~6m.2 


($) From Table 16 with A—A (on left) and V=15, we have Ahimin= 
|-0’. 23. 

(4) Ahzg= +0.23’/min 6.2 min= +1’.4., 

(h) Rpeg = 27°34’ +1! .4—27°35'.4, 


When deriving formula (15.6), the triangle Z,Z.D is taken to be 
jiluno, actually however it is a spherical triangle. For this reason, 
whon working to a second approximation, one must take into account 
w correction for sphericity. 


SEC. 82. REDUCING ALTITUDES OF CELESTIAL BODIES TO A SINGLE. 
DECLINATION 


If the declination of a body changes, the altitude of the body 
will also change independently of its change due to the diurnal 
rotation of the sphere and the motion of the observer. Therefore, 
lt derive the error, all measured altitudes in a series must be redu- 
vod to a single declination by introducing a correction, Ahs. The 
lormula for the increment of altitude with change in declination 
in derived in Sec. 107 and has the form 


Ah'S — Ad’ -cos q (15.10) 


Aforih Ap™" is the change in declination during time 


where Ad = “60 min. 


\/’ between observations, and A is the hourly Enaeee in declina- 
lion taken from the MAE. 
The angle q may be obtained from the formula 


sin g=sin A-cos @-cos 6 
wt from formula (3.10) of Sec. 11 in the form 


Ah’ 
“P5ATmin S&C 6 (19.11) 
‘or the sun and the planets, the correction Ahs has perceptible 
vulues only for very large intervals of time AZ amounting to 10 
\o 20 minutes, since the hourly change of Ads < 1’.0, and Aé,; < 
1.3. 


sing = 
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For the moon, the declination of which can change very conside- 
rably (up to Ad; = 20’ per hour), the correction Ahs may come 
out appreciable and has to be taken into account. Reduction to 
a single declination is applied only for deriving observational errors 
for the moon. 


Example 3. On 27.09.58, measured two altitudes of the moon: hy=38°29’.5; 
T gry = 4h 28m 35s and hy=39°4’.6, T gro —4h 33m 43s. Reduce first altitude to 
declination at second instant. 


; + 19’ .2 4) q = 28°; 
(1) 6% | 0°22".9N (19.2) (2) Adc = ie smi | i q=0.88 
Aé} + 4 .6 tO! yoo (5) Akg =+0'.7 
. 35’.1 
6, | 0°27’.5N i) SING ae om 
x 1.00 =0.46 


SEC. 83. COMPUTING THE MEAN-SQUARE ERROR OF ALTITUDE 
FROM OBSERVED ALTITUDES 


The principal method for obtaining the mean-square error of alti- 
tude ¢, in the open sea is by computing it from deviations of sepa- 
Tate measurements from their arithmetic mean, that is, from “the 
inner coincidence” of the altitudes. Here, use formula (15.4). 

If there is an opportunity in some way to obtain or compute 
the true values of altitude at the instants of observation, then 
the total personal errors will be equal: A + 6; = h; — ht, and 
the mean error &,, after elimination of the systematic error A, 
is obtained from the formula 


4 / 28 
ee / — (15.12) 


where n is the number of observations. This method is called com- 
puting from true or absolute errors. 

To derive the mean error &, from “the inner coincidence of alti- 
tudes”, measure 7 to 11 altitudes of the body and note the chrono- 
meter time. It is not advisable to measure more than 11 altitudes 
in succession because fatigue of eye and hand will impair the result. 
When measuring the mean altitude or after measurements, take 
the bearing of the celestial body, note 7',,, speed, course and log 
reading from which the ship’s coordinates are taken. These data 
are put into the computation diagram, which is used to reduce 
to a single (averaged) instant and zenith, and (for the moon) the 
declination as well. 

After the error has been found, the series of observations obtained 
must be analyzed. To do this, compute the limiting error &,;,, = 
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’¢, and the probable error (50%) &p;95 = 7/3 &y. In an analysis, 
wn error in v that is greater than or equal to &,;,, should be consi- 
dered a blunder and the observation result deleted; a new value 
ale, is then computed. If a series of observations has been performed 
correctly, then half of the errors in v is greater than &p; 9» in abso- 
lute value, and half is less. In addition, the mean-square error 
ln derivation, that is, in the average altitude, h,,, is computed 
from the formula 


fa. 
&9 == Vat V n( =e (45.13) 


The quantity &) gives an aie of accuracy of the arithmetic 
moun (hg,) and depends on the number of observations whereas 
,, (for large nm) is independent of the number of observations. It is 
udvisable to compute Ah; and Ah, by slide-rule. 

Example 4. On 10.04.68, at about 7,,—=10h 25m; /r=37.4, o,-=42°35'N; 
an course 280° at speed 14 knots: CB = 121°; Ak = —3°; measured series 


af altitudes of ©. Reduce altitudes to mean instant and to zenith; compute 
"ny 0; Eprob ad €jm and analyze the given series of observations. 


(1) 


Tp. ; Ahr Ahz hi : 2 
a Ate | 47m | —x,aTs l= An-ATm ~ See © 2 
(M1 23m18m} 104s | 4m.7} +16’.9 | —0O’.4 | 36°44’.4] 37°0’.9 |—0’.5] 0.25 
23 54 68 {4 .4] +41 .0; 0 .2 50 .4 14.2 |—O .2/ 0.04 
24 29 33 |0 .6/; +5 .4] —0O .1 |36°56’.7 2 .0 |+0 .6) 0.36 
25 02 | 00 0.0) 0 o 0 .0 20 10 1 .0 -0 afo.t8 
25 38 36 | 0.6) —5 .8] +0 .1 6 .4 7 |—O .7| 0.49 
26 18 76 | 1.3] —12 .3] +0 .3 13 .8 14 .8 |-+0 .4)0.16 
26 52 | 140 | 41.8] —17 .8| +0 .4 19 .5 2.4 |+0 .7/0.49 
hay =37°1' .4 DA2—1.95 
The sign of Ahr is determined from the change in altitude and of Ahz 
from Table 16. » 
(2) Auxiliary computations: 
(i) TB = 118°; @ =42°.6 (b) TB=A | 118° 
trom Table 156 K,=0’.162 in 41s K | 227 
A—K | 201° 
V=14 knots 


from Table 16, MT-63 
Ahy= —0’.22 in 1 min 
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(c) Check on computation of v. 

The sum of deviations from the mean (Xv) should equal zero; in the gi- 
ven case, Lvj-= —0’.1, which is permissible and is the result of rounding off. 

(3) Computing mean errors. 


When analyzing a series of v, it is seen that there are no blunders 
(3e,) and that the series of observations h was taken rather well. 
The resultant s, corresponds to any randomly taken measurement 
with a probability of 68.3%. 


SEC. 84. METHODS OF CHECKING MEASURED ALTITUDES 


Several methods may be applied to check measured altitudes for 
tlunders, quality of measurement and total accuracy. 

(1) Approximate check from the differences of measured alti- 
tudes. After taking a series of altitudes, a computation is made 
of the differences of readings and instants between adjacent obser- 
vations. These differences are then analyzed: larger Ah should 
correspond to a larger interval of time. If the measurements were 
carried out on preset readings, the differences Ah are constant 
(5’ to 10’) and the difference of instants AT should be roughly (to 
within several seconds) the same. 

Then from Tables 15a and 156, MT-53, with computed latitude 
and azimuth of the body take out the theoretical increments in alti- 
tude and write them in a column next to the actual differences. 
If any two adjacent differences differ radically from the theoretical 
value and from other differences, it is probable that the mean obser- 
vation between these differences is in error and should be deleted. 
If the discrepancies between differences are comparatively great— 
of the order of 1’ to 2’—and are evident throughout the series, 
then all observations were apparently executed badly, with a spread. 
Discrepancies in differences less than 1’ are common, and the obser- 
vation series may be considered good. 
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xample 5. 


Auxiliary com- 
wf te | | ar [ato frauiso] — puatins trom 
on = 49°50’N 
{ | 5h3m30s 37° 8'.2 39s | 5’.3 | 6’.0 and A= 47°. 
0 4 9 | 13.5 | 27 14.0] 4.2 Ah for 10s — 
r i BG 171.5 | 42 [7.4] 6.5 —1".54 
I 5 18 24 .6 27 16.6] 4.2 20—3.08 
ty 5 45 31 .2 35 |3 .7 5 .4 30—4. 62 
(\ 6 20 34 .9 31 14.3] 4.8 40—6.16 
7 |5 6 54 37 39 .2 1—0.15 
5—0.72 


I'rom a comparison of Ah,, and Ah from Table 15 it is seen that 
the differences of observations 4-5 and 5-6 do not agree with the 
others and with the theoretical values; obviously, the middle, 
fifth, observation is inaccurate. Delete it and form the difference 6-4; 
Ah, = 10’.8; AT =1m 2s; Ah Table 156 = 9’.5, which lies 
within the limits of random deviations. The other observations 
live still better agreement. 

(2) Check by comparing observations of two or three observers. 
\ beginning navigator will find it very helpful to compare his 
moasurements with those of a more experienced observer. To do 
(his, altitudes are observed on command and compared after apply- 
{nge instrument corrections. If there are discrepancies, find their 
ewuses. Later, two or more observers measure a series of altitudes 
wl about the same time. Reducing the altitudes to one common 
instant of time and zenith, find the mean values and compare them. 
l\erive the errors 6, and €&, and analyze them too. 

(3) Check on observations and instrument by comparing observed 
wltitude with the altitude computed at that instant from known @ 
wud A. Every navigator should utilize any spare time when standing 
1) roadstead or when sailing along the coast with an open and nicely 
visible horizon to determine the quality of his observations and 
(he reliability of his sextant. To do this, take a series of altitudes 
of a body, and, if possible, the dip of the horizon. Taking the average 
wllitude and time, correct the sr obtained. With the mean instant 
obtained and with known @,», Ao», find the “computed” altitude 
in the ordinary way using a five-place table. This altitude will 
in the given case be the actual altitude. The difference h,, — hi; 
will indicate the total error of observation; if the value is greater 
than 0’.4-0'.5, we have either a constant error of the sextant, or 
u porsonal error of the observer. 
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In this case, the mean random error ¢, is found after reducing 
the corrected altitudes to the instant (in roadstead) or to the instant 
and the zenith of the computed altitude. Then the differences (h,,);— 
—h;p = +6; + A, after eliminating A, will represent the true 
errors and s, is computed from the formula (415.12). 

(4) Determining a personal systematic error. To an observer, 
the sun’s disc against a dark background appears greater than 
it actually is; this is due to irradiation. For this reason, the semi- 
diameter derived from observations may be greater than the actual 
value. The personal error combined with the irradiation error may 
be found in the following way. 

If R is the actual value of the apparent angular radius of the sun 
(from an almanac), and R’ is its value obtained from observations 
(4R’ = sr2 — sr;), then 

4R’—-4R=E+6 


where & is the personal error and 6 is the random error of measu- 
rement. 

Taking a number of observations, we get 

SR’ SR) SE; , D6; 
rege a eae 
since %6, is close to zero due to the property of errors. 

(5) Checking quality of observations from the magnitudes of e,. 
Every observer, particularly beginners, should periodically compute 
the mean-square error of observation of the altitude of the sun and 
stars to determine the spread in one’s observations. These compu- 
tations should be carried out under a variety of conditions with 
a simultaneous determination of position, or, still better, with 
known coordinates. The mean error under identical conditions 
should be roughly the same. For a beginning observer, &, should 
gradually diminish towards the normal value. 

(6) On combining observations into a single mean. On the basis 
of a theoretical analysis we may draw the following conclusions 
about averaging a series of altitudes: 

(1) In all latitudes, with altitudes of the sun less than 70° and 
with rapid measuring of altitude (at intervals of about 30s) it is 
possible to average three and five altitudes even if they are measured 
near the meridian. 

(2) In high latitudes, observed altitudes of the sun may be ave- 
raged in all cases, since the time interval AT never actually exceeds 
2 to 6 minutes. 

(3) In low latitudes do not average a series of altitudes for very 
large altitudes of the sun near the meridian; in other words, treat 
each altitude separately. 
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ShC. 85. WAYS OF REDUCING THE EFFECTS OF RANDOM AND 
SYSTEMATIC ERRORS 


I’y adhering to certain general rules and taking the necessary 
inmsures, an observer can reduce the magnitude of errors in alti- 
(ude) and increase reliability in determining the coordinates g, A 
wr the position of the ship. 


J], TO REDUCE THE EFFECT OF RANDOM ERRORS ON THE ALTITUDE 


(1) When observing altitudes, choose the most suitable conditions, 
much as place of observation, a reliable sextant and appropriate 
\nloscope, the brightest celestial body, the illuminated part of the 
horizon, etc. 

(2) Strive to make every altitude measurement as carefully 
we possible and record the exact time; altitudes are reckoned to 
within 0’.4 and time to 0s.5. It is hard to make the number of obser- 
vulions compensate for carelessness in observing. 

(4) Always measure more than one altitude (3 or 5) and as fast 
wn possible in a series, recording the corresponding time. The num- 
lor of altitudes measured in succession should not, however, be too 
yroat, because fatigue of eye and hand will gradually reduce the 
wecuracy, and subsequent increases in number do not make the 
wtiihmetic mean more accurate. It is best to take an odd number 
uf altitudes to obtain a rough first check; the arithmetic mean for 
uniform intervals between altitudes should be close to the mean 
uf the readings. The next check is done on the basis of differences, 
we shown above. 

lorive the arithmetic mean from the series of altitudes and instants 
ubtained and use it in subsequent analysis. 

The mean instant is usually rounded off to the least integral 
nond, since observers are prone to delay registration of tangency 
uf the images. 

(4) Practice measuring altitudes regularly and make a periodic 
theck of your observations by the procedures indicated above. 


if, TO REDUCE SYSTEMATIC ERRORS IN ALTITUDE 


(1) prior to each series of observations, make a rough check 
uf the sextant and adjust it periodically; 

(2) in each series of observations, determine the index correction; 

(3) eliminate possible backlash of the tangent screw; 

(4) remember that the instrument correction s changes with 
(ine; for this reason, have the sextant checked and certified at perio- 
lic intervals (every 3 years); 
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(5) always reduce the chronometer correction to the instant 
of observations by the daily rate; 

(6) strive to measure the dip with an instrument rather than 
relaying on tabulated values; | 

(7) as far as possible, do not use very small altitudes of bodies. 
But if they are measured, obtain the dip by a dipmeter and take 
into account the peculiarities of correcting small altitudes; 

(8) bear in mind that personal errors are possible in measured 
altitudes; 

(9) in a heavy sea, take the height of the eye above the wave 
top; that is, reduce it by about 0.5 of the height of the wave. 

Systematic errors in altitudes are ordinarily greater than random 
errors. 
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SEC. 86. THE CELESTIAL GLOBE, DESIGNATION AND CONSTRUCTION 


Many problems of nautical astronomy may be solved approxi- 
imutoly with the aid of a map and the celestial sphere, as in Sec. 5. 
ISut if the same pattern is made in the form of a model of the cele- 
nilul sphere with stars indicated appropriately, these problems 
cun be solved more simply and accurately. 

The celestial globe is an instrument that models the celestial sphere 
and is designed for approximate solutions of problems in nautical 
axtronomy. With a globe, one can give an approximate solution 
uf nearly all problems of nautical astronomy, yet it is mostly used 
for star identification (particularly for cases of poor visibility of the 
nky) and choice of stars for determining positions at sea. Globes 
come in a variety of designs. One of the best designs is the Soviet 
‘"sl’ globe (Fig. 139). 

The globe is a hollow plastic (or metallic) sphere of diameter 
168 mm, containing pasted-on star maps, section by section, in pro- 
jvoctions such as to practically eliminate distortions. The maps 
contain the principal circles: the celestial equator, parallels (at inter- 
vials of 10°), meridians (at intervals of 15° = 1h) and the ecliptic. 
‘lhe celestial equator is divided into degrees (at 1° intervals) and 
in addition, at 15m intervals below with every hour numbered. 
These divisions represent a scale of right ascensions a, and since 


the right ascension of zenith az = Sj, = t4-,this same scale, 
when setting, yields local sidereal time. Reckoning begins with 
Aries and is indicated by number XXIV (360°). At this’ point, 
the ecliptic intersects the equator, that is, the sun passes from the 
xouthern hemisphere into the northern. The ecliptic and the meri- 
dians of points with a = 360° — 180° and 90° — 270° are also 
divided into 1° intervals. 

At the poles, the sphere has depressions for the axis of a metallic 
ring that encompasses the sphere and indicates an arbitrary meri- 
dian. When the sphere is set in its box, the horizontal metal ring 
inside the box depicts the celestial horizon; the ring of the meridian 


1 -1275 
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is inserted into the slots at points N and S of the horizon and will 
now represent the meridian of the observer. 

On top of the globe, a crosspiece of vertical circles is mounted 
with movable index; the zenith of the observer is represented by 
a ball on top of the crosspiece. 

The celestial globe portrays the celestial sphere (with centre 
in the eye of the observer) as if looked at from outside. As a result, 
the figures of all constellations are in positions the reverse of those 
seen on the celestial sphere. 

So that the globe should reproduce the stellar sky as seen by the 
observer at a given time, set the globe for the latitude of the obser- 
ver and turn the sphere to the time of observations. Since the globe 
is a model of the celestial sphere, remember when setting it in 
latitude that the name of the elevated pole always corresponds 
to the name of the latitude of the observer, whereas the altitude 
is equal to the latitude of the observer (@). Thus, if the latitude 
is N, set Py of the globe over point N of the ring; Py is identified 
by the star Polaris (constellation Ursa Minor); but if the latitude 
is S, then set Pg of the globe (opposite P y) over point S of the ring. 
The inclination of the globe axis to the horizon must equal @ of the 
observer. Remember that the reading on the arc of the ring will 


Fig. 139 
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lw 0" — q@, since the division marks on the meridian ring are meant 
li declinations and proceed from the equator. From the relation 
» 6,7, the reading on the ring of the meridian near the zenith 
In ulso equal to 

l'o set the globe to the time of observation, turn it relative to the 
meridian of the observer to a position corresponding to local side- 
mal time Si5-. = tho. 

lo do this, turn the globe so that under the arc of the observer’s 
meridian (the upper branch) we have the equatorial reading equal 


to (Se in degrees of hours. The globe will not turn on its own due 
lv friction of the sphere against the cushion and spring inside the box. 


‘he value of 5, = S),~- may be computed from the MAE in the 
umtial way (see Sec. 46, Item I) or approximately (to 4m), utilizing 
tlw time of transit of Aries (7) on the Greenwich meridian as given 
in the daily tables of the MAE. Subtracting this time from 7,,,, 
wi get S;o- approximately. However, this procedure is no simpler 
Ahan the first due to the trouble in getting 7,,. under ordinary 
conditions. 

A number of other problems may also be solved by turning the 
aphere: to bring a celestial body to the horizon, the prime vertical, 
(lo observer’s meridian, to a given azimuth or altitude, and so 
forth. 

he horizontal coordinates h and A are reproduced on the globe 
ly means of the crosspiece of vertical circles. To set the crosspiece 
in azimuth, turn one of the vertical circles along the ring of the 
horizon to a reading equal to azimuth A in quadrantal reckoning; 
(he altitude is laid off along the vertical circle and is fixed by the 
Index. 

As already mentioned, the globe indicates the fixed positions 
of 167 bright stars. Star movements on the celestial sphere are 
light (see Sec. 23) and these positions will be sufficiently accurate 
lor approximate solutions for 20 to 30 years. 

lsodies that have noticeable proper motions (the sun, moon and 
planets) are positioned on the globe by the observer himself as needed 
or at periodic intervals. To fix these bodies on the globe, take their 
doclinations and right ascensions from the MAE. Remember that 
(o obtain a of the moon or sun, and also for more precise computa- 
tlon of planetary a, select tg, of the body and ¢,, for the same hour, 
(hon: Opoay = th — tor” (see Sec. 47, Item IV). 

The a of the body thus obtained is reckoned from point XXIV 
(360°) of the globe on the scale of the equator; but the declination 
lx laid off along the ring of the meridian to the N or S. Use a special 
wax pencil to mark the point on the surface of the globe and indicate 


the astronomical symbol of the celestial body. The planets and 
21* 
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the moon should be located near the ecliptic. For better orientation 
the planetary positions are indicated periodically: Venus every 
week, Mars every two weeks, Jupiter and Saturn every month. 

However, when solving a specific problem, the position of a given 
body should be revised for the given 24-hour period, and, with 
respect to the moon, for the given hour. The position of the sun 
is always on the ecliptic, which makes it easy to indicate it on the 
basis of a. 


Example 1. On 12.09.62, indicate for evening twilight, 7,, — 18h 40m 
(ZD = 11E), the position of the moon and the planets Jupiter and Saturn which 
are visible at this time. 


(1) Approximately, from MAE 
Jupiter Saturn 
a= 22h34m a= 20h32m 
6 — 10°.5S 6 — 19°.5S 


(2) Exactly, from MAE. 


__ Tsp, [18h 40m 12.09 
ZD | 44 
Tyr) 7h 40m ~ 8h 

| Jupiter | Saturn | Moon 

tt 110°54’ 110°54’ 1410°54’ 
goody 132 22 162 56 144 53 
hbody 338°29' 307°55' 325°58’ 
Sbody 10°32’S 19°39’S 15°3’S 


Problem solving by the “3I” celestial globe is done with an accu- 
racy to within +0°.5-1°.5. Therefore, the requisite data (a and 
tY. and also a and 6 of the celestial bodies) do not need to be more 
accurate than +0°.3-0°.5. 

Many firms in other countries manufacture globes that differ 
in design from the “3” globe. In some cases, the box is replaced 
by a support made up of two half-rings; in others there is no crosspie- 
ce of vertical circles, a mobile ring taking its place, and so forth. 
Yet they function in similar fashion to the “3I” globe. 
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SEC. 87. SOLVING PROBLEMS WITH THE CELESTIAL GLOBE 


The celestial globe is used to solve three basic types of problems: 

(1) determining the names of observed but unidentified stars 
ar planets; 

(2) obtaining h and A of stars or planets at a given time, and 
vuricties of this problem, such as: (a) choosing stars for observa- 
tions, (b) finding AK; 

(3) determining the time of arrival of a body at a given position; 
fur example, the time a body rises, crosses the prime vertical, tran- 
nlis, etc. 


[, DETERMINING THE NAME OF AN UNIDENTIFIED STAR OR PLANET 


‘here are cases when the sky is overcast with breaks in the clouds 
whowing separate stars. In such cases it is rather difficult to identi- 
‘fy a star that has been observed, so the celestial globe is resorted to. 
Also, problems of this kind are solved in studies of the stars. 

This problem is solved in the following sequence: 

(1) After measuring the altitude of the star, determine its bearing 
ly compass and note 7,,. From the map take @ and A. 

(2) Compute 7,,; take ae out of MAE and compute i‘. = tt, + 

t: hiv: 

(3) Set globe for @ and ti, (see preceding section). 

(4) Transfer bearing to A in quadrantal reckoning. Set arc of ver- 
tical circle in azimuth and the index of the vertical circle in alti- 
tide. 

(5) Under the index find the star by its position in the constella- 
flon, which is given in Latin, for instance, a of the constellation 
of Taurus (« Tauri). Using the star list in the MAE, find the Russian 
name of the constellation and the number of the star. Using this 
uume (or number) take the coordinates out of the MAE. Thus, 
‘Taurus a is Tenem a, No. 24 (Aldebaran). 

(6) If there is no star under the index, or a bright body was obser- 
vod, then a blunder has been made in solving the problem, or a pla- 
not, was observed. When you are sure the solution is correct, iden- 
(ify the planet. This may be done by one of two procedures: appro- 
xvimate or exact. 

(a) In the approximate procedure, use the table of “Planet Visi- 
bility” given at the beginning of the MAE; to identify by the globe, 
lind the name of the constellation near the index of the vertical 
circle and using the constellation find the name of the planet in the 
lable. 
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(b) In the exact procedure, take a and 6 of the point under the 
index from the globe. With these data and the date enter the dailv 
tables of the MAE and find the planet for which 6 and a are closest 
to those given. 

Example 2. 13 September 1962 at @¢-=56°20’N; A,-=20°54’E at Tgn=18h 


35m observed unidentified body: sr=38°7’.5; RCB=330°; AK=-+83°. Find 
the name of the body. 


_ sh 18h 35m th 247°12’ __RCB 330° 
ZD | 1 az | 8 46 180°| 180 
gr {17h 35m 13.09 4. tf, | 255°58" CB | 150° 
A | 20 54 AK |+ 3 

te] 276°52’ = 277° TB | 153°=27°SE 


Set globe in latitude; to do this, raise Py above point N of the horizon 57°.3 
(32°.7 as reckoned from the meridian). To set by time, turn globe to 277° on the 
meridian ring. Then place crosspiece of vertical circles and turn in azimuth 
27°SE, and the index to h ~ 38°. We find the star a Aquilae. In the star list 
of the MAE we have @ Aquilae, Altair, No. 146. 


Example 3. On 27.09.62 at @¢-=33°58'’N; A, =148°30’E at 7s,-=18h 10m 
(ZD=10) observed body: sr= 28°35’, CB=327°; AK=—2°. Find name of 
celestial body. 


__ Tsp | 18h 10m ty 425°38’ ,_ RCB 327° 
ZD | 10 el ap 180° | 180 
T4,| 8h 10m 27.09 Y CB | 147° 
ar t},|128 8 AK | _9 
XN | 148 30 

TB |\145° =35°SE 

ty .| 276°38’ =276°.5 panes 

Qc = 34N _ ' 


Star not found under index; from table of “Planet Visibility” we see what 
planet could be in the constellation near the index. But since the index stopped 
between the two constellations Capricornus and Sagittarius, we have to apply 
a different procedure. Take the coordinates of the point: a@ ~ 308°, 6 ~ 20°S. 
From the MAE on 27.09 we find that these coordinates belong to Saturn. 


II, OBTAINING ALTITUDE AND AZIMUTH OF A BODY FOR A GIVEN TIME 


(1) Compute 7',, and 7,, for the instant of proposed observations, 
take m, and A, from map for this time. Stars are mostly observed 
in twilight, so compute 7, at twilight. 
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(2) Compute t%. = ty + ie. 

(4) Set globe for @ and the. 

(4) Set crosspiece so that numbered vertical circle is at star; 
ilitmet index to position of star, then note and record readings of h 
wud A of star. 

(9) If it is required to obtain h and A of a planet, first mark its 
jonition on the globe by « and 6, as indicated in the preceding 
awclion. 


Iixample 4. On 10.10.62 at 7,,=6h 05m in @.=62°9'N; A.-=11°57! W. 
ltermine h and Ax a Orionis (Betelgeuse). 


V~n | 6h 05m tX |423°24’ Setting globe by 
1 T Y 
A \41 At 415 p and ¢,'., we have 
{4 32" 
7 Ay, = 30°SW 
4, | 7h 05m 10.10 Sua * 
a! tg, | 124°39 
r 41 57 
bya) 412942" = 412°.7 


letermining the compass correction AK also reduces to this 
woblem. However, here it is first necessary to find the CB of the 
wdy and note 7'5;, @,, Ac, Which are used to obtain the 7B of this 
lody from the globe. 


Example 5. On 12.09.62 in 9. =52°24'’N; Ap-=156°41’E observed * Capella 
(«¥Aurigae); RCB=203°.5; 7.,—20h 15m (ZD=—11E); altitude of star does 
not exceed 15°. Find AK. 


Solution, 
(1) Zen | 20h 15m tX | 125°53’ (2) From globe 
7D 144 a for ><a Au- 
Ai 3 46 rigae we have 
A=19°.5NE 
Ter |}9h 15m 12.09 09Q/ 
er tf,| 129°39 3 7B | 19°.5 
n'| 156 44 Sop| 23.5 
t , |286°20’ ~ 286°.5 AK | —4°.0 
@,  |52°.5 


When determining position by two stars, the difference of their 
uzimuths must be as close as possible to 90°; when using three stars, 
(he difference in each pair should be close to 120°, and for four stars, 
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close to 180° in each pair, and close to 90° between pairs. Besides 
that, take into account the brightness of the horizon, its visibility 
in these parts, and so forth. The altitudes of the stars should not 
exceed 60° to 70°. These are the conditions that should be borne 
in mind when choosing stars. Otherwise, the problem consists in 
obtaining and recording h and A of stars, which means that it redu- 
ces to the preceding problem. The positions of the planets are marked 
beforehand. It is particularly important to predetermine h and A 
of the stars (planets) for observations immediately after sunset, 
when the stars are not visible to the naked eye and have to be found 
in the sextant telescope. 


Example 6. On 10 May, 1962, in 9p. =9°38'S; A~-=98°15’E choose three stars 
for observations in morning twilight. 74,,;=5h 45m (ZD=7); AK = —5S°. 


ree 5h 45m 10.05 ie 197°44’ 
—~ZD 7 At 11 17 
T gy 22h 45m 9.05 | ty 208°31’ 
co 98 15 

iX. | 306°46’ = 306°.8; + 9°.5S. 


Over S, place the south celestial pole (Ps) at an altitude of 9°.5 
and set the globe for hie Using the vertical circles, choose the 
stars and tabulate the data found. 


No. Constellation and star | h | A CB 
1 a Lyrae (Vega) 30° 28°NW 337° 
2 a Piscis Aust. (Fomalhaut) 20 04 SE 131 
3 a Scorpii (Antares) 30 64 SW 249 


IIf, DETERMINING TIME OF ARRIVAL OF A CELESTIAL BODY AT A GIVEN 
POSITION (AT RISING, PRIME VERTICAL, TRANSIT, ETC.) 


(1) Take ~, and A, from map for proposed 7,, of phenomenon. 


(2) Set globe to latitude. 
(3) Turn sphere and bring indicated star or planet to required 


position (on horizon, on prime vertical, etc.). 


88. AIDS THAT REPLACE CELESTIAL GLOBE 329 


(4) Take reading of the = §);,- on upper branch of observer's. 
iaridian ring. 

(>) Compute td = th, = ie and with aid of MAE obtain 7,, 
wind) 7, of the phenomenon (see Sec. 47). 


Example 7. On 27.09.62, in the evening in Q@. + 44°N, Ac = 137°20’E,. 


Nhinl the time (ZD=10E) when > Sirius rises. 
Solution. Set globe for @¢-=44°N and reduce >a Canis Majoris (Sirius) 


'1 eastern part of horizon, then take at the meridian ring Stoc=t), =27°.5. 


_ the 27°.5 
Ae | 137 .3 
tY. | 250°.2 
MAE tf | 245.9... T.,| 16h By computation 
. AT {7m we find that the 
star will rise 
Table 1 AtY A eee next at 2h 17m. 
T gp 16h 17m on 28.09; the 
TZp | 10 previous time 
was at 2h 21m 
on 27.09 
T;sn| 2h 17m 28.09 


Somewhat simpler is the approximate solution of this ploblem using the 
tlmo of transit of Aries (TY). In this case, the sidereal time obtained from 


the globe, t., is added to TY. taken from the MAE and we obtain the 


loc 
upproximate (to within + 6m) local ‘time (TX) of the phenomenon. For 
lnxtance, in Example 6 we will have 


x -| 23h 35m 

ne 4h 50m (27°.5) 

Bice th 25m 28 .09 
'ZD—A’ 54 

lsh 2h 16m 28 .09 


This solution is most advantageously used when the correction (ZD—+) 
in constant, that is, when standing for a long time. 


SEC. 88. AIDS THAT REPLACE THE CELESTIAL GLOBE 


The celestial globe, despite the small size of the sphere, is still 
somewhat unwieldy, and it is inconvenient to work with in confined 
xpaces on shipboard or in aircraft. Flat images of the celestial sphere 
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are then used in the form of special charts and grids or, finally, 
special tables for star identification. The solutions obtained are 
not so accurate or pictorial, but there are other advantages, such 
as compactness and the possibility of comparison with the sky 
(in some types). Such aids are called star charts and star finders. 


I, THE SOVIET STAR CHART FOR AIR NAVIGATION (BEKH) 


In this chart (Fig. 140), part of the sphere, which is visible in the 
given latitude, is depicted in a polar equidistant projection, with 
the brightest stars, the outlines of constellations and the principal 
circles of the sphere indicated. The equator and meridian of Aries VY 
are graduated in 10° intervals, so that planetary positions can also 
be indicated approximately. Around the circumference of the chart 
is a date scale computed from values of right ascension of the mean 
sun (a@). BHH charts are designed for medium latitude of a definite 
zone. Three (Sometimes more) zones are taken for the territory 


Fig. 140 
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af the U.S.S.R.: I for @ from 30° to 44°N, II for 46° to 60°N, II for 
(.' to 76°N. The appropriate chart is chosen closest to the given q,. 

‘he chart comes in a cardboard case, in which it can be rotated 
whout the centre (P y). In the case is an oval slot, the edge of which 
picts the horizon for mid-latitude of the zone. It contains the 
points N, E (0%), S, W and scale of azimuths every 30°. The hori- 
won slot is based on the declinations of points of the horizon (h = 0) 
which are computed from the formula tan 6 = — cot q-cost, 
whore ¢ represents the hour angles of points of the horizon and 6 
their declinations. 

At the top of the case, round the periphery is a slot for the scale 
of dates; near the slot is a scale of local civil time, Tjoc. 

‘lo set the chart to the time, 

(a) compute 7,,, from formula (8.28); 

(b) rotate chart to bring the date (on the date scale) to T,,, 
af the time scale. 

The chart sky will then approximate the actual sky. To identify 
constellations, put the chart over your head and, aligning it N—S 
ly compass, look at the chart and the sky. 

The BKH chart yields only rough azimuths and altitudes of cele- 
4tial bodies, particularly for bodies at small altitude. This is due 
(0 a lack of correspondence of latitudes and to distortions, and makes 
llontification of individual stars difficult. Using the BHH chart, 
wo can make a rapid and easy determination of time of transit 
af a star and the approximate time that it rises and sets. 


II], STAR IDENTIFIER* 


The star identifier shown in Fig. 141 consists of two charts of stars 
au two sides of a plastic sheet: one side contains the northern hemi- 
xphere including a belt to 6 = 60°S, the other, the southern hemis- 
phere to 60°N. On the outer circumferences of the charts are scales 
vf sidereal time. The charts are compiled in polar equidistant 
jrojection and contain the brightest navigational stars and also 
uw prid of parallels with 10° intervals. In addition, the separate 
lransparent plastic templates contain seven grids of vertical circles 
wnd parallels of altitude in the same projection at 5° intervals of h 
und A for medium latitudes 0°, 10°, 20°, 30°, 40°, 50°, 60°, that 
ix, for 10° latitude zones. The outer curve of these grids represents 
(he observer’s horizon. 

When using the star finder, choose the grid for the latitude closest 
(to the computed one. The 180°-360° line of the grid is set in the 

* By way of illustration we describe the “Star Identifier” widely used in the 


11.5.A. and elsewhere. It is similar to the “Rude Star Finder” (H. O. 
No. 2402-D). 
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141 


Fig. 
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inection: pole—computed sidereal time S,,,. The centre of the 


ulil, indicated by a cross (XX) and depicting the zenith, is placed 
ly wye on a parallel of the chart equal to @. The altitudes are taken 
from the grid of parallels of altitude, while the azimuths are taken 


lrom the grid of vertical circles. Accuracy obtained by a star iden- 
t(twr is of the order of + 3°-5°. Its advantage lies in handiness 


Uxample 8. On 10 July, 1962, at p==49°S; 1 =61°W; 7.) = 17h 34m (ZD =4W). 
Hutormine kh and A of * Spica. 


ln | 17h 34m ty. 243°18' 

AD 4 AtY 8 34 

I'yr | 24h 34m 10.07 me 251°49' 
A 61 


tN | 190°8 


(‘hoose a grid for p=50°. Set the 180°-360° line of the grid on the rea- 
li tagy tN = 190°.8 on the chart, the cross-+-(zenith) between the parallels 40° 


wn 50° of the chart (on 49°). Through the grid, find Spica on the chart 
wud record h=50°, A=14° from the grid (see Fig. 141). 

I'he foregoing are only a few of many aids in the identification of con- 
ntellations and stars. The basic principles are much the same in all of them. 


II], STAR IDENTIFICATION BY MEANS OF TABLES 


An observed star may also be identified by means of special or 
conventional tables and lists of stellar coordinates. To do this, 
measure the altitude and azimuth of the star, note the watch time, 
und take @,, A,. From known h, A, @, it is possible to solve the 
uxtronomical triangle for 6, and ¢, using formulas (2.5) and (2.6) 
or the tables TBA-57; enter these tables with h instead of 5, and 
uzimuth in semicircular reckoning in place of ¢. Having computed 


“for the noted instant Tzr, we readily get: ay, = eee 
(hen with 6, and a, we choose the name of the observed star from 
u list of stars (in the MAE, for instance) or from any star chart. 
Solution via formulas (2.5) and (2.6) or TBA-57 is rather involved. 
Instead, one can use special rude “tables of star identification” 
(hat appear in a number of publications, for example, H.O. No. 214, 
which contains the values of 5 and ¢ on the basis of A and h at 4° 
intervals for each degree of latitude. For the same problem, one 
can use a coordinate grid, or simply any hand drawing of the sphere 
to scale. 


PART THREE 


METHODS OF NAUTICAL ASTRONOMY 


(ou A PT E R 17 


ASTRONOMICAL DETERMINATION OF THE COMPASS 
CORRECTION 


SiC. 89. THE FUNDAMENTALS OF ASTRONOMICAL DETERMINATION 
OF THE COMPASS CORRECTION 


(‘ompass readings, due to a number of internal and external 
iuuNnes, are Subjected to systematic and random errors. Ordinarily, 
nynlematic errors greatly exceed random errors in magnitude, and 
\1 wliminate them from compass readings it is necessary to introdu- 
10 a so-called total compass correction AK. 

When sailing near land, the total correction is found by leading 
lumecons or from navigational determinations. When sailing in the 
mun sea, the total compass correction can only be found by taking 
lumurings of celestial bodies, in other words, by methods of nautical 
utronomy. The magnitude and sign of AK are defined by the formula 


where TByoay is the true bearing of the celestial body equal to its 
azimuth in circular reckoning (0° to 360°) 
CByoa is the bearing of the body obtained by compass. 

\Inlike navigation, where 7B of an object (range) is obtained 
from a map or is indicated in pilot books at sea, the true bearing 
wf w celestial body is obtained by computing from formulas or with 
npocial tables and grids. 

Thus, the problem of determining the compass correction is in 
rinciple solved very simply astronomically: take the compass 
uuring of the body and compute its azimuth for that instant; the 
ilifference will be the compass correction. 

l‘ormulas for computing azimuth (true bearing) of a body are 
ilorived from the astronomical triangle ZP,C (Fig. 142) on the 
lmsis of general formulas of spherical trigonometry. Two methods 
muy be used here: the time azimuth method and the altitude azi- 
muth method. 

(1) The time azimuth method. If when taking the bearing of 
u body we note the instant and pick off a chart of the coordinates @ 
wnd A, then the triangle is solved by the resultant q, 6, f;,, by means 


mm. 4275 
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of the cotangent formula 


cot A = tan 6-cos @-cosect—sin © -cot tjog (17.2) 


This is the formula that is usually used to compute A when deter 
mining the compass correction. 

(2) The altitude azimuth method. If when taking the beariny 
of a body we determine the altitude h, then with g, 6, h we obtain 
from the cosine formula of a side (after transformations) 


cos A =sin6-sec p-sech— tan g-tanh (17.3) 


This formula is applied in special cases for determining AK when 
the altitude of the celestial body is known, for example, at instal. 


Fig. 142 


of rising or setting. But in the general case, the time azimuth method 
is much more convenient and is the principal method used to deter- 
mine the compass correction. 


SEC. 90. THE EFFECT OF ERRORS IN D.R. LATITUDE AND 
LONGITUDE ON THE AZIMUTH BEING COMPUTED Or 
A CELESTIAL BODY. MOST FAVOURABLE CONDITIONS 


OF OBSERVATION 


The coordinates @ and A, which as a rule are computed, enter 
into formula (17.2). The azimuth of a body obtained from these 
coordinates will obviously also be D.R. coordinates, that is, il 
will contain errors of sailing. Let us consider the magnitudes of theso 
errors, their effect on the result, and let us find the most favourable 
conditions for observations. 
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(1) The Effect of Errors in the D. R. Latitude on the Azimuth Being 
Computed 


\Ww determine the increment in azimuth as a function of the 
Increment in latitude, for which purpose we differentiate (417.2) 
wlth respect to A and @ 


dA ; — 
—=aq= —sing tan 6-cosec td @ — cos @-cottd @ 
lussing to finite increments and simplifying the formula, to do 
which we first apply formula sink and then: —sinA:sint= 


rosd:cosh, we get 
—s sin g-sin 6 ons 9608 * | 
AA = sin" A ( sin t-cos 6 + sin t Ag 


a Sin prsin 6 oe Geos cee) 
= sin" A ( sin t-cos 6 Ap 


sin? 4 A sinh sin A-sinh ey 
~ "sin t cos 6 = agp oe a 
Vhat is, 
AA =tanh-sin A- Ag (17.4) 


From (17.4) it is seen that for h = 0 and A = QO the error in azi- 
muth is equal to zero; otherwise the error AA is not zero. 

I.ot us say that in the general case the error Aq in the computed 
lntitude does not exceed 20 miles, i.e., Ag = 0°.3. 

If we take sin A,,,, = 1, the error in azimuth will depend solely 
on the altitude of the body. For altitudes of bodies (whose bearings 
wa being taken) less than 18°, we have an error AA < 0°.1; for 
wltiludes up to 35° we get AA < 0°.2. An ordinary azimuth circle 
(hearing finder) permits observing bodies without a mirror only 
uj) to 15°, other azimuth circles, up to 35°. Thus, for ordinary sailing 
‘conditions the error in D.R. (dead reckoning) latitude has hardly 
wny effect on the azimuth. 


(2) The Effect of Errors in Longitude on Azimuth Being Computed 


When analyzing variations of horizontal coordinates due to the 
iurnal motion of the sphere (Ch. 3, Sec. 11), we obtained formulas 
(3,18) and (3.19) 


AA = —cos 6-cosq-sech- At (*) 
AA = — (sin g—cos @-cos A:tanh) At _(**) 
Regarding At as an error in the local hour angle t;,. = tg, + AW, 


wo come to the conclusion that this error can occur either due to an 
wrror in the chronometer correction and in t,,, or due to errors 


22% 
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in the D.R. longitude. In the former case, the error will not excecid 
-+2s and it may be neglected. We will therefore consider the error 
in the hour angle as due solely to errors in the D.R. longitude, that is, 


At+ + AA, (17.5) 
and formulas (*) and (**) will take the form 
AA = = cos 6-cos q-sech- AA, (17.6) 
or 
AA = = (sin @—cos g-cos A- tanh) AA, (17.7) 


From these formulas it is seen that AA is zero only when 6 = 90° 
(for Polaris, 6 ~ 89°) or gq = 90°, that is, for bodies in elongation; 
otherwise, AA is not equal to zero. The error AA has smallest values 
for positions of the body after rising to the prime vertical (or after 
the prime vertical prior to setting), as was shown in Chapter 3, 
Sec. 14. In addition, AA has a relative minimum in special positions 
of the body: on the prime vertical for A = 90° or 270° and at rising 
when h = 0°. 

Let us consider the possible magnitude of the error AA. For ordi- 
nary sailing conditions, the dead reckoning error in departure does 
not exceed 20 miles, that is for medium latitudes AA, < 0°.3-0°.5. 
If in formula (17.6) we take the mean values for g and 6 and put 
h < 20°, then AA will be less than 0°.2. Consequently, the error 
in D.R. longitude does not affect the azimuth for small altitudes 
of the body. In high latitudes (@ > 75°) for the same conditions, 
the error AA may attain +1°.5. For this reason, the error in depar- 
ture here should not exceed 3’ to 5’. 

From the foregoing analysis we can draw some general conclusions: 

(a) The errors in D.R. latitude and longitude are least if the 
celestial body is located at low altitude. 

(b) For ordinary conditions of sailing, assuming that the errors 
in D.R. @ and A do not exceed 0°.3 and for the bearings of bodies 
taken at altitudes up to 35°, we may regard the computed azimuth 
as practically equal to the true azimuth of the body. 

(c) In low northern latitudes (up to 35°) one of the best objects 
for sighting to determine AK is the Pole Star. 


SEC. 91. SYSTEMATIC AND RANDOM ERRORS IN THE COMPASS 
BEARING OF A CELESTIAL BODY. CONDITIONS FOR TAKING 

BEARINGS 
Taking the bearings of terrestrial objects and celestial bodies 
involves random and systematic errors, like any other instrumental 


measurements. 
Let us examine the causes of these errors and their effects on the 


result. 
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|, SYSTEMATIC ERRORS IN AZIMUTH CIRCLE OF BODIES 
A. Instrument Errors of Azimuth Circle. 


When taking the bearings of terrestrial objects and particularly 
uf colostial bodies, one should bear in mind the errors of the azimuth 
‘irclo itself. These errors are systematic in character, are found both 
ln hearing finders for magnetic compasses and in bearing finders 
uf yyrocompasses. 

wading errors in old-type azimuth circles are due mainly to 
Incorrect positions of elements: the prism, sighting vane, azimuth 
vino, and also the eccentricity and free play of the circle. The total 
‘ror may exceed 2°-3°. These errors are reduced by adjusting the 
welmuth circle (this is discussed in detail in courses of compass 
viation and nautical instruments). When it is impossible to make 
it adjustment or when a partial adjustment is made, find the total 
vrrorv from range observations or by other methods and then intro- 
luce it as a correction. Ifthe error of the azimuth circle has not been 
‘wliminated or determined, it will completely enter the compass 
vorrection AK being determined, and will cause a similar error in the 
(re course when correcting the compass course. It is therefore advi- 
nuble, when determining the compass correction (if reliability of the 
nzimuth circle is not assured) to determine AK twice on a given 
compass: with the main azimuth circle and with a reserve circle 
(or from another repeater). If there is an appreciable discrepancy 
lwtween the corrections, the AK obtained is unreliable. 


8. The Effect of Errors Due to Position of Mirror 


When taking the bearings of celestial bodies, mainly the sun, 
wi. altitudes greater than 15°, all azimuth circles, with few excep- 
(lons, are equipped with mirrors. In such cases, the bearing is taken 
of the reflection of the body in the mirror. It is rather difficult to set 
\he mirror perfectly, and the position can change, all of which 
rosults in a systematic error in the bearing. 

As studied by Prof. Kavraisky, this error 6A is expressed by the 
formula 


6A = (k-+ltan 3+ p sec =) tanh (17.8) 


where & is the angle of tilt of the axis of rotation of the mirror 
to the plane of the azimuth circle 
l is the angle between the axis of rotation of the mirror and 
a perpendicular to the sighting plane 
p is the angle between the axis of rotation of the mirror 
and its reflecting plane. 
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Taking k = 1 = p = 0°.5, we get for h = 15° an error 6A = 0°.5, 
for h = 45°, 6A = 1°.4, for h = 60°, 5A = 2°.4. Thus, even slight 
errors in the position of the mirror bring about perceptible errors 
in the compass bearing of the body for small altitudes and prohihi 
tive errors for large altitudes. Therefore, use the mirror only in 
exceptional cases, when there is no other way out; the correction 
obtained should be regarded with great caution. 

When using optical azimuth circles whose field of view is limited, 
choose celestial bodies the bearings of which may be taken without 
a mirror or, if such are lacking, then bodies at the lowest possible 
altitude for bearing-taking with a mirror. Do not think that the 
mirror of such an azimuth circle has to be put to use and is free 
of errors. 


C. Error in Compass Bearing of Bodies Due to Tilt of Sighting 
Plane of Azimuth Circle 


An error will appear in the bearing reading if, when taking a bearing 
we tilt the azimuth circle sideways and thus take the sighting plano 
out of the vertical circle of the body. 

On an auxiliary sphere (Fig. 143), let HH’ be the plane of the 
azimuth circle of a magnetic compass, ZM the sighting plane of the 


azimuth circle that coincides with the vertical circle of the celestial 
body for a correct position of the azimuth circle. Now if we tilt 
the plane of the azimuth circle (bowl) an angle m and again point 
the sighting plane to the body C, we will have the reading A ++ 6A 
instead of A. Let us find 54. When tilted, the vertical axis of the 
azimuth circle is shifted from Z to Z’ by an amount of arc equal 
to the angle of inclination m. From the elementary spherical triang- 
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ln /'M, using the formula of cotangents, we have 
cot i-sin 90° = cot 6A-sin h—0O 
vef 
tan 6A = tani-sinh 


mepilwcing the tangents of small angles by the angles themselves, 
wer rl 


6A =i-sinh (17.9) 
Vim the elementary triangle CZZ’ we similarly have 
m ==i sin (90°—h) =i-cosh 
lividing (17.9) by the latter formula, we finally get 
6A =m-tanh (17.10) 


li will be seen that the error 6A = 0 if the body is on the horizon. 
Whon the azimuth circle of a gyrocompass repeater is tilted, the 
jilune of its compass card is likewise tilted and occupies a position 
NN’ (Fig. 143). The azimuth reading will also change, but somewhat 
lwnns by MK, : 
Indeed, from the small triangle MKD we have 


6Agyr = MK =6A-cosm=m-tanh-cosm (17.11) 


i on" angles of inclination, cos m ~ 1, and we get expression 
(17.40). 

I'rom an analysis of formulas (17.10) and (47.141), it is seen that 
rounding errors of bearings of compass and gyrocompass depend on the 
wltitude of the body. If under calm conditions with a level, the angle 
i! inclination m of the azimuth circle does not exceed 0°.25*, and 
without a level there are possible inclinations from 1° to 3°, we get 
(li) following errors in bearing (Table 8). 


Table 8 
- me ™m 
: 095 : 3° 0°.25 1° 3° 
. Pe 0°.2 1 | eee 
§° 0°.02 0°.09 0°.26 30° 0°.18 0°.70 P| 
10 0 .04 0 .18 0 .50 45 0 .25 1.0 3 .0 
1 0 .07 0 .27 0 .80 ay) 0 .36 1.4 4.3 
oo) 0 .12 0 .47 1.4 70 0 .69 2 ad 8 .2 


l'rom the table it is seen that even with a level that ensures an 
wccuracy of 0°.25, the bearing errors for altitudes greater than 35° 


= 


“ Sensitivity of the level is 15’. 
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exceed the accuracy of the reading (0°.2). If the ship is rolling (or 
pitching), the level accuracy falls to 0°.5-1°.0 and bearing errors for 
altitudes greater than 15° exceed 0°.3. 

From the analysis we conclude that: 

(1) when taking the bearings of bodies, one should hold the sigh- 
ting plane of the azimuth circle strictly on the vertical circle of tho 
celestial body; to do this, always use a level; when there is no level, 
do not tilt the bowl of the compass with your hands; 

(2) choose bodies with altitude no more than 15° for taking bea 
rings. This is particularly important when the ship is rolling (or 
pitching). 


II. RANDOM ERRORS IN TAKING THE BEARINGS OF CELESTIAL BODIES 


Random errors are inherent in every operation of this nature: 

(a) errors in aiming the hair of the sighting vane towards thw 
celestial body or its centre; 

(b) errors in bearing reading on compass card; 

(c) errors due to aiming hair and reading compass card at differenl, 
instants. These errors are appreciable for inexperienced observers. 

The magnitudes of total random errors for a magnetic compass 
and gyrocompass differ and, what is more, depend on the conditions 
of observation, mainly the rolling (pitching) of the ship. Experi- 
ment has yielded €¢, from 0°.3 for good conditions to +1°.5 for 
considerable rolling or pitching. 

To reduce random errors, take bearings with great care and try 
to read the compass card at the exact time of aiming, and take threo 
or more bearings with subsequent averaging. This is particularly 
important in the case of appreciable rolling (pitching). It is also advi- 
sable to take several bearings in order to avoid blunders in readings. 

The following are conclusions drawn from a consideration of thw 
principal errors made in taking bearings: 

(1) When working with a compass the navigator should be conti- 
dent that the azimuth circle has been adjusted and its correction 
is zero or known. 

(2) When taking bearings, try to avoid using the mirror. 

(3) To reduce errors due to tilt of bowl, use an azimuth-circlo 
level; if none is available, try not to tilt the bowl with your hands. 

(4) The effect of the foregoing errors will be less if the bearings 
are taken of a body at low (up to 15°) altitude. 

(5) When taking bearings of the sun or moon, see that the hair 
of the azimuth circle cuts the disc in half. Always read the bearing 
at the instant the vane hair is aimed. 

(6) To reduce random errors take three bearings of a body, under 
poor conditions five bearings. 
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SiC. 92. DETERMINING COMPASS CORRECTION IN THE 
GENERAL CASE 


‘ho compass correction is determined, as far as possible, during 
wvary watch for a constant course and, in addition, for each change 
uf course. When using the sun, it is best to find the compass correction 
in the morning and evening for small altitudes; in the daytime (high 
wltittde of sun) the correction is determined with less accuracy and 
1! should be regarded with caution; in this case do not determine 
(hi correction when the ship is rolling (pitching) heavily. At night, 
(he correction is determined from any star or planet whose altitude 
loos not exceed 15°; altitudes less than 5° are likewise inconvenient. 
ilu lo poor visibility of the body. It is not difficult to choose such 
w body visually or with the help of a globe or other aid. 

(‘ompass corrections are usually determined in the following 
mvquonce of operations. 


!. Prior to Observations 


Choose a celestial body at low altitude. For an ordinary azimuth 
virclo this altitude should not exceed 15°, for the Kavraisky and 
thor azimuth circles it can, if necessary, be increased to 35°. For the 
nun, find the time when its altitude is less than 15°. 


Il. Observations 


|. Take a round of three bearings of the body, taking the readings 
to within +0°.2 and note the chronometer or watch time to within 
1() seconds. 

2. Note and record 7,,, lr and course of the ship. 

4. Take D.R. of ship (@,, A.) from the map for the time of obser- 
vulion with an accuracy of 1’. 


lil. Working Sights 


1. Compute the arithmetic means of bearings and _ instants. 
If RCB is found, convert it to CB,, = RCB + 180°. 

2. From the mean instant compute 7, and with the help of the 
MAIs or other almanacs (for instance “Constant Ephemerides” of sun 
wand stars*) obtain ¢,,, and 6 of the celestial body. 

4. Using arguments 9,, 6 and ¢,,, with the aid of (47.2), special 
(ublos, nomograms or instruments, obtain the azimuth A of the 


” ae in the tables “TMIIC-56” and elsewhere (see Appendix VII, for 
wxnmple), 
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body and convert it to circular reckoning (0° to 360°), that is, to the 
true bearing of the body. Some aids give the true bearing directly 
in circular reckoning. 

4. Compute AK = TB — CB. 

5. Check variability of total correction as compared with earlicr 
accepted correction. For a magnetic compass, obtain deviation for 
the given course equal to AK — d, where d is the magnetic decli- 
nation taken from a map, and compare it with the tabulated valuc. 

6. If there is a considerable discrepancy between the AK correc- 
tion and the accepted value, check computations for blunders. 
If there are no blunders, check azimuth circle and compass, and 
then determine AK a second time. Take the new value of AK only 
if the second determination yields a close result. 

It is best to check blunders in computing A with different tables 
or graphs. 


Example 1. On 13.09.68 at 7;,=17h 20m; Ir=72.5; @e=49°12’N; Ag= 
== 151°37’E; ugn—=-+-5m 50s; course = 44°; d== —7°.5(W); the observed bea- 
rings of sun: 


RCB Ts 


94°.8 7h 14m 20s 
95 .6 7 15 05 
95 .4 7 15 40 


av. 95°.3 | 7h 15m 02s 


Determine AK and the deviation. 
Solution. Perform computations with four-place logarithmic tables. 


Tsn| 17h 20m Ten| Th 15m 02s a eee 
oe =cos@:tand- 

ZD| 10 5 50 : 

ms ° cosec t—sing- cot t 
| lI 

T,,| 7h 20m 13.09 T,,| 7h 20m 52s a 
6 | 3°45’.0 (1.0) 1 286°01’.4 (0.5) 
Ab 0.33 At 5°13’ .4 
bq ~ | 3°45'N te | ated’. 

yy 451 37 


(Oz | 82°54’ W 
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@ = 49°12’ cos |9.8152| sin |9.8794 
6= 3 45 tan |8.8165) — 

t—82 51 cosec |0.0034! cot {9.0984 

I {8.6354} II |8.9775 

—11 8.9775] B |9.7367 

Arg 0.3424cot A’|8.7142 


A’ = 180°— A = 87°02’ = 87°.0 
A= 93°.0NW = 267°.0’ 


CB=275.3 
AK = —8°.3’ 


Deviation = —8°.3+ 7°.5= —0°.8. 


SEC. 93. SPECIAL TABLES FOR COMPUTING AZIMUTH (OR BEARING) 
OF A CELESTIAL BODY 


Instead of computing the true azimuth from formula (17.2), one 
cum make use of special tables that give ready azimuths computed 
from some formula-at specified intervals of @,, 6, ¢. There are many 
much tables; we shall confine ourselves to the tables of A. P. Yush- 
thonko, A. P. Demin and, in general outline, to Burdwood’s Tables. 


I, AZIMUTH TABLES OF CELESTIAL BODIES (PROF. YUSHCHENKO) 


‘The most commonly used azimuth tables in the U.S.S.R. are 
(hose of Professor A. P. Yushchenko, first published in 1935. These 
tubles are constructed as follows. 

‘To determine A from the astronomical triangle, three elements 
(~, 6 and ¢) must be known. For this reason, three arguments are 
used in compiling the tables. For most tables then available it was 
nocessary to interpolate in all three arguments which is extremely 
(Inconvenient. If one of the variables (arguments) is taken to be con- 
alant, the interpolation and the construction of the tables are simpli- 
lod. For this purpose, it is necessary to know which of the arguments 
changes slowest. Variations of azimuth for increments in the quan- 
(ities @ and ¢ were obtained in Sec. 90 above 


AA, = tanh-sin A- Ag 
AA, = —cosq-cos 6-sech- At = —(sin g—tanh-cos p-cosa) At 
(17.12) 
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To obtain the variation of azimuth with change in declination 
of a celestial body, differentiate (17.2) with respect to A and 6. 
After simplifications, we get 


AA;= —sinq-sec h-A6d (17.13) 


An analysis of these increments shows that for average conditions 
AA, changes least due to increments in latitude, particularly at small 
altitudes. 

As a consequence, the latitude is taken as the constant or “leading” 
argument, which means that all azimuths are computed for constant 
latitude (the mean latitude for a given zone). Thus, only two argu- 
ments remain (6 and ¢#) which are used to pick out A. This procedure 
was proposed by the Russian navigators Daragan and Struisky in two 
small azimuth tables. To reduce the azimuth to a given latitude, 
we introduce a small correction AA,, whose values are obtained from 
the same tables. This principle is now the accepted one in all Soviet 
azimuth tables. 

In Yushchenko’s tables the latitude zones are equal to 10° and 
the azimuths are computed for the mean latitudes of each zone 9,,= 
SAD 5 WO iy ese O0 

‘The declination interval is 30’, hour angle interval 20’ (1 minute 
in the first editions). The declinations of celestial bodies are from 0° 
to 30°N and S so that the tables are suitable for all bodies of the solar 
system and about one half of the navigational stars. The values of 
the hour angles are taken within the limits of the diurnal above- 
horizon path of the body. 

Yushchenko’s tables consist of 9 volumes at 10°-interval latitu- 
de zones, which is to say they include all latitudes from 0° to 90°. 
Sometimes several volumes are bound together into one book. 
Each volume is divided into two parts: the first containing azimuths 
for declinations of same name as latitude, the second, those of cont- 
rary name. This makes it possible to use the tables for both north 
and south latitudes. 

Each part is in turn divided into sections of 10° of the hour angle 
(at 4h intervals in earlier editions). Each section is subdivided 
inside: into columns for declination (from 0° to 30° at 30’ intervals) 
and into rows for hour angles (every 20’); a complete section occupies 
six pages. This system of division greatly simplifies finding the requi- 
red value of A; the latitude gives the volume including ,; the name 
of declination gives the part of the tables; tens of degrees of hour 
angle give the section; the value of declination gives the column 
of the section, and the hour angle gives the row. 

Interpolation for minutes of declination and hour angle is perfor- 
med mentally by proportions between four values of A; it may be 
neglected in certain cases. 
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At the bottom of each page are tables of the values of azimuth 
corrections (AA,) for changing latitude by +1°. The corrections are 
given in the same columns of 6, but every 2° of the hour angle; 
the upper correction in each column refers to a latitude greater than 
the mean latitude g,, of the zone, the lower correction refers to 
a latitude less than @,,. 

If the computed latitude @,. differs from the mean latitude, then 
multiply the chosen correction AA,° with its sign into the absolute 
value of the difference @, — 9, = Ag taken with an accuracy 
of 0°.4. As a result, we get the azimuth correction AA, from the 
latitude, that is, 


AAg = + AA,o| Ag| (17.14) 


This correction with its sign is then applied to the azimuth chosen 
from the tables. 

In certain cases (indicated by an asterisk at the bottom of the 
page), to obtain A with an accuracy of 0°.1-0°.2, it is necessary 
(o introduce into the chosen azimuth an additional correction for 
(he second differences; this correction may be computed from the 
formula 


Ayr = — Ag (AA, + AA_) (0.5 —0.1AQ) (17.15) 


where AA; and AA~_ are corrections for latitude greater and less 
{han mean. 

The azimuth obtained will be in semicircular reckoning, so the 
lirst letter of its designation is the same as the latitude of the place, 
(he second is that of the hour angle of the celestial body. The azimuth 
(hus obtained is converted to circular reckoning, that is, to true 
bearing. 

The Yushchenko tables are the best azimuth tables because they 
yield high accuracy of azimuth (of the order of --0°.1-0°.2*), are 
simple to handle and require little time to obtain azimuth (about 
three or four minutes with selection of hour angle included). These 
lubles have the following disadvantages: size—the whole edition 
includes 9 volumes (about 1,000 to 1,200 pages), it cannot be applied 
lo stars with 6 >. 30°, and the inconvenience of semicircular recko- 
wing of azimuth, namely: the necessity of naming A and converting 
lo circular reckoning. 


xample 2. On 12.09.68 at about 7,,—16h 45m (ZD=3E) three bearings 
af sun taken by gyrocompass: CBgy=252°.3; av. Ten=1h 35m 20s; uen= + 
| im 238; @e=67°16’N; A-=40°31’E; course=30°. Determine AC, 


* With interpolation. 
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(4) Tsp | 16h 45m ae | 4h 35m 20s 
—~ZD | 3 Ucn | 0 4 23 
Tor | 13h 45m 12.09 = Tg, 13h 39m 43s 
br 4°02’ .2 (1.0) tr 15°57’ .5(0.5) 
AS |— 0.7 At 955 .9 
bo | 4°01’ .5N ter | 25°53’.4 
ry 40 34 
{=~ | 66°24’ 
(2) Pm= 65°, AP=e—Qm = 2°.3. 
(3) From 85 and to +++ Ar 110°.0 (AA;= +0°.20) 
A N 110°.5W 
TB 249 .5 
CB 252 .3 
AC 0978 


II. A. P. DEMIN’S “TABLES OF TRUE!BEARINGS OF CELESTIAL BODIES” 
(TMMC-51, THIC-56) 


The constructive principle of these tables is absolutely analogous 
to that of Yushchenko’s tables, the only difference being that the 
intervals of latitudes have been increased to 15° (with exception 
of the 0°-10° zone), and the intervals of declinations and hour angles 
increased to 1°. Also, the values of declination are limited to +24’, 
the values of hour angle, to values of altitude of the body from 0” 
to 30°. Due to these changes, the size of the tables has been reduced 
to 100 pages, but the accuracy of azimuths is inferior and interpo- 
lation is complicated. 

Demin’s tables come in a single volume divided into two parts: 
the first for ~ and 6 of the same name; the second, for contrary names. 
Each part has six categories as to latitude zone: the first at 10°, 
the second at 12°.5, and the remaining 15° each with mean latitudes 
5°, 15°, 30°, 45°, 60°, and 75°. 

In each section there are two tables: for the hour angles of the 
body at setting (fw < 180°) and at rising (ty >- 180°). For declina- 
tion and hour angle, these tables give, at 1° intervals, the values 
of true bearings of a body, that is, the azimuths measured from N 
in circular reckoning. 
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Since the intervals of declination are double those of the Yushchen- 
lw tables, and the hour angles are three* times as-great, it is necessa- 
'y when picking out the bearing to interpolate both with 
inmpocct to hour angle and declination, otherwise the errors will 
Income prohibitive. 

‘he bearing correction (AB) due to change of latitude by 1° is 
liented (via the same arguments 6 and #) at the bottom of each page. 
‘he correction indicates only one sign, so that when obtaining the 
rorrection AB, due to a discrepancy between the computed and 
lubulated latitudes, one has also to take into account the sign of the 
li[ference: Ap = Me — Qian, i.-€., 


ABg = (+ AB) - (Pe — iar) (17.16) 


whore the sign of AB, is obtained with allowance made for the signs 
wf the factors, after which the correction is applied to the bearing. 

Appended to the TUIIC-56 tables are Tables No. 41-5 of the “Con- 
nlunl Ephemerides” of the -sun, the quantities R = ag + 180°, 
1 und 6 for stars with 6 < 24°. 

I'rom these tables we can get the hour angles and declination 
wf the sun, the sidereal time, ¢ and 6 of stars without the MAE with 
wn accuracy sufficient for determining AK for 30 years. The accuracy 
uf the true bearing obtained from the TUIIC-56 tables will be of the 
wlor of +0°.3 for the sun and +0°.4 for stars. 

‘The TMTIC tables may be used in south latitude as well, but the 
li} is converted to circular reckoning by the formula 


TB =540°—TBs (17.17) 


ln which 360° is dropped if TBs < 180°. 

Among the advantages of the TUIIC tables are their small size 
wud the circular reckoning of azimuth used, which (in northern 
lutitudes) obviates determining the name of azimuth and conversion 
iu circular reckoning. An added convenience are the “Constant 
l;phemerides” that take the place of an almanac; they could, inci- 
(iutally, be appended to any tables or manuals for determining 
wzitnuth. The disadvantages of the TUIIC tables are: a more compli- 
‘ulod interpolation, lower accuracy, of the order of +0°.4 in true 
lnuring, and considerable limitations in celestial bodies (6 < 24°) 
wnd their positions (hk < 30°). 

ixample 4. On 26.03.68 at about 7,,—19h 30m observed x Arcturus. 
HOB -=2638°4; av. Tep=—8h 4m 25s; uz -25m 188; Pe=48°25'N; A= 
--15°03’.0W; course = 78° (RCB); d=14°.5 (W). Find AK and deviation. 


* Six times in THMIIC-51. 
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41) Tsp) 19h 30m (2) By MAE 
44 tf 124°19" 
At At | 77 
Tgr| 20h 30m 26.03 
ay | sates 131°46’ 
Ten| 8h 4m 25s —) 15 03 
ch 25 18 
ae re 116°43’ 
Tgr| 20h 29m 43s Hoe 
te 146 27 
ix a, | aaset0n 263° 10’ 
3, = 19°21'N 
By ephemerides tables 
from THUIIC 
Table 4 Tx 307°.4 
Table 3 Ro 182 .9 
ARyo | +1 .4 
28 491°.7=131°.2 
yy 15 .0 
ae 116°.7 
db, = 19°.4N Ty . | 146 7 
Ek. 263°.4 
(3) From known @m = 45°N; 6=215°4N; §=263°.2; we get 
Br yb baer AQ =Qce—Pm = +3°.4 
ABs —0 .3 AB, =-+0 .14 
AB; +0 a | ABo = +0° 5 
B 71°.5 AK —11°.4 
ABg +0 .5 dw +14 .9 
TB 72°.0 Dev, | + 3°.4 
CB 83 .4 
AK | —11°.4 
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11], BURDWOOD’S “SUN’S TRUE BEARINGS OR AZIMUTH TABLES” 


‘These tables are compiled for latitudes 30°-64°, declinations from 
() to 24° and hour angles within the limits of the visible part of the 
diurnal circle of the body. Since the azimuth in the tables is compu- 
lil for latitudes, declinations and hour angles* at 1° intervals, 
interpolation is required with respect to three arguments, and for 
lntitudes, with the next section of latitudes, which is very incon- 
ventent. 

The tables consist of two parts: the first for declinations of the 
niuine name as latitude; the second, for declinations of contrary name 
to latitude. 

etween the two parts are the constant ephemerides of the sun 
(‘., and y) for each day of four consecutive years, so that one can 
dispense with an almanac when using the Burdwood tables. 

lor entering the tables, the west hour angles less than 180° (12’) 
ure indicated in the extreme right-hand column headed p.m. (post 
meridiem). But if ty- > 180° (12h), then one has to compute t* 

360° — ty and with this argument enter the same right-hand 
column without using the left-hand a.m. (ante meridiem) column. 
ln this case, the azimuth will be O° to 180° (semicircular) and its 
time will be determined by the latitude (first letter) and hour angle 
(xecond letter). When extracting material from the table, it is most 
convenient to interpolate azimuth from the nearest integral value 
of ~, 6 and ¢, adding corrections with respect to each argument 
mi parately, as usual. 

The Burdwood tables are among the oldest azimuth tables (the 
first edition was published in 1852). These tables are considerably 
loss convenient and azimuth accuracy is lower than in the Yushchenko 
(ables. 


IV. FUNDAMENTALS OF CALCULATING CHARTS AND GRAPHS FOR 
OBTAINING TRUE AZIMUTHS (BEARINGS) OF CELESTIAL BODIES 


The azimuth of a body may be computed on the basis of @,, 5, 
‘not only from formulas or tables, but also from calculating charts 
or graphs. As a rule, graphic solutions are much more simple than 
tubular solutions, and for appropriate scales, graphs ensure accuracy 
of azimuth to within +0°.2-0°.3, which is sufficient for navigation. 

At one time, various types of calculating charts and graphs were 
widely used to determine azimuth and also altitude and azimuth 
in the British and German merchant marines, for instance Weier’s 
“Azimuth Diagram”, Schiitte’s “Azimuth graphs” and so on. 


* Hour angles are taken at 4m=1° intervals, in some places at 2m or 8m 
Intervals. 


val AZED 
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At the present time diagrams are published in Great Britain 
(Admiralty Chart No. 990), in the J.S.S.R. (Calculating Chart 
No. 290). | 

Let us examine one such calculating cyart for determining azimuth. 

The Admiralty Chart No. 900 is a yrid chart with binary field, 
called the Weier Diagram (1890) after its compiler. This chart 
embraces the entire circle of 360° with respect to A and ft, so thul 
no conversion to circular reckoning (0° to 360°) is needed. Around 


0° - 
ae 
Vd Oh - Sa 


Tj # WN, le 
75 oO, x en We Sh 
01 270°\Weh Hts : é 6h | 90° 
CSR T 


Be, D 7B =122° 


the outer circumference Of the chart, which is in the form of acom 
pass card (Fig. 144), are the true bearings at 1° intervals numbered 
every 5°. The hour angles are indicated on the inner circumference: 
in black figures for northern latitudes and in green for southern 
latitudes (from south point, reading anticlockwise). 

This numbering refers to the hyperbolic system constructed every 
4m (4°) of hour angle. The vertical diameter 0°-180° of the chart, 
which is the general scale of latitudes and declinations, is divided 
into 1° intervals and numbered every 5”, the numbers going upward: 
from the centre and referring to north @ and 6, the numbers goiny 
downwards and referring to south @ ang §. ; 

This numbering refers both to the system of elliptic curves ol 
latitude constructed at 4° intervals and to the rectilinear vertical 
scale of declinations. The binary field is formed by systems of hyper 
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luolus (¢) and ellipses (p). The chart is designed for use in latitudes 
from O° to 65°N and S and for declinations within these same limits. 
ll scale of declinations may be extended beyond the frame of the 
imlculating chart (by means of a measurer and a scale situated in the 
imuegins to the side of the chart) and the limits of declinations may 
lu) increased to 78°N and S. 

Working with a calculating chart requires a parallel ruler or two 
lntyo set squares. 

Tho rules for using a calculating chart are as follows: 

(1) for a given declination, say 56 = 20°S (see Fig. 144), plot 
joint C on the vertical scale; 

(2) from the latitude find the elliptic curve (say gm = 30°N); 

(}) from the hour angle find the hyperbola (say tw = 300°); 

(4) at the intersection of these curves (g and ft) plot the point 7 
the binary field; 

(9) placing the parallel ruler on points T and C, transfer the TC 

ilivoction to the centre O of the chart (7’C’); 

($) extending 7’C’ (in the direction from T’ to C’) to its intersec- 
(lion with the outer circumference (scale 7B), we get the 7B reading = 

122° on this scale in circular reckoning (0°-360°). 

Tho whole procedure of obtaining true bearing takes about 2-minu- 
(1s and does not require any arithmetic, while the error does not 
mxcvoeod +0°.5. One of the disadvantages in using this chart is the 
nwessity of the parallel ruler, which is not always convenient in clo- 
ni quarters. Another thing is that in certain parts of the chart, due 
(1 the density of the grid, it becomes difficult to plot 7. However, 
with a little practice this can be overcome and the chart becomes 
w handy tool for computing true bearing. The calculating chart 
in ospecially good to use in checking solutions from tables. 

ln some fleets, “Azimuth graphs” compiled by K. Schiitte in 1942 
live been in use. These graphs are constructed by latitude zones 
wl 1° intervals from @ = 0° to mg = 88 (for @ >- 80° every 2°) for 
wny declinations and hour angles, with the exception of altitudes 
yroater than 80°. The graphs come in one book of 360 pages. 

A point is plotted on the sheet: of the graph corresponding to 9, 
wilh respect to ¢, from the vertical frame and 6 from the appropriate 
curve. Using this point we take the azimuth in semicircular reckoning 
(()' 180°) from the horizontal frame. It is extremely easy to handle 
yruphs and the accuracy of azimuth is nearly the same as given 
ly Yushchenko’s tables. 

Tho true azimuths of celestial bodies can also be computed instru- 
mentally. Very simple and accurate azimuths are obtained by the 
(wrman ARG-3 instrument; somewhat more involved are computa- 
\lons performed with a cylindrical rule. These instruments are 
considered in Sec. 108. 


23* 
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In addition to the tables already considered, there are numerical 
tables. of altitude and azimuth used to compute azimuth, for example 
BAC-58 (see Sec. 107), H.O.-214, and others. 


SEC. 94. SPECIAL CASES IN DETERMINING THE COMPASS 
CORRECTION FROM THE SUN AND POLARIS 


Obtaining the true azimuth is greatly simplified in the case of 
certain special positions of celestial bodies on the sphere. 

For example, if we observe the sun at the instant of true or appa 
rent sunrise, we can use the “altitude method” which does not require 
selecting the hour angle of the body, and all computations are 
simplified. 


I. DETERMINING THE COMPASS CORRECTION AT THE INSTANT OF TRUE 
SUNRISE 


At the instant of true rising of celestial bodies, including the sun, 
the altitude of the body’s centre h = 0 (Fig. 145) and formula (17.:;3) 


Cea 


Sb] GS ees 


“2 horizon 5 


obtained from the triangle ZP yCy) takes the form 
cos A = sec qg-sin 6 (17.18) 


To apply this formula to the sun, it is necessary to find the instant 
that its centre arrives at the celestial horizon. Since at sea we obser- 
ve apparent directions, for an observer with height of eye 6.1 metres, 
this will occur when the lower limb of the sun (C9) is at a distance 
of about 0.7 ~ 3/4 of its apparent vertical diameter above the visib- 
le horizon. Here, the azimuth of the sun may be computed from 
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formula (17.18) or, still better, it may be taken from a table compiled 
from it; for example, such tables are given at the end of each volume 
uf the azimuth tables of Yushchenko and others. 

This method was once rather common, but now it is hardly ever 
umod because it is more convenient to take bearings of the sun at 
w more definite instant of apparent sunrise or sunset of the upper 
Ninh. | 


{[, DETERMINING THE COMPASS CORRECTION FROM THE SUN'S AZIMUTH 
AT THE TIME OF APPARENT SUNRISE OR SUNSET OF THE UPPER LIMB 


When the upper limb of the sun becomes tangent to the (visible) 
horizon, the centre of the sun (C) will be located somewhat lower 
(han the horizon (Fig. 145) due to the following factors: 

(a) dip of the visible horizon relative to the celestial horizon; 
(nking an average height of eye e = 6.1 metres (20 feet), we get 
d= —4’.4; : 

(b) astronomical refraction on the visible horizon; this raises 
the sun’s image an average of 9p = —30’.5; 

(c) the semidiameter of the sun, equal to an average of 16’.0, 
wnd a parallax of about +0’.15 ~ 0’.14. 

Consequently, the true geocentric altitude of the sun at the instant 
when its upper limb arrives at the visible horizon will be 


hg = —4’.4—39’.5— 16’.04 0’.14 = 55’.6 
if we take e=-0, then 
hg = — 34’.4— 16’.0+4 0’.14 = —50’.3 
In the MT-538, hg=—0909’, in MT-63, ho= —50’.3 (from sea 
lovel). 
When compiling azimuth tables for these cases it is more con- 


venient to transform (17.3) by replacing cos A=1—2sin?4, 
und the secants and tangents by sines and cosines, thus 


use A ee eer Roe 
1—2sinet— 5° sing-sinh | 


cos @-cos h 
or 
9 sin? A. — 4 — Sin g:sinh+sin 6 
2 cos @-cos h 


Reducing the right side to a common denominator and simpli- 
fying, we finally get 
A east a 
- 9 “@ _ cos(p—h) F sind 
Sin 2 2 cos @- cos h GLE) 


For g and 6 of the same name, the numerator of this formula will 
be subtractive, for contrary names, additive. 


358 ASTRONOMICAL DETERMINATION OF COMPASS CORRECTION 


In the MT-53 tables, formula (17.19), in which h = —50’, is 
used to compute Tables 20a and 206 for latitudes from 0° to 7 
and declinations of the sun from 0° to 24°. Table 20a is used for 
and 6 of the same name, Table 206 for @ and 6 of contrary names. 
Formula (17.19) or Table 20 yields azimuth in semicircular recko 
ning, that is, the first letter of the designation is determined from 
the latitude, the second, depending on whether the sun is rising 
(E) or setting (W); a simplified rule for the designation of A is given 
at the bottom of Table 20. 

In the MT-63 tables, similar tables 20a and 206 are computed with 

= —90’.3. There are additional tables 208 and 20r for computing 
corrections to the azimuth for the magnitude Ah. The altitude 
correction is computed from the formula 


Aes py hg 


From the spherical triangle ZPyC (see Fig. 145) we write 
the formula 


sind =sin g-sinh-+-cos p-cosh-cos A 


Differentiating it with respect to h and A and passing to inc- 
rements, we obtain | 


0 = (sin g-cos h—cos @-sinh-cos A) Ah—cos @-cosh-sin A-AA 


Since h is small, we can take cosh=1, sinh=0O. Then we 
have 


AA’ = tan qg-cosec A- Ah’ (17.20) 


Table 208 is computed from K = tang + cosec 4 The correc- 
tion AA° = K-Ah’ is taken from Table 20r; the sign of the correc- 
tion AA® is the same as that of Ah’. 

The accuracy of the compass correction obtained by the altitude- 
azimuth method is lower than in the general time-azimuth case. 
This is because it is difficult to catch the exact instant of apparent 
rising or setting of the upper limb; in addition, it is impossible 
to reduce the effect of random errors or detect a blunder in the sole 
bearing. In very high latitudes, for large values of 6, that is, on 
the very edge of Table 20, linear interpolation cannot be applied 
and the azimuth is inaccurately determined. Therefore, do not use 
Table 20 in such conditions. 

For this reason, a correction obtained from the azimuth of appa- 
rent sunrise or sunset (particularly when the ship is rolling or pit- 
ching) must be regarded as approximate and must be refined at the 
first opportunity by more reliable observations by the “time azimuth” 
method. 
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An advantage of the altitude azimuth method is the extreme sim- 
ylicity and the possibility of getting along without the MAE confi- 
wit oneself to picking 6. out of the tables of constant ephemerides. 

Tho sequence of operations in determining AK is as follows: 

(1) Observe sun bearing at the instant its upper limb appears 
(ar disappears) on the horizon, and convert RCB to CB. 

(2) Note the time 7,, to within 5 to 10 m; compute 7,, and take 
lrom the MAE or tables of constant ephemerides 63 with an accu- 
mecy Of 0°.4. For this same instant, take ~, with the same accuracy. 
li high latitudes and for considerable 6, it is best to obtain 65 
wid @,. to within 3’ (0°.05). 

(}) Enter Table 20a with and 6 of same name, or 206 with cont- 
rary names and pick out the value of A; nearest to @ and 6. Inter- 
palate separately with respect to 6 and @ and apply the correction 
ln Ay. Prefix designation to azimuth obtained and convert it to 
circular reckoning. 

(4) Compute AK = TB —CB and compare with earlier value. 


xample 5. On 7.06.68 at 7s, + 21h 45m (ZD==2E); @e + 59°.6N; Ace = 18°R; 
look bearings of sun at setting of upper limb RCB,g = 137°5; course = 87°. 
ind AK, 


(I) Tesh 214h45m 7.06 (3) pp=56° \ 
ZD+4) 2 bp = 23° 
je | 19h45m 7.06 Ay 43°.7... Table 20a 
AAy | +0 .6 
(2) from MAE 65 = AAs +0 .9 


== 22°49’ .2N = 22°.8N 


Ak —2°.3 


III. DETERMINING COMPASS CORRECTION FROM OBSERVATIONS OF 
POLARIS 


Polaris (a Ursae Minoris) describes in its diurnal motion (Fig. 146) 
u parallel of extremely small spherical radius, A ~ 53’. 

For this reason, in latitudes up to 30°N the azimuth of Polaris 
changes only from 0° to 1°.4NE and NW, and in latitudes up to 
70°N, from O° to 2°.6; the formula for computing A may be simpli- 
fied. 
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From the astronomical triangle ZP)C we have 


sinA __ SiN tjoe 
sin Ay. cos h 


or, taking into account that tj¢—=Sic—@, we have 
sin A =sin Ay-sech-sin (Sjo¢ — 4) 


Due to smallness of the polar distance Ay and the azimuth .1, 
we replace the sines by the first terms of the series, and fh is taken 
equal to g, since their difference does ot 
exceed 53’. Introducing simplifications, we 
obtain 


A® = Ay sec @-sin(Sioee—Ay) (17.21) 


This formula is used in Almanacs, taking for 
the given year the mean values of Ay and ~, 
of Polaris (in 1968, Ay = 53’ and ay = 30), 
to compute a table of the “Azimuths of Pola 
ris” for latitudes from 5° to 70°N (in MAE of 
the old type, up to g = 30°N). The arguments 
for entering the table are the local sidereal 
time S),.= i’. given every 5°, and the latilu- 
de of the place given every 5° too. The namo 
of the azimuth is given at the bottom of tho 
tables, but it can easily be established from 
Westwaras Fig. 146. Indeed, it is seen that from tho 
instant of upper transit of Polaris to lower 
Fig. 146 transit, the azimuth will be NW. Here, on 

the basis of formula S,,, = tx, + ay with /, 

equal to 0° and 180°, we have S;,, = a, = 30° and S;,, = ay | 
+ 180° = 210°. Consequently, for t. from 30° to 210° the azimuth 


of Polaris will be NW, and for ¢},. from 210° to 30°, it will be NI. 

To obtain the compass correction from Polaris, take 2 or 3 bea- 
rings, note 7, to within 5 to 10 minutes and take the coordinates 
of the ship @,, A, to within 1°. Taking ts from the MAE and obtai- 
ning tc, enter MAE, choose A and convert it to circular reckoning. 

This method is applicable to latitudes from 0° to 15°-47°N when 
taking bearings without a mirror and up to g = 30°N with a mirror 
or with other azimuth circles. 

However, even in larger latitudes one should never neglect appro- 
ximate orientation by Polaris; for example, when on course N or 5, 
Polaris should be located in the centre-line plane of the ship, that 
is, in a line of masts. 


Eastwards 
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Mxample 6. On 13.09.68 at 7;,=21h 30m (ZD==1W) three bearings taken 


wf! Polaris av. RCB=195°.5; @e==33°N; Ag==21°5’W; course: =230°. Deter- 

mine AK, 

(1) . Tsar 21h30m 13.09 (2) Si9¢=- 309° ly 1°.1NIe 
Dy 1 Pe = 30° } oe TB 1.1 
aera aaa e eeeneerer an ~ CB 15.5 

l gp 22h 30m 13.09 
lr 322°57’ AK —14°.4 
At 7 31 
Ly, 330°28' 
~ Aw 21° 5’ 


gee / 
tr. ~ | 309°.4 
SEC. 95. COMPILING DEVIATION TABLES FROM THE BEARINGS 
OF CELESTIAL BODIES 


To obtain a new table of deviation from the observations of cele- 
nllul bodies (the sun is the best), choose a region where a circulation 
‘un be executed and a time during which the altitude of the sun does 
not exceed 15°, that is, ordinarily 
morning or evening. Other bodies may & 
lw observed under the same condi- 
llons, but their declinations should 
lw less than 30°, since Yushchenko’s 
nzimuth tables have 6 < 30°. 

The work consists in taking a se- 
quence of bearings of the body on the 
wight principal and four quadrantal 
courses. To do this, at the time of 
observation 7,,, take the closest cour- 
my (Fig. 147), take two or three bea- 
tlngs of the body, and note the chro- 
nometer time (to within 5s). When 
passing to another course, it is best 
to overlap by 10° to 15° and then return to the given course and 
xlay on for 3 to 4 minutes so that the magnetic state of the ship 
lacomes steady. 

After observing bearings on all courses, it is advisable to repeat. 
the observation on the first course, and then head for destination. 
Tho whole job takes about 50 minutes. 

To work the sights, take the coordinates of the centre of circula- 
lion, compute the mean RCB and the instants for each course; 
then, for the instant corresponding to the mean (fifth) course, we 


TC 


Fig. 147 
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obtain 6 and ¢ of the body from the MAE. For the other instants 
we consider that the change in hour angle is equal to the change 
in time and the declination remains unchanged. When obtaining 
azimuth from the Yushchenko tables, m and 6 remain unchanged, 
therefore the azimuth and the correction AA, will only change 
due to change in the hour angle. All computations are tabulated 
in two ways, as shown below. 

To eliminate deviation by means of magnetic bearings of the sun, 
these same schemes may be used, but take the instants of the pros- 
pective time of work and convert precomputed true bearings to 
magnetic bearings. 


Example 7. On 9.09.68 at about 7,, = 5h 55m (ZD = 2W) started determin- 
ing the residual deviation from course 135°. The coordinates of the centre of 
swing: @ — 42°40’N, A = 27°25’W. Observations tabulated in Scheme 1. 
Worked he Yushchenko tables with instant 7, heading 315° and given in Sche- 
me 2; uo, = +0m46s, magnetic declination (from map) d — —8°.7(W). 
{1) Scheme No. 1 


Course | RCB 


T., | AV. RCB] Av.T,, | ATMIn, sec AT? 
135° 276°.6 | 7-55-08 2im5s | —5°46 
180 279 .2 | 8-00-23 15 50 | —3 57 
225 277 .2 | 8-05-38 10 35 | —2 40 
270 276.5 | 8-10-43 5 30 | —1 20 
315° ! | 278°.6 | 8-16-13 | Om 00s 0°0 
360° (0) | | | 279°.6 | 8-22-48 6m 35s | +41°40’ 
ee ee eee eee ee eee eee eee eee ee 

(2) | Th 5h 55m 9.09 Ten | 8h 16m 13s 
ZD 2 Uch + O 46 Pe— Pm = 2°.3 
Tse 7h 55m 9.09 Veh | 8h 16m 59s 
br N 5°45’.3 (0.9) iS 300°40’ .6 (0.5) 
Ad | — 0.3 At 414 .8 
0 > | 5°45'N #9. | 304°55".4 
hw 27°25" 
tay = t, | 277°30’ W= 82°30’ E 


d= —8°.7 
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(i) Neheme No. 2 


dh De 
cue: — tay + Aes AAg| Ad TBs | CB | AK 6 oom 
-l+A ° 

(hi 87°40’ j 87°. 8NE}] 0°.2| 87°.6NE) 87°.6)| 96°.6} —9.0) —0.3] —1°.3 
aD 86 30 88 .8 |—O .3}] 88 .5 88 .5/99 .2}|—10.7| —2.0/—3 .1 
Ai 85 10 89 .7 —0O .3] 89 .4 89 .4}97 .2| —7.8] 4-0.9 0 .0 
1A) 83 30 + 90 .6 —0 .3} 90 .3 90 .3]96 .5}) —6.2] -|-2.51 +1 .2 
WW 82°30’E ] 91 .5 —0 .4] 91 1 91 .4/98 .6| —7.5}]+1.2/+0 .3 
92 .8 —0Q .4| 92 .4 92 .4/99 .6| —7.2}+1.5]/+2 .4 


Ano oD) 80 50 | 
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ESSENTIALS OF ASTRONOMICAL DETERMINATION 
OF POSITION AT SEA 


SEC. 96. THE RELATIONSHIP BETWEEN THE POSITION OF A SHIP 
AND THE POSITION OF ITS ZENITH ON THE SPHERE 


The most important task of navigation is determining the true 
position of a ship on the earth’s surface. Since maps reproduce thw 
surface area of the earth with sufficient accuracy, this problem redu- 
ces to determining the actual position of a ship on a map. In naviga- 
tion, the problem of determining position is solved by observing 
various terrestrial objects. But if such objects are lacking, determi- 
nation of position both at sea and in coastal areas is done by astro- 
nomical methods, that is, by observing celestial bodies. Navigation 
maps are constructed in the system of geographic coordinates \ 
and A; for this reason any determination of position reduces either 
to a determination of the coordinates @ and A with subsequent plot- 
ting of the point on the map, or to obtaining the position on the map 
directly. 

Nearly all navigational methods of determination of position 
serve to illustrate the direct way: by bearings, angles, distances. 
Here the coordinates @ and A are used only for indicating places 
of terrestrial objects, while the position itself is obtained relative 
to these objects by the lines of position method. 

Up to the middle of last century, nautical astronomy only used 
methods for separate determination of the coordinates @ and Aj. 
After the discovery, in 1837-1843, of the method of altitude lines 
of position, simpler procedures were used for determining positions 
on maps from the lines of position. Such procedures are in princip- 
le analogous to navigational methods. At the present time these 
methods are dominant in nautical astronomy. 

In astronomy, determining the position of a ship or its coordina- 
tes m and A reduces to finding the ship’s zenith (or its coordinates) 
on the celestial sphere with subsequent conversion to geographic 
coordinates or directly to the position on a map. 

Let us establish a relationship between the position of an obser- 
ver on the earth’s surface and that of his zenith on the celestial 
sphere. 


wi RELATIONSHIP BETWEEN POSITION OF SHIP AND ITS ZENITH = 365 
ATOR iA a NEA AI NETIC SN en RA ERE ed RSNA EN Ras ee EN 


Ax already mentioned at the beginning of the course (Secs. 3 
nud 4), the celestial coordinates a, 5 are related to the geographic 
‘nordinates @, 4 via an analogy of these coordinate systems, the 
lunes of the principal circles of which (equator and meridian) are 
common, 

wlorring to Fig. 148, which depicts the celestial sphere with 
contre at the centre of the earth, let M or (“loc”) be a ship on the 


Fig. 148 


«arth, with coordinates @) 5- and A,;,,, MO being the plumb line 
al the observer. , 
Iuxtending the plumb line to its intersection with the celestial 
nphere, we get the zenith of the ship Z,,.; similarly for Greenwich 
wt have Z,,. Also indicate the meridian of the celestial body C and 
(he point of Aries (Y ). From the figure it will be seen that the posi- 
lion of the ship is the projection of its zenith on the earth’s surface 
nud its coordinates are connected by the relations below, which 
follow from the angular equality of the arcs KZ,,, = eM and KoK = 
Ce 
oc — 5,3 S oc — & 
Pioc Z l Z (18.1) 
toc = (az — Azer) = S toe =| Sgr 
If the hour angles of the body C are used in place of the 
hour angles of Aries, we get the formula in a more general form 
Mtoe = toe — bo (18.2) 


where 1 is reckoned to the east with a plus (+) sign and to the wes 
with a minus (—) sign. 
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Due to the diurnal rotation of the celestial sphere, the zenith 
is constantly moving and in a 24-hour period describes the parallel 
aa’; we must therefore define the “instantaneous position of zenith’, 
which is the zenith at the given instant. Hence, when determining 
a position, always note the time by chronometer or watch; this 


is then converted to S,, or 8 

If the instantaneous zenith has been determined, then from for- 
mulas (18.1) we get the coordinates m and A for the same instant 
or, if we project on the earth’s surface the constructions which ser: 
ved to determine Z, then graphically we get the position on the 
earth. 

If in a particular case the celestial body C transits exactly in tho 
zenith Z),,., we obviously have 


From the foregoing it will be seen that if in place of the coordi- 
nates of the zenith 6, and t,,, we introduce the geographic coordi 
nates of the place @jo, and tig¢ = tgr + Atoc into the astrononi- 
cal triangle of the body, then we can determine the position of tho 
ship or its coordinates directly instead of determining the position 
of the zenith. 


SEC. 97. GENERAL PRINCIPLES FOR DETERMINING THE ZENITH 
ON THE CELESTIAL SPHERE OR THE OBSERVER’S 
POSITION ON THE EARTH 


Fundamentally, .it is possible to determine the coordinates of the 
zenith or its position on the sphere by an analytic solution of the 
astronomical triangle, graphically, or, finally, by means of instru- 
ments. Both for solving the triangle and in other cases, we must 
know (in addition to the coordinates of the body taken from the 
MAE) two more elements of the triangle, for example, the altitude 
and azimuth of the body, two altitudes, and so forth. If we get two 
elements from observations, we determine both coordinates of the 
zenith 6, = @ and £,,,; if one is obtained (h, for instance), then only 
one coordinate, @ or A (t;5,), need be found. 

Thus, to determine the coordinates of the zenith it is necessary 
to make observations of the coordinates of the body, and to obtain 


i and 6c from the MAE, note the chronometer time. 
For these purposes, one can observe: 
(a) the altitudes of one or two bodies; 
(b) the difference of altitudes or equal altitudes; 
(c) the azimuths of one or two bodies; 
(d) the difference of azimuths or the equal azimuths; 
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(‘) the altitude and azimuth of body; 

(1) the parallactic angles q. 

With modern instruments, only the altitudes of bodies or their 
litlurences may be obtained with sufficient accuracy from observa- 
lions at sea. Now the azimuths of bodies, and all the more so the 
nuglos g cannot be obtained from observations with the same accu- 
icy. Kor that reason, we shall consider only those solutions which 
involve measured altitudes. 

(1) Analytic determination of the coordinates of the zenith posi- 
(lon of a ship. The problem of finding the coordinates of the zenith 


Fig. 149 


(ur, what is the same thing, the coordinates of the place @ and A) 
riuluces, from a purely analytical point of view, to solving the fol- 
luawing set of equations 


Uy= fy (q, h); Us = fo (Q, A) (18.4) 


whero the functions u, and wu, are obtained from observations. 

‘lo determine both coordinates @ and A, it is necessary to form two 
mquations (18.4), which means having at least two observations. 
(inly one equation is sufficient to find a single coordinate, @ or A; 
ln this equation, one of the coordinates must be taken as known. 
lf the number of observations and, hence, the number of equations 
(18.4) is greater than two, you can solve the problem by the least- 
nquares method and refine the determination of @ and i. For an ana- 
lvlic expression of the equations (18.4), let us take the solution 
uf the astronomical triangle Z,,.PyC, (Fig. 149) from altitude 
Observations of the bodies. 

‘suppose we observed the altitudes h, and h, of two bodies C, 
nnd C2, whose coordinates 6;, tg, and 62, tgre are taken from the 
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MAE for the noted instants 7, and 7’.. Then from the astronomical 
triangles for the bodies C,; and C2 we get 


sin h, = sin @-sin 6;-+ cos @- cos 6;- cos (tgry - A) 


(18.5) 


Determining the coordinates @ and A from observations of tho 
altitudes of two bodies is called the “two-altitude problem”. 

From the set of equations (18.5), it is possible in principle to deter 
mine @ and A, that is, to solve the two-altitude problem. 

A direct analytic solution of the two-altitude problem is consi- 
derably more involved and has been given by Gauss as a solution 
of three spherical triangles. It is not used in practical astronomy 
because of its complexity, but it may be applied in a computerized 
solution of the problem. 

In nautical astronomy, only special cases of the analytic solution 
of one of the equations (18.5), sin h, are used for finding @ or 2. 
As indicated above, when determining @ we specify A, that is, we 
take A =i., and when determining A, we specify @ = @,. 

(a) The principle of determining latitude. If a body is located on 
the meridian, then h = H; t,,, = 0 and equation (18.5) takes the 
form 


sin hy == sin m-sin 62-+ cos @- cos bg: COS (tgrg + A) 


sin H == cos (90° — H) == cos Z = cos (g — §) 
whence 


gp=Z+6 (18.6) 


where 6 is obtained from the noted instant 7. 

If the body is located near the meridian, its altitudes are ordina- 
rily “reduced” te the altitude H, and then the solution is by for- 
mula (18.6). 

(b) The principle of determining longitude. From equation sin h 
we find 

ay a sinh—sin g-sin§ 
nee cos ~-cos § 


and 

A= tioe — lor 
where ¢,, and 6 are obtained for the noted time 7, and h is measu- 
red near the prime vertical. 


On Determining a Position by Observing the Altitude and Azimuth of 
a Celestial Body 


Suppose that both the altitude of a celestial body and the azimuth 
have. been measured with the same accuracy by some instrument. 
Then the coordinates A and @ are determined by observation of this 
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uu body by solving the astronomical triangle, which is divided 
lint) two by a perpendicular dropped from the position of the body 
ito the meridian. The solution may be performed by the formulas 


Sin tio¢ = cos h-sec 6-sin A 
A= bioe — lt gr | 
tan k= coth-cos A | ae 
sin (p-+ 4) =sin6-cosech-cosk 
where the auxiliar quantity k is the zenith distance of the foot 


ut the perpendicular. 

l)ue to inaccuracies in determining azimuth at sea, this and other 
“azimuthal” methods are not used at the present time. 

(2) Determining the position of zenith (position of ship) graphi- 
ily from lines of position. If on the surface of a sphere (Fig. 149) 
wf radius C,Z7,. = 90° — hy we draw from the position of celestial 
lunly C, an arc BB’ of a small circle, we get the locus of zeniths 
wl observers for which 90° — h, (or hy) remains constant. This arc 
imuy be regarded as the line of position of observers’ zeniths for which 
h, const and @ and A (¢;,,) are different. 

Project the entire drawing on the surface of the earth; C, will 
In) projected onto point a,, the zenith onto the position of the obser- 
vir AT, the side C,Z,,, of the triangle onto arc a,M, which in degrees 
in wqual to 90° — hy. Since 1’ of arc of a great circle on the earth 
In oqual to 4 nautical mile, arc (90° — h,) (expressed in minutes) 
wquals arc a,M (expressed in nautical miles). In place of the line 
uf position of the zenith BB’, we will have an arc bb’ representing 
(he line of position of the ship. To construct this arc we need to know 
inly the position of a, on the earth’s surface (which is the centre 
uf the circle bb’) and its radius equal to arc a,M = (90° — h,). 

This whole construction will hold only for the given instant; 
(he next instant there will be a change in the altitude of the body 
wud the position of point ay. 

To determine the position of the zenith or the place on the earth, 
wi more observation of the altitude of another body C, is required 
fur the same instant. The second line of position of the zenith is con- 
ntructed in similar fashion from the place of the body C, with radius 
(0 — he); the position of the zenith on the sphere or the place 
in the earth will be obtained at the point of intersection of these 
(wo lines of position (see Fig. 149). This method is thus fully ana- 
lious to the determination of position in navigation by distances, 
nly in place of beacons we observe celestial bodies, and the distan- 
‘os are the quantities (90° — h) in miles. 

(3) Determining the place of zenith by instruments. In addition 
( the above-described analytic and graphical methods of determi- 


"h 1275 
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ning the zenith, there are methods which may be termed “instru 
mental”. 

In these methods, observations and their reduction are combincd 
by appropriate positioning of special instruments. 

(a) The principle of the “instrumental” determination of the zenith 
position. Suppose that on a transparent sheet we have a preciso 
map (a) of circumzenith regions of the stellar sky in a coordinalo 
system @ and S,,, to a certain scale (Fig. 150). The direction of tho 
plumb line is determined, let us say, by the bubble (0) of a level, 
a gyrolevel, or in other ways. If we set the map and sheet horizon- 
tally and bring to coincidence the directions to 2 or 3 stars with 


their positions on-the map, the instantaneous position of the zenith 
on the map will be at point z’, the intersection of the map with the 
plumb line. 

The zenith may be noted on the map by the bubble of the level 
or in other ways, and its coordinates @ and S;,,, are taken from the 
lateral and lower frames of the map. The longitude of the place 
is determined from formula (18.1) at 7',, noted at the instant of ob- 
servations. 

This is the underlying principle of a number of instruments, 
of which the best known are the “zenithometer” of A. Mikhailov 
proposed in 1944 and the “instrument for night determination of po- 
sition” of the Jugoslav astronomer L. Randich proposed in 1955- 
1956. Due to the difficulties of bringing into coincidence celestial 
bodies and the bubble index, and also due to considerable errors 
inherent in bubble levels and gyrolevels when the ship is rolling 
or pitching, these instruments are not suited to nautical astronomy. 

A fundamental drawback of this method is the restricted choice 
of bodies which for a given latitude and a given time pass near the 
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smith. These are frequently faint stars that require a strong zenith 
tuloncope. Another thing is that it is very difficult to take the 
ubimorvations. 

(1) The principle of an instrumental determination of directions 
tw the pole and the zenith at one and the same time. 

Suppose we have a map of the sky similar to that considered abo- 
vw hut constructed for the circumpolar region and placed in the 
linldl of view of a telescope OT (Fig. 151). We bring to coincidence 
the stollar images C,, Co, etc. on the map with the directions 
luwards them, OC, and OC., in space; this is done by tilting the 
(wloscope and turning the map about the OT axis; in this way we get 
il direction of the celestial axis. If by means of a bubble or gyro- 
luvil we détermine the direction of the plumb line Oz (or the plane 
wf the horizon), we can determine the position of the meridian and 
whbtain @ and S;,, and the direction N or S. 

Instruments constructed on this principle have been proposed 
nw umber of times. In 1948, V. Kavraisky proposed a “pole-finder”™ 
\ determine A from the stars a and B Ursae Minoris (Polaris and 
Kochab). In 1957 engineer Dubovetsky offered a similar instrument 
fur dotermining @ and Sj,, (A). The principle of a mechanical deter- 
wination of the direction of the celestial axis is also utilized in pro- 
jwcts and models of “Gyrolatitude”, in the “Spherant” instrument 
(1929, U.S.A.), and others. 

All these instruments are absolutely useless at sea without a per- 
fwstly stabilized platform. What is more, they have one common 
infect: extremely complicated observations. 

()f all the foregoing methods for determining the position of a ship 
wl soa or its coordinates, use is made almost exclusively of the 
linos of position method and also occasionally of analytical procedu- 
tn for determining latitude. 


SEC. 98. MOST FAVOURABLE CONDITIONS IN ARRANGEMENT OF 
CELESTIAL BODIES FOR DETERMINING POSITION AND FOR 
SEPARATE DETERMINATION OF ITS COORDINATES gq AND 2 


l'rom navigation we know that the positions of beacons rela- 
(ive to a ship are very important for an accurate determination 
uf position. Similarly in nautical astronomy the positions of cele- 
ntlal bodies on the celestial sphere relative to one another and 
(lu observer’s meridian affect the accuracy of any determination. 
lg us find the conditions for which errors of observation (the total 
nyslomatic and random errors) have the least effect on determining 
the position of the ship. 


24* 
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I. DERIVATION OF THE BASIC EQUATION OF ERRORS 


When solving the astronomical triangle by formulas (48.5), 
we are given h, 5 and ¢,,, and we seek the observed coordinates 4 
and 4. Here, the quantities 6 and ¢,, taken out of MAE will be prav 
tically exact; so the errors that arise in @ and A, depend exclusi 
vely on the errors in the measured altitude. Taking error Ah as an 
increment, we find the increments Ag and AA of the observed coor 
dinates. 

The analytical relationship between these coordinates is establish 
ed by the familiar equation 


sinh = sin @-sin§+ cos g-cos §-COS tyog (*) 


The total differential of a composite function of the form u 
= f(g, A) will be 


Ou Ou - 


or, for our case, 


Oh Oh 
dh = ap 2 or Atioe (18.8) 
The partial derivatives = and a are found by differentiating 


formula (*) with respect to the variables @ and fy. 
cosh 0h = (cos g-sin 6 —sin @-cos 6-08 tyoe) OP 
or 


dh _ cosq-sin6—sin @- cos §-C08 tyg¢ 


OD cos h (18.9) 


From the astronomical triangle (see Fig. 149) and the formula 
of five elements (see Appendix III, 2), we write sin (90° — h)-cos A: 
= sin (90° — q@) cos (90° — 6) — cos (90° — g) sin (90° — 8) cos t,, 


or 
cos h-cos A = cos p-sin 6 — sin @-CoSs 6- COS bjo¢ (18.10) 

Substituting this expression in (18.9), we get 
Oh cosh-cos A 


oe a cos A (18.11) 
The partial derivative a was obtained in Sec. 11 in the form 
Oh 


—- = —cos@g-sin A (18.12) 
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NIWCO biog = bg At and ter is practically exact*, 
ne E dh _ Ooh 
dtione = + diy and AE OR 


Vutting into (18.8) the values of the partial derivatives, passing 
in linile increments, and taking Atjog=—-+ At, we obtain 


Ah = cos A Aq = cos g-sin A Ady (18.13) 


if for the sake of simplicity we take the error AA westwards, 
wit nally get 


Ah = cos A Ag-+cos@ sin A AA (18.14) 


i”, replacing the error in the longitude AA by the error in depar- 
luna Ao = AA cos @, we get the relationship in a different form 


Ah = cos A Ag+ sin A Ao (18.15) 


Wo can call formula (18.14) or (48.15), which connects the error 
uf moasurements of altitude Ah with errors in the coordinates of 
jumition, Ag and AA or Ao, the basic error formula in determining 
pomltion. 


1], MOST FAVOURABLE ARRANGEMENT OF BODIES FOR DETERMINING 
A POSITION FROM TWO LINES OF POSITION 


ho lines of position of the zenith (and place), as shown above, 
wt (letermined by measured altitudes h; for this reason, an error 
ln ultitude will cause a displacement of the line and errors in the 
‘ordinates will be expressed by the equation (18.14). 

‘lo find the position of a ship (obtain a fix) we need two lines of 
jwnition that correspond to two measured altitudes of bodies; and 
mv (0 find the errors Ag and AA or Ao, set up an error equation for 
mech of the two lines | 


| Ahy=cos A; Ag +sin A, Ao 
Ah, = cos Az Ag + sin Az Ao 
Solving this set of equations by means of determinants, we get 


| Ah, sin A, cos Ay Ah, 
= Aho sin A» = cos Ao Aho 
Ap= cos A, sin a ? Ao = cos A, sin A, 
cos Ao sin Ao cos-Ay sin Ao 
ant’ 
_ Ahysin dg—Ahgsin Ay ———- Ahy Sin Ag —Ahosin Ay 
Ag ~ COS A; Sin Apg—sin Ay-cos Ay sin (Ay— A)) (18.16) 


* \‘rrors in the instant Tg; are considered errors of altitude (see Sec. 79). 
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and 


Aho cos A,—Ah, cos Ay 


Ao = AA cos 9 = Te eae 


(18.17) 
We get the displacement AM in the ship’s position on the may 
due to the errors Ag and Ao from the triangle M,M.,D (Fig. 152) 


AM? = Ag? + Ao? (18.1%) 


Substituting here the values Ag and Ao and performing simplo 
manipulations, we get 


_ V Ah? + Ah? —2Ahy Ahg- cos (Ap— Ay) | 
Here, the quantities Ah, and Ah, represent the total errors in altitudo 
(both systematic and random), which are not the same either in 
magnitude or sign. 

From an analysis of (18.19) it will be seen that displacement of 
the position of the ship depends, aside from the errors themselves, 


Observed 
position 


Actual position 
of ship 


Fig. 152 


also on the difference of azimuths of the celestial bodies, that is, on the 
angle of intersection of the lines of position. The least error in posi- 
tion will be for an azimuth difference of A, — A, = 90°, irrespective 
of the azimuths themselves, that is, regardless of the positions of 
the celestial bodies relative to the meridian. 


III, MOST FAVOURABLE POSITION OF STARS FOR DETERMINING THI 
LATITUDE OF A POSITION 


From the error equation (18.14) we determine the error in latitude 


Ag = — cos @-tan A AA (18.20) 


cos A 


The error in latitude depends on the errors of measured altitudes 
and on the error AA in the observer’s longitude taken for these calcu- 
lations. 
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lat us analyze this formula part by part: 
(1) Assuming AA = 0, we get 
Ag — 22 
P= Cos A 


Irom (48.21) it will be seen that for A ~ 90° (270°) the errors Aq 
increase without bound, and for A = 0° (180°), Ag = +Ah. Thus, 
mrors in altitude have the least effect on the desired latitude if the 
lunly is located near the observer’s meridian. 

(hb) Assuming Ah = O, we have 


Ag = —cosq-tan A AA (18.22) 


‘rom this formula it is seen that for A = 90° (270°), the errors 
Increase without bound, while for A = 0° (180°) they will be zero. 
lt ix also seen that the latitude is more accurately determined in 
lil latitudes. 

(ionsequently, it is best to determine latitude by bodies located 
tloxe to the observer’s meridian; and the latitude cannot be found 
lly hodies with A = 90° (270°). 


(18.24) 


IV, MOST FAVOURABLE POSITIONS OF CELESTIAL BODIES FOR 
DETERMINING LONGITUDE 


‘rom the error equation (18.14) we determine the error in departu- 
mw or longitude 


h 
Ai cos p =, — cot A Ap (18.23) 
The error AA depends, as we see, on the errors Ah in the measured 
whtitude and on the errors Aq in the latitude taken for the calcula- 
(lons. 
(u) Assuming Ag = 0, we get 


(18.24) 


‘rom this formula it is seen that for A = O° (180°) the error AA 
Increases without bound, and for A = 90° (270°), AA = 
| Ah-sec @, that is, it will be least. 

(b) Assuming Ah = 0, we get 


AA cos g = — cot A Ag (18.25) 


whence it is seen that for A = 0° (480°) the error AA also increases 
without bound, and for A = 90° (270°) it will be zero. It is also 
obvious that the longitude is best determined near the equator and 
cnnnot be found at all near the poles. 
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CONCLUSIONS 


1. A ship’s position on a map is best determined from two astro- 
nomical lines of position for an azimuth difference of the bodies 
about 90°, regardless of the azimuths themselves. 

2. The latitude of a place is best determined by stars located near 
the observer’s meridian (A = 0° or 180°). 

0d. Longitude is best determined by stars located near the prime 
vertical (A = 90° or 270°). 

From the foregoing analysis it is evident that the method of lines 
of position is independent of the position of the celestial body, 
whereas ways of determining and A are drastically limited. 


SEC. 99. CIRCLE OF EQUAL ALTITUDES 


{. On lines of position. The concept of a line of position lies at 
the heart of graphic solutions of the problem of determining a ship’s 
position. Let us see what this term means. To every astronomical 
and navigational observation on the earth’s surface there corresponds 
a definite geometric place. These geometric places are distinguished 
by the fact that they correspond to an equal distribution of numerical 
values of a certain function uw = f (g, A) of the variables @ and A 
and graphically—on a globe or map—represent lines of equal value 
or the isolines of this function. If we observe some physical quantity 
on the earth and use the observations to compute the value of the 
function u = a, we can then construct on a map or globe a section 
of this isoline a = f (qg, A) closest to the computed (dead-reckoning) 
position, which will be the line of position of the ship. Thus, the line 
of position is a segment of an isoline of the function of some physical 
quantity, which segment is constructed near the dead-reckoning (D.R.) 
position and corresponds to the value of this quantity measured by the 
observer at the given instant. In the general case, a line of position 
is a curve, but sometimes its segment near the D.R. position may be 
replaced by a straight line. Since only the altitudes of celestial 
bodies can be measured at sea with sufficient accuracy, nautical 
astronomy makes use only of lines of position obtained from the alti- 
tudes of celestial bodies. Let us see what an isoline of altitude is. 

2. Circle of equal altitudes. Suppose a body C (Fig. 153) is seen 
on a given part of the earth and is located at such a distance that 
the light rays coming from it may be considered parallel. 

Let observer M on the earth, whose plumb line is ZM and horizon 
H-H’, obtain for celestial body C an altitude h, or zenith distance 
Z,. Since the light rays are parallel, the angle ZOa at the centre 0 
of the earth will also be equal to 2. 
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If we construct a number of angles z, near the line Oa, we will get 
n small circle MM,. 

()bservers M,M and all other observers located on this circle will 
liuve the same zenith distance z, or altitude h, of C at a given instant; 
this circle MM, is called a circle of equal altitudes. In other words, 
n circle of equal altitudes is a locus of points on the earth’s surface from 


3 


°° Ps 


Fig. 153 


which a given celestial body is seen at the same altitude at one and the 
name instant. This latter definition is exact, since it also takes into 
wscount the irregularity of the earth’s shape and peculiarities in 
the position of the plumb line on the earth. 

Thus, the isolines of altitude on the globe are circles of equal alti- 
(udes, and the line of position of a ship is a segment of that circle 
which corresponds to the altitude measured from the ship. 

3. Geographic position (GP). From Fig. 153 it is seen that the 
ytoater the altitude h of a body, the smaller the circle of equal alti- 
lude; at point a the altitude h = 90° or z = 0°, which means that 
wn Observer located at this point sees C in the zenith. This point is 
\he projection of the body on the earth’s surface at a given instant and 
in called the geographic position of the body or the substellar (subsolar, 
nublunar) point. If we reduce the altitude h, then for h = O the circle 
A/M, turns into a great circle that divides the earth’s surface into 
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two parts, in one of which the body C is visible, and in the oll« 
it is not. 

Projecting a circle of equal altitudes on the celestial sphere 
(Fig. 154), we also get a circle of equal altitudes Z,,.Z;, whicli in 
sometimes called a circle of equal zenith distances. From Fig. 154 


lor 
Fig. 154 


it is seen that this circle may be drawn on the celestial sphere from 
the place of the body with a spherical radius z = 90° — h, and on 
earth with the arc a;,,, equal to 90° — h in miles, as shown in 
sec. 97. 

The geographic position of a body on the earth is defined by tlie 
geographic coordinates gg and A,, while the position of the celestial 
body C on the celestial sphere is given by its equatorial coordinates 
6° ane to if the hour angles of the body are reckoned from Green- 
wich. 


From Fig. 154 and also on the basis of formulas (18.3), Sec. li, 
it is seen that 


— §C 
—— (18.26) 
hg top 

which states that the latitude of the geographic position is equal to 
the declination of the body, and the longitude is equal to the Greenwich 
hour angle of this body at the given instant. Since af increases rapidly 
(in proportion to time), the geographic positions of all celestial 
bodies are in rapid westward motion over the earth with slight 
change in declination. 
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Irom the relationships obtained it may be said that the parameters 
which define the position of a circle of equal altitudes on the celestial 
ejlore and on the globe are the coordinates of the body (the geogra- 
yliic position) and the spherical radius of the circle z = 90° —h 

4. Iquation of a circle of equal altitudes on the celestial sphere. 
Nuppose Zyo¢- is one of the points of a circle of equal altitudes (see 
Vip. 149), the equatorial coordinates of which are 65, (p) and 
‘;,» (A). Constructing for this point the astronomical triangle 
41,2 yC, by the formula of the cosine of a side, we get the familiar 
formula 


sin 24 = SiN Pige* Sin 64 + COS Proc? COS 64° COS (tgry+ Ajyoc) (18.27) 


If this same expression is written for other points of the circle 
H/t', we will see that 6 and t,, remain unchanged (the body remained 
(lw same), the altitude h, likewise remains unaltered and only and 


Fig. 155 


A of the points change. On this basis, formula (18.27) may be called 
(lw equation of a circle of equal altitudes on the celestial sphere. If we 
wry given the value of one of the coordinates, say g, then from equati- 
wn (18.27) we can compute a series of values of ¢;,, and determine 
tioc — tgr, Which will be the longitudes of the corresponding 
He of the circle of equal altitudes. Similarly, we can find the 
wlitudes from given A; of the corresponding points of the circle of 
qual altitudes. 
». Equation of a circle of equal altitudes on a Mercator map. On 
i Mercator map the circles of equal altitudes are depicted in the form 
of far more complicated curves called cyclic curves. The form of 
u cyclic curve (from the properties of a Mercator projection) depends 
on the position of the circle of equal altitudes relative to the earth’s 
polo Py. 
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Fig. 155 shows three circles of equal altitudes with geographic 
positions at points a,, a2 and a3, spherical radii z; = 90° — h; and 
polar distances A; = 90° — 6;. The first circle of equal altitudes 
is peculiar in that it does not include the pole Py, that is, for it 
2, <_ Aj, the second one passes through the pole, or z, = Ag, anil 
the third includes the pole, z3; > As3. 

On a Mercator map, the first circle is shown as a closed oval curve 
of the first type I’ (Fig. 156), the second circle is an open curve ol 


? 
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Fig. 156 


the second type II’ in the form of a catenary, the third circle is an 
open curve of the third type III’ like a sine curve. 

In the system of rectangular coordinates y and &, which coincide 
with the axes of symmetry of the curves, the equations of these cur- 
ves will have the form 


For curve I’: cosh n=cos §-cosh a; 
— sinh y=cos A-sinha 
For curve II’: e~-"=cos§=cos A (18.28) 
For curve III’: sinh n= —cos €-sinha; 
cosh 7 = cos A-cosha 


Here, sinh zx and cosh z are the hyperbolic sine and cosine oi 
the angle zx 
yn and & are the ordinates and obscissas of points 
of the curve 
a is the semiaxis of the curve 
A is the azimuth of the celestial body. 
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Irom Fig. 156 and an analysis it follows that the curvature will 
lus considerable only for curves of the first type in cases of very large 
h; in most cases, however, the curvature of cyclic curves is small 
wud within 30 to 50 miles the curve hardly differs at all from 
w wtraight line. 


SEC. 100. FUNDAMENTALS OF VARIOUS METHODS OF 
DETERMINING THE POSITION OF A SHIP FROM 
CIRCLES OF EQUAL ALTITUDES 


‘he general concept of determining position by circles of equal 
wltitudes (considered in Sec. 97) is specifically embodied in a variety 
uf ways of plotting arcs of circles. The principles of these methods are 
ulven below. 


{. USE OF CIRCLES OF EQUAL ALTITUDES ON THE CELESTIAL SPHERE 


ln this case, a circle of equal altitudes is the line of position of 
(lw Observer’s zenith on the sphere, and the position is obtained in 


muntorial coordinates. Then the relationships (48.1) yield the coor- 
inutes @ and A of the position. This principle is utilized in the 
aphorograph and in star altitude curves. 

A spherograph is an instrument designed to give an approximate 
‘lolormination of the coordinates of a place. It represents the celestial 
nhere in the form of a star globe (Fig. 157) with depressions at 
nlut’ positions, an equator (with a scale of local sidereal time) and 
u movable meridian (m) with a scale of declinations or latitudes. 
\tex of circles of equal altitudes are drawn from stellar positions 
ly w special arc of the vertical circle (nm) with a scale z = 90° — h, 
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a needle (J) on one end and a pencil (k) on a carriage that moves along 
the arc n. To determine position, measure the altitudes of two stars 
and note the instants: after the usual altitude correction, set readings 
90° — h, and 90° — hz successively on the arc of the vertical circlo 
n, and on the surface of the spherograph draw two arcs of circles of 
equal altitudes from the positions of the first and second stars. Of 
the two points of intersection, choose the ane closer to the computed 


/, \ 
gh GF rN 
@ Lyrae @ Geminorum 


Fig. 158 


point as the zenith. Using the movable meridian, take from the arc 
its 6, =, and from the equator ti, = S,... After computing 


pe from the noted 7,, we have } = ti, — pe 

Coordinates are-determined quickly and easily, but accuracy is 
very poor. Indeed, some spherographs of foreign make have a diame- 
ter of 35 cm; thus, 1’ of arc (or 1 nautical mile) is equal to 0.05 mm. 
This means that 1 mm represents 20 miles and the overall accuracy 
is of the order of 0°.3 to 0°.5. To obtain an accuracy of the order 
of 1’, a mile must be no less than 1 mm; nD = 360°-60’ -1 mm,’ 
and the diameter of the sphere D = 6.9 metres. This would be impra- 
ctical. 

Position approximations of this type are obtainable on an ordi- 
nary star globe with the aid of dividers. 

Star altitude curves. Let us suppose that systems of circles of equal 
altitudes for various h have been plotted on a celestial sphere for 
stars C, and C, in a way similar to that done for the spherograph. 
The surface of the sphere together with the circles of equal altitudes 
and a grid of meridians and parallels is depicted on a plane in Merca- 
tor projection (Fig. 158). The resultant chart of this section of the 
sky with the grid of isolines of altitude is called a star-altitude-curve 
chart and serves for determining the coordinates of a place. If the 
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wltitudes of two stars C, and C, are measured on a ship, working 
w wight amounts to finding the isolines on the chart that correspond 
in these altitudes. The zenith will be at the point of intersection 
wf (hese lines; its coordinates are taken from the lateral (¢~) and lower 
(‘,,,,) frames of the chart; we then get A = S;,. — Sg,. The accuracy 
iinponds mainly on the scale of the chart. This aid is in rather com- 
ton use (see Sec. 136). 


[[, USE OF CIRCLES OF EQUAL ALTITUDES ON AN EARTH GLOBE 


Unlike methods of obtaining position on the celestial sphere, here 
\ha ship’s position is found directly on a globe (or map), but it is 
required to find and plot the geographic positions of the observed 
molostial bodies. 

‘l'o determine the place of the ship on the globe, measure the alti- 
tudes of any two celestial bodies and note the instants. From 7'g;4 


Fig. 159 


und Ly,2 thus obtained, take out of the MAE 6, ¢,,, and 65, tgro, 
which, on the basis of the equalities (18.26), are the coordinates of 
the geographic positions of these bodies. Using these coordinates, plot 
(hn geographic positions a, and a» (Fig. 159); using the radii 
(10° — hy)’ and (90° — h»)’, draw the arcs of circles of equal altitudes 
\o global scale; their intersection will give the position of the ship 
on the globe. However, to obtain a position with an accuracy of 
whout 4’, the diameter of the globe, as was shown for the sphero- 
uruph, must be about 7 metres. 

A similar construction may be applied to a chart; indeed, if one 
inkes the quantities (90° — h)’ less than about 2°, the cyclic curves 
will be close to circles and they may be constructed on the chart 
just as they are on the globe. This procedure for constructing circles 
In used in low latitudes for altitudes of the sun greater than 88°; 
it cannot be used in ordinary conditions. 
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III, USING CIRCLES OF EQUAL ALTITUDES PLOTTED ON A CHART Fou 
DETERMINING POSITION 


Arcs of a circle of equal altitudes may be constructed on a chiar‘ 
with high accuracy on the basis of several points; these curves will 
be the lines of position of the ship, but their construction is 
exceedingly involved. However, a small portion of a cyclic curve 
may be considered a straight-line segment. This considerably simpli 
fies construction. This straight line, which replaces a portion of thw 
circle of equal altitudes, is called an altitude line of position (or simply, 
position line). One method of plotting it was proposed by Captain 
Thomas H. Sumner, an American shipmaster, who in 1837-184) 
discovered the principle of altitude lines of position, for which reason 
the altitude line of position is sometimes called a Sumner line, 

Subsequently, several other ways of plotting altitude lines werw 
suggested. We shall consider some of them here. 


(1) Sumner’s Method (the Longitude Method) of Plotting an Altitude 
Line of Position 


This method may be called longitudinal because we compute thw 
longitudes of points of a circle of equal altitudes. 


Fig. 160 


Suppose that a measurement is made of the altitude h, of a body 
and its coordinates 6 and tg, have been chosen; then from equation 
(18.27) of the circle of equal altitudes, given the latitude q;, it is 
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yuinmlble to compute the longitude A,. This will be the longitude of 
iw point Ay (Fig. 160a) lying at the intersection of the circle of 
ryinl altitudes BB’ and the parallel q,. 

lf we change the latitude and with the value of @, from the same 
ryuntion compute a new value of longitude A», we will get a second 
juilnt of the circle of equal altitudes. Joining these points on the 
ilirt with a straight line K,K2, we get an altitude position line J-/ 
lit (he altitude h, (Fig. 1606). Thus, in Sumner’s method, the posi- 
‘in line is the chord of a small arc of a circle of equal altitudes. 

‘To obtain the position Mp», measure a second altitude and plot 
n mecond line of position /J-I7 in the same way. 

Humuer suggested changing the latitude by 10’ to 20’ and comput- 


Inu /y,¢ from formula (2.8) sin? vtge , and then obtaining A = ¢t,,. — 


(,,. The longitude method, in accord with the most favourable 
‘anditions for determining A, is only applicable within the limits 
| An’ about the prime vertical; for A < 45° and A >-135° (in semi- 
‘iteular reckoning), the results become inaccurate. 


(2) The Latitude Method 


lor the construction of position lines at azimuths where the Sum- 
nur method cannot be applied, that is, near the meridian (45° > 

«sf >-135°), the Danish navigator Paludan proposed (in 1852) 
wu method of latitudes. The latitude of a point on a circle was obtained 
from the measured altitude h, ¢,, and 6 of the celestial body using 
(lw formulas 


C 
tice =tgr Ay; tanz,;=—cotd-cost, and sin (q,-4- 2;) = 
= sin h, cosec 6-cos x 


Uho two points (@,, A, and @»., A.) thus obtained of the circle were 
Jolnod by a straight line. 


($) Akimov’s Method (Azimuth Method) 


Aun entirely different and more refined and simple principle for 
plotting altitude position lines was proposed by the Russian sea 
uflicor M. Akimoyv in 1849. In place of computing two points on 
uw clrelo of equal altitudes, Akimov suggested computing one point 
uf the circle (longitude method) and the direction towards the geo- 
uriphic position, that is, the azimuth of the body. 

Irom Fig. 160a@ it is seen that the arc of the vertical circle 
4,,C° = 90° — hy, which we shall call the azimuth line makes an 
wile of 90° with the circle of equal altitudes BB’ (that is, it is the 


hh fOTK 
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radius of the circle). If at point K, we draw a tangent to the circlu 
of equal altitudes, this will be the line of position that always passim 
at an angle of 90° to the azimuth line. Therefore, construction ol 
an altitude position line on a chart (Fig. 161) reduces to plotting 
the point K, from @,, 44; to drawing the azimuth line at an anylw 
A to the meridian, and to drawing through the point K, the position 
line f-f perpendicular to the azimuth line. 

For computing A and ¢t,,., Akimov proposed using the semiper! 
meter formulas* in the form 

tan ae Vu-y; tan Ay 
where 
sin(S —5) , __ sin(S —@e) 
cos 8 


? 


cos (S —2) 
and 
§ Pte ree, z= 90° —h; 


and then 
My = bjoe — lor 
: The second line of position is plotted in 
Fig. 161 the same way from the altitude of tho 
second body. | 

In England, Akimov’s method is known as Johnson's method. 

In 1862 Johnson published tables for computing ¢ and A from 
Akimov’s formulas. 

Akimov’s method cannot be used near the observer's meridian, 
for such cases a different method was proposed. 


(4) Method of Latitude and Azimuth 


For celestial bodies located near the meridian 135° <A <4) 
the following formulas may be used with the computed longitude 
A., 6, tz, and h,, of a body to compute the latitude q, of a poin| 
of the circle and the azimuth to the geographic position: 


bie = Tor Atv; tan y = cot 6-cos tig; CoS V = Sin Nop- cos y- cosec 6; 
g, = 90°— (y+ v) and sin A=cos6-sech-sin f,,, 


(5) Method of Marcg Saint-Hilaire 


A fundamentally new method of plotting an altitude line—from 
dead-reckoning position—was offered in 1875 by the French seaman 
Marcg Saint-Hilaire. 


* See Appendix III, 4. 
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lot us suppose that the altitude h, is computed for the D.R. posi- 
lian M.(@., 4.) with coordinates 6 and ¢,, of the observed body. 
lhis is the altitude an observer would have measured if he were 
in the D.R. position M,. However, we have actually measured 
il ultitude of the body h. The altitude difference h — h, will repre- 
nit. the distance in miles between the computed and actual circles 
if «qual altitudes (Fig. 162). To construct a line of position from 


sapngit 10nbe 40 
ajalla Panalign 


W 


Fig. 162 


the D.R. position M,, compute the azimuth A, of the body, which 
In the direction from the D.R. position to the geographic position 
uf the body or the direction of the vertical circle of the body. Drawing 
uti azimuth line from the D.R. position M, and laying off on it 
w distance (k — h,)’, we find the point K of the circle of equal alti- 
tudes, The altitude line of position J-J will pass through K perpen- 
cular to the azimuth line as a tangent to the circle of equal alti- 
ludos. In contrast to other methods, this one is‘ suitable for any 
welmuths; it is a universal method. What is more, the lines are laid 
ilown from the D.R. position, which is more convenient for naviga- 
(urs, This method gradually became predominant in all fleets and 
wl present is the accepted method for plotting altitude lines on 
tlhurts. A detailed analysis of this method is given in the next 
ihiapter. 

I'rom the foregoing consideration of methods of plotting position 
linus it is evident that in the first two methods this line is the chord 
uf un arc of a cyclic curve, while in the latter three it is a tangent 
lu this curve. 


2o* 
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SEC. 101. THE ESSENCE OF THE GENERALIZED METHOD OF 
LINES OF POSITION 


On the earth’s surface, to each value of an observed quantity 
(altitude, say) there corresponds a definite isoline (see Sec. 1()()) 
of some function u = f (q, 4). If the isoline is ob tained for a valu 


Fig. 163 


of this quantity observed from a ship, the segment near the D.|. 
position is the line of position of the ship at that instant, that is 


Up = f (Po: Ao) (*) 


The value ofgthe function u, for the D. R. position M, located 
close to this line (Fig. 163) will be 


Ue =f (Per Ac) (**) 
which differs but slightly from uo, that is, 
Up = Ue -+ Au 


Since the arcs of isolines are small, they may be replaced by 
straight-line segments tangent to the isolines, which are the appro- 
ximate lines of position. This kind of line of position may be plotted 
on a chart or paper by means of the gradient of the function wu in 
exactly the same way for any observed quantity and any function. 
The gradient of the function u = f (g, A) at a given point M, is 
a vector g, normal to the isoline uw, and directed towards an increasc 
in the function, and is numerically equal to lim At , where Au =: 

0 


n—> 
— Uy — U, is the increment in the function wu for a movement of 
the isoline through a distance n. The expression for g, is derived 
beforehand for each method of determination and should be familiar 


to the observer. 
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(instruction of a line of position reduces to the following opera- 
Vlavtim: 

(1) measure the value of uy; 

(~) compute the value of u, for a known point M, (@¢, A<); 

(4) farm the difference wy — u,; 

(4) obtain the direction t of the gradient and compute g,; 


Ug — Ue 


(0) compute n = , where the expression for g, is known; 


Uu 

((}) on the map, construct the gradient g, for the D.R. position; 
nd the determining point K and plot the line of position J-J per- 
yondicular to the gradient. 

‘lo determine the position, plot two lines of position; the point 
wf their intersection gives the observed position M, on the map. 

When observing altitudes, the gradient is unity; indeed, a change 
in ultitude of 4’ causes the isoline of altitudes to move 1 mile, that 


a = 1. Its direction is A,, and n = h — h,, where h 


ln inoasured and ke is obtained by computation. From the foregoing 
It Ix evident that the Saint-Hilaire method is a special and elemen- 
lnry case of the general method of lines of position. 
Analytically, the generalized method of lines of position reduces 
\v finding the corrections Ag and Ad to the computed coordinates. 
If in equation (*) written for two lines we substitute the values 
~. + Ag and Ay = A, + Ad and confine ourselves to the 
Newt terms of the Taylor’s series, we have 


In, 1’ and gy = 


- 


fi (Qo: ho) = fi (Qe, Ac) +35 oN p AO + Si H AX -+-... 


fa (Pos ho) = fa (Pes de) + SB 2 Ag+ Fe SB AR. 


whence 
O re) 
Ag Ae OH. 2H AA = f1 (Por Ao) —f1 (Dor Ac) = Avy 


18.29) 
re) re] ( 
Ae ag dice 12: oh Ad = fs (o, Ao) — fe (Per Ae) = Avs 


where the values of the partial derivatives are obtained for the 
wasumed position. From these equations it is easy to determine 
the differential corrections Ag and AA, and then we also get the 
observed coordinates mp = @, + Ag; Ap = A, + AA. 

It is thus evident that the equations (18.29) are linear and repre- 
wont equations of straight lines which we take to be the lines -of 
position. 
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SEC. 102 THE EQUATION OF AN ALTITUDE LINE OF POSITION, 
OBTAINING CORRECTIONS Ag AND AX TO THE 
COORDINATES q,, Ac ANALYTICALLY 


For the origin of the coordinate system we take the dead-reckon. 
ing position M, (see Fig. 162) and the directions of axes along a 
meridian and parallel. To obtain the equation of the altitude lino 
of position, apply one of the linear equations (18.29) in the form 


Oh Oh c 


The values of the partial derivatives were obtained when 
deriving the error equation in Sec. 98: 


dh oh 


7} ee — >, = cos p-sin A 


Oh 
o0 cos A; 


Substituting them in (18.30) gives 
cos A-Ag-+ sin A-cos p-AA=h—h, 
or, denoting Ao=AA-cosq and h—h,=Ah, we {have 
cos A-Ag-+sin A-Ao = Ah (18.31) 


Expression (18.31) is the equation of a straight line (the altitude 
line of position) in the standard form. Indeed, analytic geometry 
wields the standard equation of a straiglit 

f line (Fig. 164): 


x-cosa+y-cosa—p=0 


Assuming y= Ag, x= Ao, p= Ah, 
and a = 90° — A, we have equation (18.31). 
Thus, to a first approximation, a small 
segment of a curve of equal altitudes may 
be regarded as a straight line tangent to 

» the curve at the point K. 
The equation of a position line (18.31) 
differs from the error equation (418.15) in 
Fig. 164 one way only: the coordinate origin in the 
former case is situated in the computed 
point and Ah is equal to h — h,, while in the latter case, it is in 
the actual position of the ship and Ah is equal to the sum of alti- 
tude errors. Thus, the error equation is also an equation of a 
straight line (the altitude position line) but shifted due to errors. 
The equation of the position line including errors is shown below 

in Sec. 110. 


(M,) 
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l‘or large segments of the curve in formulas (18.29), that is, in 
avurlox expansions, one has to take into account terms of second and 
liiyher powers, which is a practical inconvenience. Errors due to 
aithatilution of the curve of equal altitudes by a straight line—the 
juimllion line—may be obtained by computing the magnitude of 
a aes terms of the series (18.29). 

| wo form equations (18.31) for two position lines: 


Ah, = Aq-cos A, -+ Ao-sin A, 

Ahe = Aq-cos A, -++ Ao-sin A», 
nul solve them as shown above in Sec. 98, we get the coordinate 
sorrections Ag and AA: 


Ah,:sin Ay -— Aho: sin Ay 
sin(49—A1) 

Ah»y-cos A,— Ah,-cos A» 
sin (Ay — Aj) 


Ag = 
(18.32) 


Ao = Aih-cos 9 = 


lluno, A, and A» are expressed in circular reckoning (0° to 360°) 
wil Ag > Ay; Ahy = (h —h,)y; Aho = (h — h,)2; Aq@ and AA are 
‘ousidered plus (+) to the N and E, respectively. 

()bserved coordinates are obtained by introduction of the cor- 
mclions Ag and Ad: 


Po=Pet Ag;  Ap=A-+ AA 


Dolermining @9, Ao by computing the corrections Ag and AA 
io the D.R. coordinates is called the method of differential cor- 
melions; it has not yet been used in practice but is suitable for 
lint by computers. 
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THE METHOD OF ALTITUDE LINES OF POSITION 
(METHOD OF MARCQ SAINT-HILAIRE) 


SEC. 103. ELEMENTS OF AN ALTITUDE LINE OF POSITION 


Of all the methods of plotting position lines on charts, the methui 
of Marcq Saint-Hilaire (or intercept method) in its modern 
form is the only one in use. We shall now examine it in more 
detail. 

Suppose (Fig. 165) that at the instant of observation the D.Rh. 
position of a ship on the earth is located at the point M,; obviously, 
its zenith will be at Z, on the celestial sphere. The position Z, will 
be located on a certain circle of equal altitudes h,h. which may |. 
drawn from the position of the celestial body B with a radius z, 
= 90° — hg, that is, on the isoline corresponding to M, (q,A,). 
Let the altitude hy be measured on the ship; then using the radius: 
90° — ho we can draw the arc hyoh, of a circle of equal altitudes, 
which arc represents the actual line of position of the observer's 
zenith. If we construct an arc of the vertical circle of the body Z./}, 
which arc projected on a map will be called the azimuth line, then 
it will intersect the circle of equal altitudes hoh, at the point A, 
nearest to Z,, called the determining point. Drawing, at this point, 
a tangent to the arc hoh, perpendicular to the arc of the vertical 
circle (azimuth line), we get the altitude line of position I-I. There 
fore, in this method, the altitude line of position, or simply the 
position line, is a tangent to the circle of equal altitudes at the point h 
closest to the D.R. position. 

The place of the position line relative to Z, is determined, as 
seen from Fig. 165, by the direction of the vertical circle AB and 
the arc Z.K, that is, by the distance Ah to the determining point A. 
The direction of the vertical circle (the “azimuth line”) is found 
from the magnitude of A,., while the distance Ah, as seen from the 
figure, will be equal to the difference of the radii of the circles hh. 
and hoh,, that is, 


Ah = (90° —h,) — (90° —ho) = ho — he 
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(1 the earth’s surface, the place of the position line J-J relative 
lw the D.R. position M, (Fig. 165) will be determined, respectively, 
ly the bearing (true bearing) TB to the geographic position a, 
tckoned in the same way as A,, and the distance M.K, which, 
ly virtue of the equal angles of the arcs Z.K and M. K will be 
Ah - ho —h, in minutes of arc, that is, nautical miles. The posi- 
(lon line will have the very same position on a chart (Fig. 162). 


d 
+ 7 


Fig. 165 


The quantity Ah = hy) —h, is sometimes called the intercept: 
it. shows how much the computed line hh, must be shifted to become 
wn actual line of position of the ship. 

Thus, to plot a position line on a chart we must have A, = TB 
nnd the intercept Ah = h, — h,. These quantities are called ele- 
ments of the position line. 

The elements of a position line include: observed altitude hy 
(or h); altitude h,, which corresponds to the dead-reckoning (comput- 
wl) position M, (or Z,) and called the computed altitude, and, finally, 
A., similarly called the computed azimuth. 

Methods for measuring and correcting observed altitude have 
wlready been studied; let us now examine certain methods for com- 
puting the quantities h, and A,. 
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SEC. 104. THE ASTRONOMICAL TRIANGLE AND ITS SOLUTION BY 
FORMULAS OF SPHERICAL TRIGONOMETRY 


By constructing the vertical circle of a body Z.B and the meri 
dian of D.R. zenith PyZ,., we get (Fig. 165) on the sphere the astro 
nomical triangle P,Z,.B, which, in contrast to the ordinary astro 
nomical triangle constructed for the actual place of zenith Z, is 
called the computed astronomical triangle of the body. Two vertices 
of this triangle—the pole Py, and the place of the body—coincide 
with the vertices of the ordinary astronomical triangle, while the 
third vertex—the “computed” zenith Z,.—corresponds to the com- 
puted or D.R. (assumed) position. 

The elements of the computed astronomical triangle are: 

6 and t,, = the actual values of the equatorial coordinates of 
the celestial body B taken from the MAE for 7,,,; 

, and A. = the D.R. coordinates of the position taken from a 
chart at the instant of observation; 

h, and A, = the “computed” altitude and azimuth that corres- 
pond to the D.R. position M, (Z,). 

Here, the first four quantities that correspond to two sides and 
an angle of the computed triangle are known, the last two (the side 
‘90° — h, and the angle A.) are to be sought. 

The quantities h, and A, may be found by solving the triangle 
by the basic formulas of spherical trigonometry, by transformed 
formulas, or by special tables made for this purpose. Finally, spe- 
cial instruments and even computers are used to transform the 
coordinates. More complicated methods of determining h, and A, 
will be considered at the end of this chapter. For the present, let 
us confine ourselves to solution of the triangle by the basic formulas. 


I, FIRST SYSTEM OF FORMULAS 


Applying to the triangle Z.P ,B formulas of the cosine of a side 
and of sines, similar to the formulas (2.1) and (2.3), we have 


sin hp =Ssin @_-Sin 6 + Cos Ge: Cos 6- COS (tgp —E Ag) (19.1) 
and 
sin A, =Ssin tjo--cos §- sec h, (19.2) 


By computing the azimuth from the simpler formula sin A, in 
place of the exact formula cot A., we depart from the principle 
of computing known quantities independently of one another. Bnt 
in the given case, this departure is possible because A, (which is 
needed for plotting the azimuth line on the map) need be known 
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wily to 0°.4, whereas the quantity h, introduced into formula (419.2) 


lan oblained with an accuracy of the order of 0’.1-1’.0. 
he computations that these formulas involve may be performed 
with the help of tables of logarithms, tables of natural values of 


Irlyonometric functions, or, finally, by a combination method: 
moducts by a table of logarithms, sums by tables of natural values. 
‘lis method, which does not require tables of logarithms of sums 


Zz 


Fig. 166 


and differences (Gauss tables), is in common use in many coun- 
tries. In the Soviet Union, only the logarithmic method of compu- 
lution is used. 

Investigating the sign of formula sin h is explained in Sec. 7 and 
in the accompanying example. 

Determining the name of A,.. In formula (419.2) the factors are 
ulways positive; therefore, when investigating the sign, the qua- 
drant in which A, is located is not determined. Thus, after comput- 
Ing A, from (19.2) and tables, we always get a value less than 90°, 
which. is azimuth in quadrantal reckoning. 

In quadrantal reckoning, the first letter of the designation indi- 
cates the portion of the meridian (N or S) from which reckoning 
begins, the second, the hemisphere (EK or W) in which the celestial 
body is located. For this reason, the name of the quadrant of the 
horizon may be determined from the peculiarities of diurnal motion 
of bodies in different latitudes. 

The second letter in the designation of quadrantal azimuth will 
always be the same as that of the hour angle t,.,. To determine the 
first letter of the name of quadrantal azimuth, let us consider the 
ubove-horizon part of the diurnal circle of three groups of bodies 


396 THE METHOD OF ALTITUDE LINES OF POSITIONS 


(Fig. 166) that differ as to the relationship between the 6 of tho 
body and the @ of the position. 

(a) Celestial bodies (B,) whose declinations are of the same nana 
as the latitude and greater than it (6 > @ and same name) hava 
the first letter of the azimuth designation always the same as that 
of latitude. 

(b) Celestial bodies (B,) whose declination is of name contrary 
to latitude (6 of contrary name to q) have the first letter of azimuth 
designation always contrary to latitude. 

(c) Celestial bodies (B,) whose 6 is of same name as g and 6 <4, 
will cross above-horizon portion of prime vertical and may be located 
in the northern or southern parts of the horizon; for this reason, 
the first letter depends on whether they have crossed the primo 
vertical or not. The distinguishing feature is the altitude of the 
body on the prime vertical h; (or the hour angle fj). 

If the body (B,) has h, <hy, then the first letter of the azimuth 
designation is of the same name as g; but if the body (B;) has 
h. > hy, then the first letter of A is contrary to @. 

The altitude of the body on the prime vertical is determined from 
the formula sin hy; = cosec g,:sind and is given in Table 21, 
MT-63. The foregoing discussion about determining the name of A, 
is given in Table 9 and also in the explanations to the tables of 
MT-63. 


Table 9 

: Magnitu- | Magnitu- {st letter, 2nd letter, 

Name 6 de of 6 | deofh, | . - 
Contrary to lati- No value Contrary to lati- | Always same na- 

tude tude me as (practi- 
Same as latitude| 8d<@ | he >hy | Ditto cal) hour angle 
Same as latitude| S8<@ | he < hy | Same name as la- 
titude 


Ditto 6>q@ |Novalue| Ditto 


On board ship, the name of the azimuth may be determined by 
compass in all cases, except when the celestial body is very close 
to the prime vertical. To avoid mistakes in this case, it is best to 
use this rule. . 

The sequence of computations for h, and A, is similar to that 
given in Sec. 7 and is shown in Example 1. 
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itnample 4. Determine hk, and A,, using g.=60°2’.5N; 6 =28°44’.9N; 
4 108°44.’2E, 


+ + + to = 
sinh, =sin @.-sin 6+ cos @_-cos 6°C0S ty o¢ (I-IT) 
sin A,-=cos 6-Sin tj ¢:Ssec he 
yy 6092" ..5 sin 9.93772 cos 9.69842 | sec h 0.01721 
A 2844.9, sin 9.68211 cos 9.94287 | cos 9.94287 
t 10844.2 cos 9.50680 | sin 9.97635 
9.61983 II 9.14809 | sin A, 9.93643 


(71°15’ .8) I 


B 9.82119 Arg 0.47174 A. | 39°45’ 
A, & 59°. 8NE 
sin he | 9.44102 
he 16°1.5 


Iistablish the name of azimuth. In this example, 6 <@ and 
of the same name, that is, the body crosses the prime vertical. 
rom Table 216, using @ and 6, we take hy ~ 33° >-h,, which 
moans the body has not passed the prime vertical and the first letter 
of the name is the same as @y. The second letter with respect to 
Vue is E. 

Computation of h, from formula sinh, has the advantage that 
lt is done by the general formula and ordinary tables of logarithms; 
all investigations and extractions are performed in accord with 
gonoral mathematical rules, thus allowing for a certain amount 
of checking (see Sec. 7). But this formula also has certain draw- 
hacks: low accuracy in computation of altitudes exceeding 30° 
with four-place tables; when working with logarithms, the need 
for tables of sums and differences, which in the case of four deci- 
mals are small (6 pages) and simple, but with five decimals are 
unwieldy (19 pages) and inconvenient. 


II, SECOND SYSTEM OF FORMULAS 


The basic formula sin h, may be reduced (see Sec. 7, Ch. 1) to the 
2 
function sin? > , Which is more exact than sin hk for large angles. 


Applied to the computed astronomical triangle, this formula has 
the form 


sin? = = sin? Pes? + cos @, cos 6-sin? ~ige (19.3) 


ln this case, the computed azimuth is obtained from (419.2) or, 
after replacing h, by Zz, by the formula 


sin A, = sin t-cos 6-cosec 2, (19.4) 
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In formula (19.3), for @ and 6 of same name, the smaller is sub 
tracted from the larger quantity; for contrary names, they aro 
combined. There are two ways of computing z, from (19.3): (a) mixed 
solution by tables of logarithms and tables of natural values of 
functions, (b) solution solely by tables of logarithms. 

Solution by the first procedure is common in many countrios 
and does not require tables of sums, but it yields lower accuracy 
and is less convenient than with logarithms. 

In the logarithm solution used in the Soviet fleet, formula (19.3) 
has an advantage over (19.1) in that it only requires tables for sums. 
Indeed, both terms of this formula will be positive for all values 
of o, 6, ¢, and no investigation of sign in (19.3) is required. Tables 


of log sin? + are given in MT-63 (Tables 5a and 56) for the argu- 
ment a from 0° to 180°; note that when entering these tables, a 


should not be halved. The natural values of sin? > are not given 


in MT-53 (in MT-43, Table 8), so the mixed procedure cannot he 
applied with MT-53. 

Formula (19.3) yields more precise results than (19.1) for h grea- 
ter than 30°. This should be kept in mind when solving problems 
with the help of four-place tables of logarithms. 

Thus, computations by this formula have certain advantages: 
no investigation of sign is needed, no Gauss tables of differences 
either; precision for large angles is higher than for small angles, 
but five-place tables suffice for all angles. And the amount of arith- 
metic involved in computations with (19.3) and (19.1) is about the 
same. 


Example 2. Find h, and A, using formulas as 3) and (19.4) and knowing 
p= 21°54’ .58; 6 = fod 8N; too== 36°51’ .4E 


Bex . 
= sin2 
2 


hcg ik 
o eost - €os 6 - sin? —, 


sin2 - 
2 


sin A,=—sin ¢ - cos6~ cosec 2, 


t = 36°51’ .4E sin2 8.99970 sin 9.77802 

Pe = 21°54’. 5S cos 9.96744 — 9.99812 
6= 5°19’. 8N cos 9.99812 cos 

cosec Z | 0.14892 

Pe +6=27°14’. 3 sin2 | 8.74386 Il 3.96520. 

Arg | 0.22140 a 0.20429 | sin A | 9.92506 


9.16955 | A, 57°3NE 
ze |45°12'.7| he 44°47" 3 
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11]. THIRD SYSTEM OF FORMULAS: “TANGENT FORMULAS” 


like any spherical triangle, the computed astronomical triangle 
wf uw body is solvable not only by the two formulas (19.1) and 
(11.33), but also by formulas reduced to logarithmic form. These 
lummulas are obtained from the basic ones 
ly introducing auxiliary quantities, or if 
wt oxamine the problem geometrically, by 
lividing the astronomical triangle into two 
right-angled triangles. Of the several meth- 
wlx of dividing a triangle, we shall con-. 
aller only one: by means of a spherical 
jwrpendicular arc CD = p dropped from 
Il place of the body C onto the meri- 
linn of the observer (Fig. 167). Solving 
Irlungles P,yDC and ZDC in succession, 
wo find the desired h, and A,. Denote by x 
thn arc KD from the equator to D (the 
fool. of the perpendicular), then the Fig. 167 
wn ZD = (90° — xz) — (90° — g) = » — =. 

I’rom the spherical triangle PyDC in. which the angle D is equal 
Hd we get, using the cotangent formula (or Napier’s mnemonic 
niles), 

cot 90°-sin toe = cot (90° — 6)-sin (90° — x) — cos (90° — z) COS tice 


‘eens SED co, asm cE eee 


0 
whonce the formula for computing the auxiliary quantity zx will be 


tan z= tan 6-seC Eyo¢ (19.5) 


An investigation of (19.5) and Fig. 167 shows that the name of x 
In ulways the same as that of declination, while the value of z depends 
mt ¢: for ¢ << 90°, xz <90°, for t¢> 90°, x> 90°. 

Applying the cotangent formula to the angle ¢,,, (clockwise), 
from the same triangle PyDC we get p: 

cott-sin 90° = cot p-sin (90°—z) — cos 90°: cos (90° — x), 
ee ——/ 


0 


whence 
tan p=cos x- tant (19.6) 
Ilaving determined x and p, we pass to the solution of the 


lrlangle ZCD, from which we can find A, and h,. Applying the 
‘olangent formula to the angle 180°—A,, we have 


cot (180° — A,)-sin 90° = cot p-sin (p— x) — cos 90°- cos (p— 2), 
a 


400 THE METHOD OF ALTITUDE LINES OF POSITIONS 


whence 
— tan A, = tan pcosec (9 — x) 
or, after substituting the values of tan p from (19.6), we vel 


tan A, = — tant-cos x-cosec (9 — 2) 
In order to get rid of the minus sign and reduce to the function 
seca, substitute cosec (p — x) = —sec [90° + (py — z)] anil 
cos x = — > then we finally get 


fan ieee [90°--(@ —2z)] (19.7) 


Sec xz 


From the same triangle ZCD we have h, (by way of A,) 


cot 90°-sin (180° — A.) = cot (90°—h,) -sin (gp — x) — 
— cos (p — x) cos (180° — A,) 
whence 


tanh, = —cot (p—2z)-cos A 


or, substituting 


ec 


tan [90° + (p—zx)] and cos A, = — for — cot (pg — z) 
we get 


tan [90° -+ (~ —2)| 


tan he = sec A 
Cc 


(19.8) 


In the formulas obtained we have @ — z; similarly, we can obtain 
xz — q@ and q@ -+ x depending on the relationship of the quantities 
and the names of @ and z; that is, depending on the portion of the 
meridian where point D is located. Therefore, in the general form 
we may write x ~ @, where the sign ~ means that for @ and x 
of the same name, subtract the smaller quantity from the larger 
one, and combine for contrary names of @ and z. 

Formulas (19.5), (49.7), (19.8) are called “formulas of tangents’ 
and were previously obtained in somewhat different form by 
K. Gauss. 

These formulas have the following advantages: they are all loga- 
rithmic, which means they do not require tables of sums and diffe- 
rences; the desired quantities are computed by the most favourable 
tangent function, which makes them equally suitable for small 
and large altitudes. In practice, h, and A, are not directly computed 
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ly M'I'-63 tables and from these formulas, but they are used in 
“lutions based on special tables of altitudes and azimuths, such 
uw (ha Tables TBA-52 and TBA-57 of Yushchenko and in other cases. 


MC. 105. INSTANCES OF D.R. POSITION RELATIVE TO CIRCLE 
OF EQUAL ALTITUDES. LAYING DOWN THE POSITION 
LINE 
he computed (D.R) position, or D.R. zenith, may happen to 
lus ouside the circle of equal altitudes, inside it or right on the 
rirele, 
If the D.R. zenith is located outside the circle of equal altitudes 
(mms Z, in Fig. 165), the determining point K is located relative 


tt) 


Fig. 168 


(0 Z, in the direction of the celestial body B. In this case (90° — h,)> 

- (90° — ho) or arc Zz, > are Zp, that is, ho >h, or the difference 
h, —h,.=> 0. Consequently, if the altitude difference hy — h, has 
ihe sign “+”, the magnitude is laid off from M, (Fig. 168a) along 
(lh azimuth line in the direction of the geographic position or the 
celestial body; this direction is noted by an arrow. 

But if the D.R. zenith lies inside the circle of equal altitudes 
(“oo Zo in Fig. 165), the determining point K will be in a direction 
upposite the bearing towards the geographic position, that is in 
(he direction A -+ 180°. In this case, arc z, <(arc 2), whence 
hy <h, and the difference ho —h, <0. Hence, if the altitude 
difference hg — h, has the minus sign, its magnitude is laid off 
from M, along the azimuth line extended in the direction of A, + 
| 180°, or away from the celestial body (Fig. 168d). Finally, if the 
1)... position lies right on the circle of equal altitudes (see Z; in 
lig. 165), then z, = 2 or hg =h, and hh — h, = O. In this case 
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the position line will pass through the D.R. position perpendicular 
to the line of azimuth (Fig. 168c). This case does not yet mean thal 
the D.R. and observed positions have coincided, since the second 
line may also cross the first at some distance from M.,. 

From the foregoing we get rules for plotting position lines on a 
chart. 

(1) The computed altitude h, is always subtracted from the obser- 
ved altitude hy (denoted by hk); in other words, we find the difference 
h — h, = Ah (intercept) with its sign. 

(2) The azimuth line is drawn from the D.R. position in the 
direction of the celestial body if the sign of the difference Ah is 
positive, in the reverse direction if negative. It is advisable to 
arrow the direction towards the body. 

(3) The quantity h — h, is laid off “towards the celestial body” 
when the sign is “+” and “away from the body” when the sign is 
“—_”. We get a determining point A lying on the line of position. 
For h—h, = 0, the point K coincides with D.R. position M,. 

(4) The position line is drawn through K perpendicular to the 
azimuth line. 

The pencil work associated with plotting an altitude line on 
a chart or on paper is, by analogy with navigation, called laying 
down (plotting) position lines. 


I, PLOTTING ALTITUDE LINES OF POSITION ON A NAVIGATION CHART 


Let us suppose that two celestial bodies have been observed and 
the elements of two position lines obtained. In accord with the 


(@) (b) 
0 1 2 3 , 4 , 5 ’ 
Intercepts, 1, departures 


A 


= 


' 
\Y 


tules, draw azimuth lines from the D.R. position M,; to do this, 
lay off computed azimuths from the meridian of M, in quadrantal 
reckoning by means of a protractor to within 0°.2 (Fig. 169a). The 
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vulues of the intercepts (Ah) in minutes (’) and fractions of minutes 
wre taken by a chart divider from the lateral (vertical) frame of 
ihe chart. Having obtained the determining points AK, and Ky on 
the azimuth lines, draw altitude lines through them perpendicular 
(o the azimuth lines and label them J and //J. The observed posi- 
lion Mo of the ship on the chart is obtained at the intersection of 
these two lines. Its coordinates (@ ) and A,) are logged from the 
chart in the usual way. 


II. PLOTTING ALTITUDE LINES OF POSITION ON PAPER 


When dealing with small-scale charts or in training observations, 
plotting position lines may be done: 

(a) on another chart with a larger scale in the same latitude and 
in arbitrary longitude or on position-line charts (plotting sheets) 
with subsequent determination of Ag, AA and transfer to the course 
chart; 

(b) on unruled or plotting paper. Let us consider this latter 
procedure in more detail. 

Plotting on paper differs from plotting on a chart in that the 
result is not the desired position of the ship on a chart but only 
the position relative to the D.R. position; in other words, what 
is actually found are the corrections Ag and AA to the D.R. coor- 
dinates, from which we then get the position or its observed coordi- 
lateS @o, Ag. Therefore, this procedure is fundamentally less refined 
(han plotting on a chart, but it is a rather common practice. 

Before starting the construction, choose a scale for plotting. In 
accord with the rules for work with a Mercator chart, two scales 
ure needed: the distance scale in Mercator miles, and the longitude 
scale in equatorial minutes (less by sec @ times). 

First method. For 1’ of distance (lateral frame of map) we take 
an arbitrary segment of, say, 1 cm. From this scale (Fig. 169b) we 
lake Ah, ~ and departures; to convert departures into difference 
of longitude (DZo), use Table 25, MT-53 (35, MT-43). 

Second method. Construct a “scale angle” (Fig. 169c) at an arbi- 
(rary point O of a sheet of paper; the line OF forms an angle @ with 
the line OZ. Lay off arbitrary segments of 1 to 1.5 cm on the inclin- 
ed line OF. These segments represent minutes of the lateral frame. 
Projecting these segments on the horizontal line OF, we get equa- 
torial minutes, since OF = OF -cos q. From the inclined scale we 
lake Ah, 1 and departure; from the horizontal scale, only longitude 
differences. It is not advisable to use the “scale angle” method in 
high latitudes. 

Third method. For the distance scale (Ah, l) take a twofold to 
fivefold minute of the lateral frame of the course chart in the region 
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of the D.R. latitude; for the scale of longitudes, a minute of the 
lower frame of the chart increased the same number of times. 

After choosing the scale, plotting is done as follows. 

An arbitrary point M, of the sheet (Fig. 169a) chosen with direc- 
tion of the construction in mind is taken as the computed (D.R.) 
position; through it draw the D.R. meridian and parallel. The posi- 
tion lines are constructed from this point in a manner similar to 
that shown above for a chart, and the values of Ah are taken from 
the distance scale (the line OF in the second method). 

Having obtained the observed position M,), we measure the seg- 
ments M)F up to the parallel of the D.R. position and MoE to its 
meridian. In the distance scale, segment M,F is equal to l, and M)E 
is equal to DLo in the longitude scale. We thus obtain the observed 
coordinates: 


P=Pe+l 
Ap =A. + DLo (19.9) 


Also, we take the direction of leeway C, for instance (in Fig. 169) 
C = 150° — 2’.0. 

In plotting position lines, it is more convenient to use a special 
instrument, for example, a transparent protractor. 


SEC. 106. PROPERTIES OF; AN ALTITUDE LINE OF POSITION 


Let us consider the principal features of an altitude line of posi- 
tion plotted by the method of Marcq Saint-Hilaire. 


I, THE APPROXIMATE NATURE OF AN ALTITUDE LINE OF POSITION 


When plotting a position line on a chart in the form of a straight 
line in place of a cyclic curve (see Fig. 168), there is obviously an 
inaccuracy that increases with the distance between the D.R. posi- 
tion and the observed position. As will be seen further on, this 
substitution is permissible only for a difference in positions of 20’ 
to 30’, or up to 0°.5. Hence, the straight line is an approximate line 


of position. 


IL.QINDEPENDENCE OF A POSITION LINE OF ACCOUNTED COORDINATES 


Fundamentally, the method of Saint-Hilaire permits taking 
the coordinates of any point on the earth (and not only those of 
a D.R. position) to compute the elements of the position line. Howe- 
ver, due to the approximate nature of the position line, the accepted 
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point should not be farther than 0°.5 away from a circle of equal 
wltitudes. Within these limits we can take any coordinates @, and 
A, for computing h, and A,. 

The values of h, and A, and Ah will of course change with any 
change in the place of Z, on the sphere, but the position of the cir- 
cle of equal altitudes (which corresponds to ho) remains unchanged. 
Indeed, let Mc, Mc and M,”’ be various D.R. positions (Fig. 170) 
(nken for computing the elements of a position line J-J for one and 


Fig. 170 


(he same value of ho, 6 and tz, of the celestial body. The computed 
circles indicated by dashed lines will be different for all these points; 


(\herefore, the values Ahk = hy — hz will also be different. In prin- 
tiple, A, should also be different (for a circle of equal altitudes), 
luit practically speaking these differences are not noticeable within 
the limits of 0°.5 from M.. 

Ilaving plotted from the points M., M- and M,”’, we get one and 
(he same position line J-J. This line will include the observed posi- 
tlon of the ship at the instant of observations, regardless of where 
ihe D.R. position was taken previously. Thus, a position line is 
quite independent of the accepted values of D.R. coordinates used for 
plotting (to within 0°.5). 

This property of altitude lines of position is used in a method of 
plotting from the so-called chosen or assumed position (C.P. or 
A.D.) (for integral m, and ¢);,.) which is often recommended in the 
tuunuals of certain countries to simplify computation of h,. For 
(his same reason, when computing h, and A,, the D.R. coordinates 
inuy be rounded off to whole minutes (’), particularly when plott- 
lng on paper. 
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II]. THE UNIVERSALITY OF THE ALTITUDE LINE OF POSITION 


Methods for separate determination of the cqordinates @p or Aj 
of ship position are, as we have already mentioned, particular solu- 
tions of the equation 


sin hy = sin gm-sin6-+cos @-cos 6-cos (tgr + A) (*) 


for a single measured altitude of a celestial body. The longitude 

is considered known when determining latitude, and conversely. 

Since a position line is an appro- 

- , 2 ximate but sufficiently accurate 

‘graphical expression of equation (*), 

a single position line is enough to 
pass graphically to @g or Ao. 

Let the point M, bea D.R. posi- 
tion (Fig. 171) with coordinates 
Q-, A,- Plot the position line J-/ 
for the values hy, 6 and ¢ of some 
celestial body. If we use these data 
and the value of A, to compute the 
observed latitude, its parallel @, 
will have a common point D, with 
the position line and this point 
will lie on the meridian of the lon- 
gitude A, which is taken for com- 
puting the latitude. 

If we change the D.R. longitude 

Fig. 71 and take Ac, the position of the line 

1-I will not change, as we know, 

but @, computed with the same 

data will be different, in accord with the point of intersection 
D, of the position line with the meridian Ac. 

Consequently, the observed latitude of a position corresponds 
to the point of a position line at which it is intersected by the meri- 
dian of the D.R. longitude; thus, @p is a quantity that depends 
on iX.. 

From the figure it will be seen that the position line coincides 
with the parallel gy only when A = 0° (180°), that is, when the 
celestial body is on the observer's meridian. Here, the very same qp 
will correspond to any accepted longitude, and therefore this posi- 
tion of the celestial body will be the most favourable for determin- 
ing latitude. 

Similarly, if we use the same data, hy, 5, ¢ and @, to compute 
and plot a position line and then compute the observed longitude, 
the common point D; of the meridian A, and the position line will 
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lis on the parallel of the accepted latitude ,. If this latitude is 
thanged by q@-, computations yield A,, which corresponds to the 
joint D, of the position line J-J. The position line will obviously 
coincide with the meridian A, for A = 90° (270°); these are the 
most favourable conditions for determining longitude. 

Il is thus clear that problems in determining the parallel of latitude 
wnd the meridian of longitude of a place are only special cases of the 
yvineral problem of plotting an altitude line of position. The posi- 
lion line is not dependent either on the azimuth of the celestial 
lady or on the coordinates of the position; it is more convenient 
lo use and is more accurate than the meridian A, or the parallel qo 
wnd can replace them in any of its positions. Thus, an altitude line 
of position is a truly universal line of position, whereas a parallel 
or meridian can be taken as lines of position only when A = O° 
(180°) and A = 90° (270°). | 

The foregoing thus demonstrates the impossibility of methods for 
delermining position from a single altitude worked as a position 
line and as an observed latitude or longitude. The authors of such 
proposals believed that the observed position of a ship would be 
ut the points of intersection of the position line and the parallel 
(yo or the position line and the meridian A . These points usually 
luil to coincide somewhat with the points D,, Ds; solely because of 
errors in computation and plotting. Fundamentally, however, all 
these points belong to a single position line, while the quantities 
y and A, as the moving coordinates of this line, are interdependent. 
The point D thus obtained yields one coordinate, @ or A, the second 
coordinate will be the computed one or will be taken arbitrarily, 
us the case should be when solving the single equation u = f (gq, A). 


SEC. 107. SPECIAL TABLES FOR COMPUTING ALTITUDE (h.) AND 
AZIMUTH (A,) 


To simplify computations of h, and A,, over 50 special types of 
lables have been proposed since the discovery, of the method of 
Marcq Saint-Hilaire. Mathematically, all these tables are tables 
of conversion of spherical coordinates from one system to another, 
and so nearly all of them are applicable for solving other navigatio- 
nal problems, such as computing the hour angle, sailing along the 
arc of a great circle, computing the elements for plotting radio 
hoarings, etc. 

To simplify orientation in this large number of tables, Professor 
N. Matusevich has suggested dividing them into three classes 
according to the principle of construction and operation. 

1. “Trigonometric” tables, which are small tables of logarithms 
or the natural values of several trigonometric functions adapted 
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to the solution of the astronomical triangle in accord with specilic 
systems of formulas. 

2. “Artificial” tables, which are tables of artificially converted 
trigonometric functions for solving triangles by means of artificially 
transformed formulas. 

3. “Numerical” tables that yield numerical values of h and A 
and corrections to them at specified intervals of @, 6, t. 

We shall now consider the most common tables using this clas- 
sification. 


I, “TRIGONOMETRIC” TABLES 


The formulas used in the compilation of this class of tables are 
obtained by dividing the astronomical triangle into two right 
triangles or into a number of related triangles. This type includes 
“Tables for Finding Altitude and Azimuth”, by V. Fus, GGU Publi- 
shing House, 1901, the tables of Radle-de-Aquino, Dreisonstok 
(H.O. No. 208), Ageton (H. O. No. 241), A. Yushchenko (TBA-57), 
and many others. 

The principal merits of this type of table are that it is compacl 
and in most cases sufficiently accurate; using it involves just aboul 
as much work as computation by basic formulas. Let us consider in 
detail the present tables of Professor A. Yushchenko. 


Yushechenko’s “Tables for Computing Altitude and Azimuth” (TBA-52, 
TBA-57 or Table 27, MT-43) 


The formulas used to compile the TBA tables were given above 
(Sec. 104, III) under the name of “tangent formulas”. 

Yushchenko reduced the tangent formulas to the functions tan ao 
and sec a and to the following form: 


tan z = tan 6-sect 


) 
tan t-seo [90°+(e~q)]_| 

tan Ap = sec r , (19.10) 
| 
J 


tan [90°-+ (x + Qe) 


tan he = sec A, 


The meaning of the sign ~ is explained in the derivation of the 
tangent formulas. 

To simplify computations by these formulas, Yushchenko com- 
piled special tables of modified logarithms of tangents and secants. 

Here, the values of four-place logarithms are multiplied by 10! 
to obtain whole numbers, and then again by 2 in order to improve 
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wecuracy., For angles less than 45°, the tangents will be less than 
wuity, and their logarithms less than 0. So as to avoid negative 
ilhuractleristics, a constant quantity ite is added to the logarithm 


if tun @; this number is 10* x 2 log 7 —, , or the largest negative 


value of log tan a. We thus have the artificial quantities 
S (a) = 2 X 104 log seca 

wid (19.11) 
T (a) =2 x 104 log tan a4- 707295 


With these functions the formulas (19.10) will take the form 
T (z) =T (8) +58 (2) 
T (A) =T (t)—S (2) +S [90° + (« © q)] (19.12) 
L (h) =T [90° + (x = @-)] —S (Ac) 


These formulas are used to compile schemes (forms) which yield 
wlulions by mechanically filling in the values of the functions from 
Iu tables. The tables give the values of 7 (a) for 1’, (TBA-52) and 
(1 (TBA-57) intervals of the arguments. For angles from 75° to 
104", the value of S (a) is also given in TBA-57 at 0’.1 intervals, 
wt Chat the TBA-57 tables are in the main noninterpolation tables. 
Ninco the values of ¢, z and A may lie between 0° and 180°, the argu- 
nents in the TBA tables are given from 0° to 180°, but due to the 
luc that these functions vary symmetrically, angles from 0° to 90° 
wn given at the top and from 90° to 180° at the bottom. In the latter 
‘un, minutes are taken from the right side of the page. 

‘The user of TBA tables should be guided by the rules which fol- 
liw from the construction of a spherical perpendicular and the 
li lunple CDZ (see Fig. 167 and Sec. 104) in various cases: 

(1) the arc x is always of the same name as the declination 
“ (yy S); 

(2) if ¢ > 90°, then z > 90°; 

($) for x of the same name as latitude, we have the difference 
y a2 or2—qo@ (if > @q). For x of contrary name to g, we take 
(lis num @ + ax, since x will be negative. This rule is shown in for- 
ites (19.41) and (19.12) by the symbol 9 ~ gz; 

(4) the first letter in the azimuth designation is of contrary name 
i q in all cases except when z and @g are of the same name and 
1 «qp; then the first letter is the same as g, and the second always 
iulncides with the hour angle. Instead, we can apply the general 
‘ily shown above. — 

lor azimuths close to 90° the tabulated differences of the quanti- 
tion 7’ and S become very large and it is rather difficult to interpola- 
tw them (in TBA-52). However, taking account of the fact that 
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here S and 7 vary in about the same way, we can add to S (A) thw 
difference that was formed for (4.) with the nearest integral valu 
of A. In the TBA-57 tables, S and 7 are given at 0’.1 intervals, 
thus obviating any interpolation. A disadvantage of these tables 
is their inaccuracy for ¢ or A close to 90° and a departure from tho 
ordinary scheme for ¢ or A equal to 90°. 

The following example illustrates the computation form. 


Example 3. Find h, and A,, given o,.—60°2’.5N; 6: 28°44’ .9N; ¢. 
== 108°44’ .2E. 


S== 28°44’.9N| T 65510 
#--108°44'.2E| st | 9864 T | 80416 
a ce S | 5929 
x= 20°21’ .ON | T | 75374 
as P| 74187 
— S 4222! T | 65846 
eset So | 5955 
R= 80° 2".5N T | 75409 
90° + (x—q) = 150°18".5 <—_—— r | 59891 
Ap== 59°45’ .0NE <——_—. 
he== 16° 1'.7 


II, “ARTIFICIAL” TABLES FOR COMPUTING h, AND 4, 


Tables of this type are varied and common in many countries 
outside the Soviet Union. Their advantage is simplicity, uninvolved 
solutions, and small size (not more than 200 pages). But as a rule, 
accuracy is low, while the fact that the solutions are obtained mecha- 
nically makes for blunders that are hard to locate since there is no 
intermediate check. 

The compilation of these tables involves either basic formulas 
for solving the astronomical triangle, or the triangle is divided 
into two right triangles, or, finally, adjacent triangles are buill 
on the horizon, equator, vertical circle, and so forth. The formulas 
obtained are artificially transformed to obtain the most elementary 
computational operations, which are used to compile tables (ordi- 
narily of a mixed type) for logarithms, the natural values of fun- 
ctions, and the numerical values of angles. 

To illustrate, let us take V. Akhmatov’s tables of “Altitude and 


Azimuth in Three-Minute Intervals”, in which the formula sin’? as 


is transformed and reduced to the quantities A (Bb), B, Tl, J] which 
represent the logarithms or natural values of the functions sec a, 


cosec? > , sin? > , for which the tables I, I], III, and [V are compiled. 
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'lese tables are small in size and simple to handle, but the accuracy 
ul the altitude obtained is low, and they are no longer in use. 

‘he British merchant marine makes use of Hughes’ tables*; the 
lurmulas for which these tables are compiled are obtained by divid- 
lup the triangle into two right triangles by a perpendicular dropped 
lrom the zenith onto the meridian of the celestial body. Hughes’ 
luhlos yield a mixed numerical-logarithmic solution for a chosen 
wailion (integral @ and ¢t;,,), which, on the whole, is inconvenient. 
(hese tables have no particular advantages over others. 

()f recent tables, mention should be made of Kotlaric’s tables 
(Yugoslavia, 1957), which were compiled from formulas for triang- 
lus adjacent to the polar triangles in vertical circle and meridian 
wud yield a mixed solution that is simplified by the introduction 
a! differential corrections. 


Ii]. “NUMERICAL” TABLES 


If altitudes and azimuths are computed for whole values of @-, 
A\,, ¢p at small intervals (0°.5 to 1°) and tabulated, we get what 
wt called numerical tables. When computing altitude for inter- 
inliate values of @,, 6, tz... we must introduce corrections into 
ihe chosen h, to account for increments in altitude due to change 
uf arguments. These corrections are obtainable if we expand the 
lunction k in a Taylor’s series in three variables. Confining ourselves 
to the second terms of the expansion, we obtain 


h. == f (Pr + Ag; 5p +- AG; ty 4+ At) =f (pr, Sp, tr) -+ 
Ez), ae (26), 88-4 (2), a9 
aI 


6 - | 
I 
+3 (ser), 46° (Jor), 48° + (Ger), Ae 
ae (a5a8), ApAd -+ 2 (som), a 
ae. ( L) Ag at: 2(44). AbAt] +... (19.13) 


ln this series, second powers may be neglected only when the 
intervals of the arguments qg, 6, ¢ are sufficiently small. However, 
the size of the tables becomes prohibitive. If, on the other hand, 
we increase the intervals of the arguments, we will have to introduce 
corrections for all six squared terms; this will complicate the work 
lo such an extent that the computations will be more involved than 
(hrough the use of formulas. 


“ tfughes’ Tables for Sea and Air Navigation (126 p). 
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For this reason, second-power terms are neglected in all existiny 
numerical tables with the exception of the latest Soviet BAC-58 
tables. The intervals of the arguments gq, 6, ¢ are chosen so that for 
altitudes up to 60°-70° the errors due to such an assumption aro 
sufficiently small. Despite every possible increase in the intervals, 
the size of modern numerical tables is very great, on the order olf 
2,100 to 2,700 pages. 

To interpolate altitude for given values of arguments, it is usual 
to apply three linear terms of the series (19.13). This is the underly- 
ing principle of the interpolational tables in Soviet TBA tables 
for aviation, the H.O. No. 2414 tables of the United States, H.]). 
No. 486 tables of Great Britain, and others. The second terms of 
the expansion (19.13) are taken into account only in BAC-58. 

Confining ourselves in (19.13) to the first terms of the series ani 
taking the increments Ag, Ad, AZ as aera we get 


he =hy + Ab+ ary (19.14) 


The values of the last two ane woras have been obtained 
(Sec. 98, Ch. 18) in the form 


Oh oh 


Gp = 008 A and =-= —cos@-sin A (19.15) 
The derivative = is obtained by differentiation of the formula 


sinh with respect to h and 6, that is, 
cos h 0h = (cos 6-sin g — sin 6-cos @-cos ¢) 06 


We obtain the quantity in parentheses from the astronomical 
triangle by the formula of five parts: 


cos g-cos h= cos 6-sin pg —sin6-cos -cost 
whence 
ee = =i * — cos q (19.16) 
Substituting the values of the derivatives, we get 
h,= hr + cos q (6— 67) — cos @-sin A (ty. — tr) + cos A (Qe — Pr) 
(19.17) 


where 6,7, ft; and @,y are the accepted tabulated values of the argu- 
ments. 

This is the formula that is used to compute corrections to the 
tabulated value of altitude in most tables. In compiling numerical 
tables, the leading argument is the latitude, which means thal 
all tables are constructed according to a band of latitude. Let us 
examine the construction of the H.O. No. 214 and BAC-58 tables. 
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1. 1.0. No. 214. “Tables of Computed Altitude and Azimuth” 


‘The set of these tables comprises 9 volumes, each of which embra- 
‘on n 10° band of latitude (0°-9°, 10°-19°, etc.). Each volume is 
tivided into sections of 1° of latitude that are marked by tabs on 
(lw pages of the book. In each section, values of h; and Ay are given 
wt 0’ intervals of declination and 1° intervals of hour angles, and 
wltitude corrections every 1’ of declination and hour angle; that 


in, the coefficients Ad = 100 cosq and At = 100 cos Qq:sin A, 
where the multipliers 100 are introduced so as to obtain whole 
itiinbers. Declinations are given continuously up to 29°; after 29° 
they are given in separate bands for the navigational stars. The 
inual practice is to have the declinations of same name as latitude 
uti the left hand side of the page, and those of contrary name on the 
right. For this reason, the tables are equally suitable for northern 
wil southern latitudes. When working with the tables, the quanti- 
(lun Ap and A, are taken from the nearest values of the arguments 
Wy Op, ty. Interpolation via declination and hour angle is performed 
with Ad and At and the differences 5 — 6, and t;,,. — ty on the 
luunis of formula (49.17) with the aid of “multiplication tables” 
uti the last page of each volume. The signs of corrections are deter- 
mined by inspection of adjacent tabulated values of altitude (to 
nu: Whether the altitude is increasing or decreasing). 
Interpolation of latitude is performed on the basis of the formula 


Ahg = (Pc — Pr) cos A 


lly means of a special table on the second to the last page of each 
volume, which is entered with A and @, — @,7 obtained in semicir- 
viulur reckoning. The sign of the correction Ah, is found from formu- 
lw (*), in which cos A is negative if A > 90°, and cos A is positive 
il .t < 90°; in the first term, m; is always subtracted from q,. This 
rule of signs is given at the bottom of the interpolation table. 

‘The corrections obtained are applied to the chosen value of hp, 
What is, 


he = Rp + Ahg + Aly + Aho (19.48) 


Tho computation form is given in Example 4. The azimuth is 
inlurpolated between adjacent values by “eye”. 


Uxample 4, Find h,, A, and hop—h, from 9,=44°35'N; tS) = 34°44". oW; 
A, 7°13’ .88; hp =29°34’.3. 

(yon section @=—45° and in column 6=7° (contrary name) and row 
( ’, take out hp and Ap,. 
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-- Ah | Ad At AA 


he 
p= 45°N Go— Gp = 25" .0 Ahg 29°15’.5 | 89 47 130.6 
6p=7 S 6—dp=13 .8 Ahe +19 4 
—12 .3 
tp == 35W tioe —tp= 15 .5 Aht +7 .3 
he 29°29’ .6 Ao 
ho 29°34’.3 | —N 139.6 
ho—he | +4'.7 | = 220°.4 


Note. The exact value of he=29°29’.4, Ag= 220°.5. 


The H.O. No. 214 tables are convenient to use and permit obtain 
ing h, and A, very quickly; for altitudes up to 50°-60° they ensure 
an accuracy up to +0’.3-0’.4 (see Sec. 110). But for altitudes in 
excess of 60° the errors due to neglect of the second terms of the 
series (19.13) may prove to be considerable, making it impossible 
to use these tables. 

In addition to the basic tables, the end of each section has tables 
for star identification, more precisely, for the transformation of 
coordinates hy and Ay, into ¢ and 6, and at the beginning of each 
volume there are tables for altitude correction. 

A drawback of the H.O. No. 244 tables is the lack of altitudes 
less than 5°, inaccurate results for high altitudes, inexact extraction 
of azimuth, and large size of the tables as such (a set for latitude 
from O° to 80° embraces 2,100 pages). These tables were published 
between 1936 and 1946 by the Hydrographic Office, U.S.A. 

The British numerical tables H.D. No. 486 are analogous tu 
the H.O. No. 244 tables, but are published in 6 volumes (360 pages 
each), one volume embracing 15° of latitude. 


2. Tables of Altitude and Azimuth of Celestial Bodies (BAC-58) 


In 1957, the Soviet Navy developed an original variant of nume 
rical tables that yield both altitude and azimuth of celestial bodics 
with a rather high accuracy. Publication of these tables began in 
1959 under the title “Altitudes and Azimuths of Celestial Bodies” 
(BAC-58). 

Basis for designing the BAC-58 tables. Unlike nearly all existing 
numerical tables, the BAC-58 tables take almost complete account 
of the second terms in the expansion (19.13) of the function sin / 
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in w ‘Taylor's series. As a result, the intervals of all arguments may 
ln Ikon equal to 1°, and the accuracy of the tables will be sufficient 
lor all altitudes for which interpolation tables are given, that is, 
uy to 73°. When computing with chosen position, the tables are 
njplicable up to hk = 88°. The underlying principle for partial 
uevount of second terms of the series (19.13) during interpolation 
In fJulnt account of the first and second terms in the form of general 
mMereclions. 

‘These corrections are obtained by a joint inspection of the series 
wvgmnsions, the altitude h, and the azimuth A,; certain second 
lonms Ah are accounted for by introducing the correction AA into 
Ili argument A,. 

lndeed, write down the values of six second terms of the series 
(111.13) alongside the formulas (17.12) and (17.13) for AA (Table 10). 


Table 10 
Second terms Ahyy First terms AA 
: Ag2 

\iny <—sin? A- tan h- 5 AAg = sin A- tanh. Ag 

2 
\inn 2 —Sin2qg-tanh- “ 

At2 

Alyy -= cosq- cos6+Sech-cosA-cos@g: 5 AA;=—cosq-cos6é-sech- At 
Vig 2 CoSq+cosdé-sech-sinA- Aq- At AAs = —sing- sech- Ad 


\ing sing-+ sech- sin A+ Agp- Ad 
\iine = Sing-sech-cosA-cos@: Ad- At 


‘he similarity of certain terms is seen from a comparison of the 
viulues of these series. We can thus write the first column for Ahyy 
in the form 


Ahyj;= — (sin? A. tanh 2 o" +sin®g- tanh 2o- 
+ cos @- -cos ASE At 4. sin A-AA;-A@ 
+cos p-cos A-Adg-At+ sin A-AAg- Ag | (19.19) 


‘lo take joint account of the first and second terms of the series 
(141.43), affix to (19.19) the values (19.17) of the first terms of the 
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series, arranging them near the terms of Ahy; that are similar in form 


Ah= Aly + Ahy: = (Ag-cos A—sin? A- tan h“£) 
ee eee. : 
+ (A6-cos q—sin q-tanh =>) —At-cos p-sin A 


— At-cos @:-cos A Alt _ n@-sin A-AAy—cos ~-cos A-AAs-At 


— [sin A-AAg-Ag] (19.20) 

The formulas in parentheses were used to compile interpolation 
Table 1, the arguments with which to enter the table being: Ay 
(or Ad), A (or g) and h of the celestial body. The corrections Ah, 
and Ah are taken from Table 1. Table 1 also gives the values of 
AA, and AAs which have similar arguments: A, h, Ag and gq, h, 
A6é, as may be seen from Table 10 given above. 

The terms of formula (19.20) underlined with a wavy line arc, 
after transformations, assumptions and simplifications, reduced 
to the form 


Ah; = —At-cos (@r-+")-sin ( A,.—“$*) (19.21) 


From expression (19.21) for Ah;, which takes joint account of 
the expansion terms Ah;, Ah;;, Aho; and Ahs; and certain III terms 
of the series (19.13), we have interpolation Table 2, whose arguments 


ass an and At. 


The last term of formula (19.20), in square brackets, is given in 
the small interpolation Table 3 with arguments A, Ag and AA, 
and yields Ahgg. 

As we see, in Tables 2 and 3, the second terms are taken into 
account via azimuth corrections. 

Thus, four entries into three tables take into account nearly 
all 9 terms of the series (19.13); however, the interpolation tables 
here are much more complicated than in other numerical tables, 
and this slows up working of sights. According to the findings ol 
V. Gubanov, the accuracy of h, will be about +0’.2. 

Description of tables. The BAC-58 tables consist of basic tables 
designed on the principle of bands of latitude and three tables ol 
corrections to the tabulated altitudes and azimuths. 

The BAC-58 tables have been published in four volumes, each 
of which embraces 20° of latitude (for all latitudes from 0° to 80’). 
Each volume is divided into sections of 1-degree bands of latitude; 
inside the section we have columns.(Fig. 172) for values of declina 
tion from 0° to 29° at 1° intervals and above 29° for 18 selected values 


for entry are @,, A; 
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Example 5. @~ = 57°38’ .6N; 6=23°24’.2S; t—25°24’.5W. Find h;, and «1... 


eee Given cea pierre Correction hr | Ar q 
6°21" .41°457° 20 | 167° 
Pc [07°38’.6N} 58° | —21’.4] foro +19’.7 0.0 
re) 23 24 .2S| 23 +24 .2! ford —23 .6] +0.14 
tioe [29 24 .SW] 25 +24 .5| fori = 5 1) —0.4 
ad 0.0] 156.7 | — a == 
= 156° .9 
he = 6°12" 4 156°. 7NW 


which in part were suitable for nautical astronomy too. For instance 
the Soviet TBA3S tables, the American H.O. No. 249, the British 
AP No. 3270, Japanese No. 603, and others. 

They are largely of similar construction: the values of h, (up 
to 1’) and A, (up to 1°) are given in the first part of the tables via 


the arguments @ and ¢$, at 1° intervals and the name of seven stars. 
Thus, in place of declination we have the names of seven bright 
stars visible at a given time: in addition the tables are designed for 
plotting from a chosen position (integral @ and f,,,), thus dispensing 
with interpolation; working a sight occupies only about one minute. 

The second parts of the tables resemble ordinary numerical tab- 
les of the H.O. No. 214 type. 


SEC. 108. SPECIAL INSTRUMENTS FOR COMPUTING ALTITUDE AND 
AZIMUTH (FUNDAMENTALS) 


A number of instruments and machines have been constructed 
to simplify the computation of h and A. 

The problem of transformation of coordinates g, 6, ¢ to h and A 
may be solved, as has already been mentioned (Sec. 5, Ch. 2): 

(a) by means of a model of the celestial sphere; 

(b) graphically by means of grids; 

(c) analytically by solving the astronomical triangle with the 
formulas of spherical trigonometry. 

Instruments built on the first principle were in the form of systems 
of precisely divided moving circles and indices, appropriate sett- 
ing of which solved the problems. Such, for example, were the Wil- 
lis “machine”, the Hegner computer and a number of others. This 
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avlution turned out to be unwieldy and inaccurate due to mechani- 
‘ul orrors of the instruments. 

l‘or a graphic solution by means of grids there are two instruments: 
th loth computer and a similar (in principle but improved) German 
lnatrument called ARG-3, which we shall consider below. 

Mechanical, electric, and (recently) electronic computing machi- 
tun lhave been designed on a wide variety of principles for the ana- 
lvlic solution of the triangle. None of them have come into common 
uma’ due to complexity, inconvenience and inaccuracy and also 
liigeh prices. A cylinder type of slide rule has also been offered and 
wi shall consider it later on. Of all these numerous instruments 
wil machines, only two of the simplest (the ARG-3 and the cylin- 
itrleal slide rule) have found any application in the fleet, especially 
luring and following World War II. 


|. THE ARG-3 (ASTRONOMISCHE RECHEN GERAT) ASTRONOMICAL RESOLVER 


This instrument is designed on the principle of Kavraisky’s 
jlanisphere* (see Sec. 6, Ch. 1) and consists of a coordinate grid 


(lit rotates about the centre and microscopes for taking readings. 
hoe grid is constructed as follows (Fig. 173): the image of the cele- 
stlul sphere with meridians and parallels is projected on a glass 
in transverse stereographic projection. The circles of parallels 


* In the ARG-3 the grid is constructed in a transverse stereographic pro- 
jection. 
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Fig. 174 


are plotted every 10’ (in Fig. 173, every 30°) over the entire grid, 
the meridians are plotted every 10’ in the operative part of the grid 
(from 60° N to 60°S) and at larger intervals in areas close to the poles. 

The resultant grid is labelled for declinations from 0° to +9() 
every 2°, a plus sign affixed to north declinations and a minus sign 
to south declinations; for hour angles from 0° to 180° and back from 
180° to 360° every 2 degrees. As will be seen from the figure, tho 
hour angles on the grid are always measured in circular reckoning 
from one (the lower) branch of the observer's meridian. For this 
reason, to obtain a “reference angle” tes, add 180° to the west hour 
angle (in circular reckoning), that is, 

tect = toe + 180° 

Round the circumference of the grid is a scale of latitudes (every 
10’) with the plus sign affixed to north latitudes and the minus 
sign to south latitudes. 

The glass and grid are held in a metallic frame with teeth aroun 
the circumference and a circular groove underneath to allow for 
turning the grid precisely round its centre. Handle 3 (Fig. 174) 
of the turning mechanism is used to rotate the grid. On top, the 
grid is covered with glass 2, rigidly connected with the body Z ol 
the instrument; underneath is a lighting system 4. Due to the small 
diameter of the grid (100 mm), the scale is very small and can he 
read only by microscope (26 x). The fixed microscope 9 is designed 
for setting the grid in latitude; the moving microscope 6, for setting 
and reading coordinates on the grid itself. 
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Like the Kavraisky planisphere, coordinates are transformed 
ly means of the grid alone, which depicts the equatorial system in 
uno position and the horizon system in the other. 

sy putting the cross hairs (index) of the moving microscope at 
the reading ¢,.; and 6 and by turning the grid through an angle of 
\) — @, which is done by bringing the reading @ (with “-+-” for gy 
und “—” for @g) to the cross hairs of the fixed microscope, we get 
ihe readings of h, and A, on the index of the moving microscope. 
Azimuth is always in circular reckoning (0° to 360°). 

The order of work with the ARG-3 is as follows: 

1. Using the MAE, obtain ¢,,, and 6 of the celestial body and 
compute t,o, = i. + 180°. 

2. Prepare focus and illuminate the instrument. 

3. Turn handle 3 of the turning mechanism to align the index 
of the fixed microscope 5 with the reading of the latitude scale 
“ |-90" that corresponds to the initial position of the grid. 

4, Set intersection of hairs (index) of the moving microscope 
(iat the values of 6 and ¢,,;; to do this: 

(a) by hand turn microscope to desired quadrant to approximate 
vulues of ¢,,; and 6; 

(b) using micrometer screws 7, set index at precise values of 
gs and 6. 

) Rotate handle of turning mechanism, thus moving grid until 
lixed microscope 5 gives a reading equal to @, to within 1’. 

6. Read the values of h,,.; and A, in the moving microscope 6 
(ul the intersection of the hairs). 

7. To check, turn grid to initial position and take the readings 
of lset and 6. 

The ARG-3 instrument computes h, with an accuracy of the order 
of +0’.5-4’.0 for declinations up to +60°, that is, in the operative 
part of the grid. The instrument is very easy to operate and it 
lukes only about 2 minutes to make a computation, which is less 
than with any kind of tables. The ARG-3 can also be used in place 
of azimuth tables, and the accuracy will be greater and the compu- 
tution time less than with tables. The instrument has the following 
disadvantages: it is difficult to set the hairs of the microscope at 
the reading of 6 and ¢t,,;, particularly at sea; considerable eye fatigue 
(ue to bright background; and, finally, accuracy of h, is not always 
sufficient, especially if the instrument has an eccentricity. 


Example 6. Given @,-—44°35'N; 12),=34°44'.5W; 6—=7°13’8S. Find he 
and Ag. 
(1) tse¢= ty), + 180 = 214°44’.5. 


(2) From the instrument we get h-=29°30’, A,=220°30’. 
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II], GYLINDRICAL RULE* 


This instrument is based on the principle of the common slide 
rule, but is made in the form of cylinders with helical scales of 
log sec a and log tan a. 

These scales permit solving the astronomical triangle using the 
tangent formulas (19.5), (19.7), and (19.8) converted to the form 


tanz=tan6-sect 


tan (180° — A) = ks CAN dat 


(19.23) 


or, putting p—x=90°—y, 
fanClSO° = 4) eee, (19.24) 


Sec £& 


and 


tan y a 
tanh = (g0 A (19.25) 

The outer cylinder 7 (Fig. 175) has a scale 
of log sec a, the readings of which are set by 
the lower index J. The inner cylinder 2 has 
a scale of log tan a, whose readings are set by 
the upper index JJ. 

Both indices are given ona third, auxiliary, 
outer cylinder 3 and represent a continuation 
of a single line parallel to the axis of the cylin- 
ders. The two inner cylinders can be fixed in 
a definite position by means of a locking device 
situated in the inner cylinder. At the top of the 
rule is the head of screw 4. The instrument is 
held by hande 5. The outer cylinder also has 
the setting scheme of the cylinders, the rules 
of signs, the names of the quantities, and a table 
for recording computations. The rule itself is 
small in size (length 28 cm, diameter about 
6 cm) but the scales plotted along a screw line 
with a pitch of 4.5 mm are much longer: the 
log sec a scale is 4,400 mm in length, with 
a range from 0° to 89°40’, the log tan a@ scale 
is 7,660 mm long and has a range of 0°20’ to 89°40’. It is impos- 
sible to take the scale to the end because log tan 90° = -++oo and 
the log tan 0° is —oo. The smallest divisions of the log sec a scale 
are at the beginning of the scale (near 0°), of the log tana scale, 


Fig. 175 


* In some manuals this instrument is called “Bigreave’s rule” after the name 
of the inventor. 
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wt the middle (near 45°). Thus, the accuracy of index setting differs 
i various portions of the scale, but on the average corresponds to 
lour-place tables of logarithms. The scales are graduated directly 
in degrees and minutes of arc. 

Scale setting will be explained by an analysis of a problem based 
on the first of the formulas in (19.23). Taking logs, we get 


log tan x = log tan 6+ logisect 


To obtain log tan xz, that is, the quantity z, the segments of the 
(wo scales should obviously be combined (Fig. 176a). To do this, 


(@) 


Beginnin, : 2 (6)  ILnaices 
of the scale p_lagtans | Scale: log tana [ I 
I, o 
log tand - : 2 a 
+ Y Remmnanannnnagemnsannananae’) ‘rem enreregrntTgTyrTNaNyeaT™ 
————_—_—-,—_————1 le: E 
1, log sect ig Scale. log set a ee 
Fig. 176 


jul the first index J, on 0°; the second JJ, gives the reading of the 
inner cylinder (log tan 6) equal to 6. Fix the cylinders with the 
licking device and transfer the first index J, to ¢ on the outer cylin- 
iin (log sec ¢#); the second index JJ, will indicate the value of x 
ut the scale log tan z. This solution is shown on the rule by the 
whome (Fig. 1766). Formulas (19.24) and (19.25) are solved in 
nlinilar fashion. 

The rules of signs and other operations that must be observed 
when working with this rule follow from an investigation of for- 
mulas (19.23) and (19.25): 

(1) For ¢ > 90° take x > 90°. 

(2) In the formula y = (90° — g) +2, the plus sign is taken 
fur q and 6 of the same name, the minus sign for contrary names. 
Vhe quantity 90°— @ is designated as “b” on the rule. 

(3) For y > 90° the azimuth is taken greater than 90°, for y < 

0° the azimuth is taken less than 90°. On the cylindrical rule, 
tls azimuth is always reckoned less than 90° and then converted 
lu somicircular reckoning by this law. 

I'he cylindrical rule gives an accuracy of solution from -+0’.5 
in {-1'.5 with an average of about +1’.0. Determining h and A by 
vans of this rule occupies somewhat more time than by the H.O. 
Nu, 214 tables, but the work is a little less tiring; the cylindrical 
rule is particularly convenient for checking computations of h and 
|. A disadvantage is that problems are unsolvable for values of ¢ 
wid A within +20’ from 90°. 
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Example 7. Determine A, and he from the data of Example 1. Wrile 
down the knowns and the solution in the same order as that on the 
cylindrical rule: 


§ = 28°44’ .9N 
t =108°44'.2E 
@ = 60°2’.5N 

b = (90° —p) = 29°57’.5 
x = 120°24'N 


(b + x) == 1508.5 
A, =59°45/NE 
he = 16°2’.0 


SEC. 109. ERRORS IN CONSTRUCTING ALTITUDE LINES OF 
POSITION; ON A CHART, AND ERRORS THAT FOLLOW 
FROM THE METHOD PROPER OF POSITION LINES. 
LIMITATIONS OF THE METHOD 


From the foregoing consideration of the theory of the method of 
lines of position (the Saint-Hilaire method, in particular) it fol- 
lows that this is an approximate method which holds only for small 
segments of circles of equal altitudes. In 
addition, supplementary errors in the 
position of an altitude line arise when 
performing the graphical constructions 
on a Mercator map, that is, in plotting. 

We recall that the vertical circle ol 
a celestial body is a great circle of the 
sphere and, hence, the azimuth line in 
a Mercator projection should be depicted 
as a curved line (Fig. 177). When plo- 
tting it in the form of a straight line 

Fig. 177 (loxodrome), two types of errors occur 
in the plotted line of position: 

(a) errors in the distance due to plotting the altitude difference 
h —h, along the straight line of the azimuth instead of plotting 
A — h, along the curve, or orthodrome; 

(b) errors in the position and direction of the line /-J due to 
construction of the position line perpendicular to the straight line 
of the azimuth instead of constructing it normally to the orthodrome. 

Thus, due to peculiarities in the Mercator projection, the line 
of position plotted on a chart is in error both as to distance anil 
direction. Other cartographic projections may yield other errors; 
in other words, the errors noted are the result of distortions of car- 
tographic projections. 


109. ERRORS IN CONSTRUCTING ALTITUDE LINES 427 


Irrespective of these errors, the above-mentioned error of the 
method itself (that is, errors due to replacement of a circle of equal 
wititudes hyo — hy by a straight line /-J tangent to it, or a chord 
in other methods of line plotting) is always operative. In a Merca- 
lor projection, the arc of a small circle is depicted as a cyclic curve, 
wid the error of the method remains in force as before. This error 
will continue to operate even if plotting is substituted by calculat- 
Inge corrections to the computed coordinates by formulas (18.32), 
which correspond to equations of straight lines and not circles. 
ln this instance, the error is equal to the sum of the higher-order 
of the series (18.30). Due to the generality of the substitution error, 
It is called the “error of the method of position lines”. Let us examine 
these two sources of errors separately. 


I], ERRORS. DUE TO PLOTTING AZIMUTH LINES AS STRAIGHT LINES ON 
A MERCATOR CHART (ERROR IN DIRECTION OF POSITION LINE) 


Juet us consider Fig. 178 where the action of the errors is greatly 
«exaggerated for clarity. For a D.R. position C (q,, A,), let the 
uzimuth A, of the body and the difference h — h, = Ah be comput- 
wd, Performing the conventional plotting on a chart with straight 
linos, we get the determining point K, and the altitude line /—YJ. 
Actually, however, the azimuth line is an arc of an orthodrome 
shown on the chart as a certain curve CKy, which, due to smallness 
af Ah, may be taken as an arc of a circle of radius R. If we lay off 
Ah = C Koy on this arc, we get another determining point Ky. Draw- 
inge a normal at the point Ky to the arc CKo, we get the proper posi- 
fion of the altitude line I -Jy. Joining C and Ky with a straight 
line, we see that the angle between this line and the azimuth line 
(‘k,, plotted in the normal way, is equal to the orthodromic cor- 
rection Ww, which is a correction for curvature of the orthodrome 
lmage on a Mercator chart. In navigation, an approximate formula 


ix derived for wp : tp = > Ai -sin @, or, as applied to our case*, 


p=zs-sin A,: tan Qe, (19.26) 


where s is the distance CKy) in minutes along a straight line. 
Constructing the line A)L tangent to the arc of the circle at the 
point Ay, we see that it also makes an angle » with the line CKo, 
und an angle equal to 2 with the azimuth line A,. The angle at the 
centre of the circle will be exactly the same. 
Thus, the error in direction of an altitude line of position or, 
what is the same thing, in the azimuth line, is equal to a double 


* AX.-=Dep.sec p=S-sin7C-secg, TC=A,; S=s. 
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orthodromic correction, 2. For the altitude line /-J to occupy the 
correct position Io-f), A, has to be corrected by twice the  correc- 
tion, or, 
A, = Ag+ 2 (19.27) 

Here, the azimuth line A, is plotted as before in the form of a 
straight line CK,, and the altitude line [-J) perpendicular to it. 
The error in distance Ah is small (for Ak < 100’). 

From a theoretical analysis we can draw the following conclusions: 

(1) In low latitudes (up to 30°), the correction 2 may be disre- 
garded. 

(2) In middle latitudes, the correction should be taken into 
account for h — h, exceeding 15’. 
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(3) In high latitudes (> 70°) with h — h, >7’, check the value 
of the correction 2p in tables for the orthodromic corrections, and 
if it is in excess of 0°.3-0°.5, use it to correct the computed azimuth: 
A, = A, + 2. Bear in mind the sign of the correction, which is 
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iwtermined by the rule: if in northern latitude the determining 
wint K is east (west) of the D.R. position, the correction should 
« added to (subtracted from) A, expressed in circular reckoning 
(( to 360°). In southern latitude the signs of the correction p are 
revorsed. 


Il, ERROR DUE TO SUBSTITUTING THE CURVE OF EQUAL ALTITUDES 
BY A STRAIGHT LINE (ERROR OF THE METHOD PROPER OF POSITION 
LINES) 


We have pointed out (Sec. 99) that a circle of equal altitudes is 
iopicted in Mercator projection in the form of one of three types of 
cyclic curve. 

‘l'o find the error due to replacement of such a curve, tangent to 
i. ut points close to the point of tangency, it is necessary to find 


Fig. 179 


(lu curvature or the radius of curvature of the cyclic curve r, which 
(in Mercator miles) will be 
Pp 19.28 
= (tan h—tan @-cos A) aré 1’ ene) 
‘he magnitude of the correction x (Fig. 179) is found from the 
formula 


= 8 ‘(tan h—tan @-cos A) (19.29) 
‘he error in the observed position y is found from the formula 
y= V ai Fah — 2ayay-€08 0 (19.30) 


whore 0 is the angle between the lines of position (9 = A, — Ay). 

An investigation of formula (19.30) shows that for Ah < 20’ 
nnd kh < 60°-70° the error y in any latitude will practically be 
lows than the accuracy of nautical observations. 
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When sailing in low latitudes and the tropics, it is sometimes 
necessary to measure and work altitudes of the sun greater than Si)’ 
(up to 88°). For this case we have the following approximate for- 
mula for low latitudes: 


Ah2 $$ 
Y = §-875-sin AA V tan hi + tanh;—2tanhy-tanhe.cosAA (19.31) 


Example 8. Compute y. 

(a) For AA — 90° and h, ~ ho == 85°; for Ah — 20’ we have y — 0’.9%4; 
for Ah — 10’, y — 0’.23. 

(b) For AA — 30° and the same conditions we have: for Ah — 20’, y — 0’.7)) 
and for Ak — 10’, y — 0’.17. 

An investigation of (19.31) shows that if Ah < 10’, it is possible to plot posi- 
tion lines in the ordinary way without appreciable errors in low latitudes for 
sun altitudes up to 85°. 

When observing stars, do not measure altitudes exceeding 60° especially 
in high latitudes, all the more so since it is difficult to take such sights. 


CONCLUSIONS 


4. The method of altitude lines of position has the following 
limitations: | 

(a) The altitude differences (intercepts) h — h, must not exceed 
20’-25’. If h — h, > 25’, the problem should be solved a secon 
time taking the obtained @o, A, for the computed ones. 

(b) It is not advisable to observe altitudes of celestial bodies 
in excess of 60°-70° under ordinary conditions. In the tropics, sun 
altitudes up to 85° may be observed, but the intercept h — h, shoul 
not exceed 10’ in this case. 

(c) If in middle latitudes h —h,> 15’ and in high latitudes 
greater than 7’, introduce the orthodromic correction 2 into the 
computed azimuth. 

2. When applying the method of lines of position in ordinary 
sailing conditions (with small errors in D.R. position), the errors 
due to all assumptions are slight and will have practically no effect 
on the accuracy of an observed position. 


SEC. 110. THE EFFECT OF ERRORS IN THE ALTITUDE DIFFERENCE 
(INTERCEPT) h — h, ON THE POSITION OF AN ALTITUDE 
LINE 


The correct position of a position line on a chart depends (in 
addition to the geometrical errors we have examined) also on the 
effect of errors in the accepted elements of the position line, that. 
is, h —h, and Ag. 

Whereas the geometrical errors of this method may be eliminated 
or avoided by adhering to the above-indicated restrictions, errors 
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in wllittde are always operative; it is only the magnitude that (% chan- 
uns lov this reason, accuracy and reliability in determining \9 pogj- 
‘un from lines of position depend mainly on how accurately one 
ulduius the difference h — h, = Ah in each of the lines. 

Vhis difference Ah includes random and systematic errors i; j) the 
vlevrved altitude 2 and random errors in the computed altitu¢yge p. 
lt ux examine them separately. ‘ 

(1) Arrors in observed altitude were considered in Chaptetey 45. 
We recall that experiments and analysis established that sysy.joema- 
ll errors more often than not exceed random errors (in magninitude). 
(unsiderable systematic errors arise mainly. due to taking injpeyact 
values of dip of the horizon and also due to sextant errors. 

Nundom errors of observed altitude depend mainly on theho state 
wf the horizon and the skill of the observer, as has been establ pjicheq 
nul ure characterized for the average observer, by mean effyprorg of 
monsirement of a single altitude: 


for the sun, ¢,=+0’.7 
for stars, &,= + 0’.9—1’.0 


Mine it is advisable to observe no less than three altitudes,,.. these 

\uluos may be somewhat reduced; for the sun to & = =+0':7 _. 
+1’-0 ; v3 

| 0'.4, for stars, to & = VF = +0’.6. Under thee most 


lnvourable conditions for the sun an experienced observe,o, may 
magael 6, = +0'°.3 — 0'.4. . 

(4) Krrors in computed altitude h,. As we know, computeteg altj- 
liidos are obtained in one of the following ways: 

(1) computation by general formulas; 

(lb) by special tables; 

(") by means of special instruments. 

Tho altitude h, and azimuth A, thus computed invariabl)y have: 
mrors of calculation. Since the plotting accuracy of azimyyth 4 
will be of the order of +0°.3, and the limiting error of comptputation 
ly tubles after rounding off, +0°.05, we can consider A, COIgmputed 
lrom any tables (with the exception of numerical tables) to b pe apsy- 
luloly correct. 

lirrors in computed altitude are of a random nature. Thejey arise 
lrom rounding off the last figures in logarithms, from efYeprors of 
lnturpolation and performed operations, and _ their Mafaonitude 
ilsponds on changes in the functions used to select the desiretgq quan- 
(\"1ex, and on the number of decimals in the logarithmic © tables. 

The slower the function changes (the less “acute” it is), thee stron- 
ur the effect on the result of errors that accumulate in CO.omputa- 


432 THE METHOD OF ALTITUDE LINES OF POSITIONS 


tion. For example, an error in a logarithm of two units in the final 
decimal, when picking out h, from log sin h, and four-place tables, 
will yield (for h ~ 5°) an error in altitude of Ah ~ 0'.14 and near 
70° it will yield an error Ah of 5’. It is obvious that in the first case 
the function will be “acute” and advantageous to use, while in the 
latter case it cannot be used. 

Soviet scientists M. Musselius, N. Preipich and, recently, A. De- 
min have studied accuracy in computations of h,. Demin has derived 
the following approximate formulas for mean-square errors &,,, 
in computed altitude: 

(a) When computing h, from log sin h with n-place tables 


ene = VT tare hy (19.32) 


(b) When computing h, from log sin? =< with n-place tables 


5,405 ode , 
ene = se “tan (45° — <2) (19.333) 

(c) When computing h, from TBA-52 
Ene = +0'.08 V1 +3.38 sin? 2h, (19.34) 


In these formulas, the errors are obtained on the assumption thal 
interpolation and rounding are performed according to the general 
rules. Table 11 contains the values of errors computed from these 
formulas. 

Errors in computing h. from instruments are somewhat higher 
and for the ARG-3 come out to an average of e, = +0’.7-1'.0, 
for the cylindrical rule ¢, = +0’.5-1’.5. 


Table 11 
Altitudes 
No. Method of computation 9° | 10° | 99° | 30° | 40° | 45? 
1 Formula log sin he |0’.023 | 0’ .024| 0’ .029| 0’ .037] 0’ .048 | 0’ .0o6 
and MT-63 
2 Formula log sin? = 0 .054}0 .045/0 .038/0 .034)0 .025]0 .022 
and MT-63 
3 TBA-52 0.08 | 0 .40] 0 .12 | 0 .44] 0 .16] O .17 
4 Table H. O. 0.3 0 .3 0 .3 0 .4 0.5 0.5 


No. 214* 
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Altitudes / 
No. | Method of computation : : 
3 50° | 60° | 70° | gu? | " 


{ Formula log sin h,| 0’.069 | 0’.092 | 0’.143 | 0’.292 ¢ 


and MT-63 
2 | Formula log sin? =$ 0 .020 | 0 .014 | 0 .010 | 0’.005 | 0 
and MT-63 ‘ 
3 TBA-52 0 .16 0 44 0 .12 0.10 | 0° 
h Table-H. O. 0 .6 0.8 1.1 | / 
No. 214% 


* lor the H. O. 214 tables, the limiting crrors are given. 


It is important to remember the following fundamentals of 
juitation: (a) computation accuracy depends on the precision vt 
thensurements; (b) it is impossible to obtain a more accurate * 
thin the initial data of observations. 

Starting out from these propositions we can state that acel! ‘ 
in computing h, should be somewhat higher than the acura 
ubsxervation h, so that the errors of computation should not 1 ve 
percoptibly the accuracy of determination. At the same tim" (or 
rhould not strive for too great an accuracy in computation*' ys 
this increases the work of the calculator without materially in’, st 
liu the accuracy of the final result. We stated above that the hit an 
wimervational accuracy would be e, = +0’.3-0’.4. The te 
wor of ordinary navigational computations should not e 
this most favourable magnitude, that is, e,,< +0’.3. (his 

‘rom Table 14 it is evident that all tables mentioned yield ‘ch 
wecuracy with the exception of the H.O. No. 214 tables, ‘ie 
vive such accuracy only up to altitudes of 50°-60°. Hence, the | 
\ullos should not be used for greater. altitudes. la 

An examination of the table and an analysis of the ford 
will show us that four-place tables of logarithms (they yield a, (i 
uitutional accuracy 10 times lower than that given in Tab ‘td 
it the MT-63) permit computing h, from log sin h with the ae’ de 


mecuracy up to altitudes of 30° and from log sin? -; for alti! at 


wvenoding 30°. The same columns of the table show that five*aiv 
lublos yield, under ordinary conditions, a somewhat ee 
urcuraey in computing h, by the logarithmic method. Now in ‘{3)) 
‘unun Of navigational practice and in certain methods (see Sec: 


tidh 
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the requirement is that the process of computation should not have 
any practical effect on the final result. In such cases, use should bho 
made of five-place tables and most favourable formulas, in addi- 
tion to all other techniques for increasing the accuracy of determi 
nations. In some fleets, a mixed method (without tables of a and {}; 


see Sec. 104) is used in computing from formulas sin? > and sin h. 


Here, four-place tables do not ensure sufficient accuracy, and five- 
place tables must be used. 

(3) Total random error in the position line (&a,). The resultant 
error in the h —h, difference will include errors of observation 
and computation and will represent a random error in the position 
of the position line. Taking the above-mentioned values for ¢t,, 
(under average conditions for a good observer) and &,, = +0’.3 


(for four-place tables), we get from formula ean = + Ve + é. 
for a single altitude 


for the sun: &\,—=+0’.8 
for stars: Ean =+1’.0 


Thus, due to random errors, the position line may be displaced 
relative to its actual position, and should thus be represented in the 
form of a belt of positions, within which lies the position of the ship 
with a probability of about 68%. To increase the probability of 
finding the ship in this belt, increase the magnitude + 6a), thal. 
is, the width of the belt, according to the rules of error theory, 
as shown in Table 12. 


Table 12 
Probability of finding ship | 68.3% | 90% | 95% | 99%, 
width of “belt of posi- + EAR +1.68,p + ZEAn + 2.58 an 
tion” in Ear 
Average for sun +0'.7 sa ml es | + 1’.4 +1’.8 
Average for stars ae 1? 30 41%..0 + 2’.0 + 2’.5 


These figures represent the mean values for good observers, su 
somewhat larger errors may appear in practical work. 

In addition to the foregoing errors, an altitude line may include 
also blunders in correcting h or in computing h,. Only through 
exceedingly careful work and constant practice can one avoid blun- 
ders when working sights. Certain approximate methods for che- 
cking blunders and checking computations are given below where 
determination of position from several lines is considered. 
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‘rom the foregoing it follows that in the general case an observed 
ultitude (position) line J o-I) (Fig. 180) does not coincide with the 
"aelual” line of position J-J. Due to the operation of random errors, 
w “bolt of position” of width +e, is formed about the line J); the 
welual line of position will be found inside this belt with a probabi- 
lily that increases as the width of the belt gets closer to 3e,4,. Now 
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dia to the effect of the total systematic error A, this entire belt is 
iisplaced along the azimuth line by a magnitude A in a direction 
(hut depends on the sign of the systematic error. If we eliminate 
(lh systematic error and in plotting take the “belt of position”, 
(hen the actual position line J will be in this belt and will be taken 
info account in subsequent plotting. 

If there is a blunder, the belt is shifted along the azimuth line 
wm well, and if a blunder is committed in A,, the belt will also turn 
ly the magnitude of the blunder. 

If the coordinate origin is placed in the D.R. position and we take 
tli same axes as in Sec. 102, then equation (18.31) of the position 
linw will take on the following form (errors allowed for) 


Ag-cos A+ Ao-sinA=Ah+A+6 (19.35) 


where Ah =h—h, is the “true” altitude difference (intercept) 
free from errors of observation and computa- 
tion 

A and +6 are total (systematic and random) errors. 
‘To reduce the effect of all these errors in observations and compu- 
lutions, take the measures indicated in Sec. 85 for increasing accu- 
riucy of observed altitude and note the remarks in this section pertain- 

lt to computation procedures. 
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CH APT E R_ 20 


DETERMINING POSITION OF SHIP BY THE METHOD 
OF ALTITUDE LINES OF POSITION 


SEC. 111. PECULIARITIES IN DETERMINING POSITION FROM 
SIMULTANEOUS OBSERVATIONS OF TWO BODIES 


As was shown in Sec. 97, to determine the position of a ship on a 
chart or to obtain the coordinates @,) and Ao, we have to get at least 
two lines of position, which means we must measure at least two 
altitudes of celestial bodies having an azimuth difference close to 
90°. If the altitudes are measured of several bodies seen at the same 
time, these observations are called “simultaneous observations of 
bodies”. If altitudes of a single body are observed, an appreciable 
interval of time (from 4h to 3-4h) is required for sufficient change 
in azimuth (40°-45°); the observations of the body will then be called 
“double sights or running fix”. Sometimes, for simplicity, determi- 
nation from simultaneous sights of two (three and so forth) bodies 
is called “star sights”. 

Not only will stars, planets and the moon be visible at the same 
time at night, but certain bodies are visible in the daytime as well; 
the sun and moon, the sun and a bright planet (Venus, for example), 
the moon and a planet. This allows for a choice of different bodies 
in simultaneous sights, provided their mutual positions satisfy 
the most favourable conditions of observations. 

Simultaneous sights of bodies obviously require two observers, 
but since one person usually takes sights on board ship, these obser- 
vations are actually taken from different places on the earth and at 
different times. 

For both altitudes and, hence, both lines to be considered as 
obtained from a single place on earth, we have to note the distance 
run by the vessel during the time between observations, i.e., to 
reduce the altitudes to a single zenith. The fact that observations 
are taken at different times is of no importance since the computed 
altitude and azimuth of every body are found from the appropriate 
instants 7,, and, therefore, with their values of 6 and ¢ of the cele- 
stial body. | 

Reducing to a single zenith from tables was considered in Sec. 81, 
where we derived the formulas (15.6) and (15.7). In an analytical 
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rdluction to a single zenith, use is made of Table 16, MT-53, compi- 
lil from formula (15.8) for the interval AZ = 1m, therefore 


Ah, = Ahym in (T2— T;) min 


where 7. — 7, is the time interval between observations 
Ahimin is a correction taken from Table 16 via (A — TC) 
[or (A — K)] and V of the vessel. 

‘or speeds less than 6 knots and time intervals between observa- 
(ions up to 3 to 5 minutes, the correction for reducing altitudes to 
u single zenith may be ignored. 

Graphical reduction to a single zenith. Reduction to a single 
zonith may be executed graphically too—when plotting position 
lines on a chart or paper. 


g 
° Transterred DR 
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Fig. 184 


Computing the elements of position lines for both bodies and 
constructing the line of azimuths (Fig. 181), we obtain the determin- 
ing points K, and K» as shown in Sec. 105. Then, computing the 
run § between observations from the formula S = V (T, — 7), 
Table 27a, MT-63, or from a calculating chart, we find out to which 
znith the altitude should be reduced; ordinarily, the first altitude 
is reduced to the second zenith for which 7,, and Jr are noted. In 
this case, we draw the course line track from the determining point 
kK, and lay off on it the sailing distance (run) S. Through the point 
obtained D draw the position line perpendicular to the azimuth 
lino A,. This line J’-I’ will be reduced to the second zenith. Indeed, 
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from the triangle K,DK,, K,K, = S-cos (A — TC), that is, it is 
equal to Ahz. The observed position M) is obtained at the point 
of intersection of the lines J’-I’ and JJ-IJ. 

If the second altitude were reduced to the first zenith, then we 
would have to lay down the course line (track) from the determin- 
ing point K.and plot the run S in the reverse direction (see Fig. 181), 
since the first altitude was observed before the second. The observed 
position would then be in M,, which is a distance S from My back- 
wards along the course line. 

To avoid reducing the altitude of the first body to the zenith of 
the second set of observations, one could observe the first body abeam; 
then A — TC = 90° and Ah, = 0 

Another way to avoid reducing to a single zenith is by means 
of symmetric observations of the first celestial body executed 
according to the scheme: first body—second body—first body. 
If the intervals between observations of the bodies are roughly the 
same, the mean altitudes will refer to a single place on the earth. 

However, observations in the foregoing cases are complicated. 
Complications should be avoided because stellar observations are 
involved as it is. 

The order of computations, the forms and process of plotting 
lines will be shown later on. 

From plotting two altitude lines on a chart we obtain, at the 
point of their intersection, the so-called observed position of the 
vessel (shown in Fig. 181 by double circles) for the instant 7, to 
which the altitudes are reduced. If the altitudes are reduced to the 
second zenith, the,exact value of ship time may be had from the 


formula 75, = Tgro ZD\, where [gro is the time of the second 
set of observations. 

In some countries a method is used for plotting from a transferred 
position, chosen (C.P.) or assumed position (A.P.). In this case, 
computations from special tables are simplified by taking values 
of m’, rounded off to a whole degree and ?j,-. To obtain a whole 
value of ¢,;,. appropriate values of A, are chosen in the formula 
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No interpolation is required in the tables, but plotting should 
be done from the chosen position M, (@, Ac, see Fig. 181). This 
method in ordinary cases is not suitable due to the fact that the 
slight simplification in computations complicates plotting and, 
in addition, disconnects the position line from dead reckoning, 
thus complicating the analysis. But in methods of precomputation 
and in some tables it is very convenient. 
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SEC. 112. THE EFFECT OF ERRORS OF OBSERVATION AND 
COMPUTATION ON THE OBSERVED POSITION 
OBTAINED FROM “TWO STARS” 


‘he observed position thus obtained is subject to the effects of 
u uumber of errors: errors due to plotting on a Mercator chart, 
wrors of the method itself of altitude lines of position, systematic 
widl random errors in the intercepts h — h, and, finally, blunders 
in observations and computations. 

We can disregard the first two categories of errors if we abide by 
tl recommendations given in Sec. 109, that is, if the differences 
i -h. do not exceed 20’ and the altitudes are less than 60°-70°, 
wtherwise this problem should be solved a second time with the 
coordinates obtained and regarded as computed. For this reason, 
we shall from now on consider only errors of observation and compu- 
lution and also blunders. 

When considering errors that affect one line of position, it was 
lound that due to the action of random errors the position line is 
wlually converted into a “belt of position”, and due to systematic 
rors this belt can be shifted in either direction along the azimuth 
linc. What is more, a blunder made in observations or working 
nights can produce an additional shift in the “belt of position”. 

When determining a position from two lines, these errors are 
possible in both lines. If the coordinate origin is put in the D.R. 
position, the equations of these lines (19.35) will take the form 


Aq-cos Az, 4- Ao-sin Ag = Ahz + Ag + 65 (20.1) 


Aq-cos A, + Ao-sin A, = Ah, + A, + 6, 

where Ah, and Ah» are the “true” intercepts h — h, free from 
errors of observation and computation 

A, and A, are systematic errors in the intercept h — h, 

6, and 6, are individual values of, random _ errors 

in the first and second intercepts h —h, 

Ay and Ao= Ad-cos@ are the desired corrections of the D.R. 

coordinates. 

If there were no errors or blunders, a graphical or analytical 
nolution of equations (20.1) would yield the actual position of the 
ship or its real coordinates @ and A (via the increments Aq and Ao). 
llowever, there are always errors in observations and computations; 
und sometimes even blunders. As a result, for h — h,, in plotting, 
we apply the sum of the terms on the right-hand side and get the 
whove-mentioned observed position of the ship or its observed 
coordinates @o, Ao instead of the actual position. 


\ 
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From equations (20.1), which contain many unknowns, it follows 
that for two lines it is impossible to eliminate systematic errors from 
the observed position by means of a direct analytical or graphical 
solution. We can reduce them or judge of their absence only indi- 
rectly. And the same goes for blunders. 

Let us consider the effect of errors and establish the most favou- 
rable conditions of observation for reducing them. 


1, THE EFFECT OF SYSTEMATIC ERRORS 


Put the origin of coordinates Aq, AA in the actual position of the 
ship M, (see Fig. 152). Then in equations (20.1) Ah, = Ah, = 0 
and the increments Ag and Ao will express errors in the coordina- 
tes of the observed position relative to the actual position. Equa- 
tions (20.1) will take on the form 

Ag -cos A,-+ Ao-sin A, = A, + 6, 
aid siodehadk ent 

Let us assume that there are no blunders, and systematic errors 
greatly exceed random errors so that for the sake of simplicity 
we can take 6,=—6,=0; then 

Aq-cos A,-+ Ao-sin A, = A, 
Aqg-cos A,+ Ao-sin Ap = Az 

Errors in the coordinates Ag and Ao are obtained by solving 

20.3) as in Sec. 98. 


(20.2) 


(20.3) 


‘| Aqesin a cos A,-Ay 
ages A»g-sin Ae - cos Ay- Ao 
Ag = ‘cos Ay-sin Ay | ’ AOS cos Ay-sin Ay 
cos Apy-sin Ay cos A»-sin Ao 
whence 
a A,-sin Ay — Ao-sin ely 
Ap _ sin (Ag— Aj) 
and (20.4) 
Ne A»y-cos A,y— Aq-cos Ao 
_ sin (Ayg— A4) 


The linear error in the ship’s position (MyM, in Fig. 102) 
is determined from the triangle M,M.D 


(AM)? = (Ag)? + (Ao)? 
After substituting the values of Ag and Ao and some manipu- 
lation we have 
+ VY A?+ A?—2A,Ap9-cos AA (20.5) 


AM = sin AA 
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where AA = (A, — A,) is the difference in azimuth of the cele- 
wtial bodies. 

In the general case, systematic errors A, and A, differ. If for the 
mika of simplicity we take A, = A, = A, then (20.5) will take 
the form 
_ A V2(4—cos AA) 


AM sin AA 


(20.6) 


An investigation of (20.6) shows that 
(u) for AA=0, AM=~., and for AA = 180°, AM = 0, which 
imwans that for azimuth differences of 0° and 180° the position cannot 
lw obtained, since the two lines become one; 

(b) for AA < 90° there will be a difference in the radicand, while 
fur AA > 90° there will be a sum. Thus, the systematic error in the 


Fig. 182 


josition will be less for a difference of azimuths less than 90° and 
yroater for a difference greater than 90° (in the second quadrant). 

Indeed, putting AA = 30° and 150°, we get AM, = +1-03A 
und AM, = +3-86A, respectively. 

This same regularity follows from graphic constructions as well. 
\\wforring to Fig. 182, let M7 be the actual position obtained from 
two lines J and JJ. Both stars are situated so that AA < 90°. If 
loth lines have the same systematic error +A, they will be shifted 
\owards the bodies and the erroneous position will be at M’. The 
quantity AM, will represent the shift of the observed position rela- 
(ive to the actual position. 

lfowever, if the stars (1y, and 2, in Fig. 182) are situated so that 
\A’ >> 90°, then the very same error -+-A will yield a greater shift 
\ Mv» of the observed position M". 
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“Astronomical” bisector. Let us see how we can eliminate the 
effects of these errors. From Fig. 183 it is seen that if both lines are 
affected by the same systematic errors, the position obtained at the 
point of intersection of the displaced lines will always be located 
on the bisector of the angle between the lines of position. 

Indeed, when the first and second lines are displaced +A, +-2A, 
+3A,..., etc., the observed positions are at points M,, Mo, M;, 
M,, etc., which lie on the bisector M,)M3 of the angle between the 


Fig. 183 


lines of position. If at the observed position we construct arrows 
parallel to the azimuth lines and directed at the celestial bodies, 
the angle between these arrows will show which angle betwecn 
the lines should be divided by the bisector. This bisector will be 
a line of position of the ship and one that is free from systematic: 
errors. As may be seen (see Fig. 183), two lines of position yield 
one bisector free from systematic errors. To obtain two independent 
bisectors, it is obviously necessary to have four lines of position. 

The fact that the bisector is a line of position free from errors A 
also follows from a solution of the equations (20.3). 

Subtracting the first equation from the second, we see that thw 
systematic errors are eliminated: 


Ag (cos Az — cos A,;) + Ao (sin A, — sin A,) = 0 
or 
AA 


— Ag-2sin Agy-sin S4 + Ao-2 cos Aay-sin = = 0 (20.7) 
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whence, after simplifications, 
Aq = Ado: cot Aap = Ao- tan (90° — Agv) (*) 


‘he expression (20.7) or (*) is the equation of a straight line (of 
lini y = 2-tan a) passing through the coordinate origin: the posi- 
lion My at an angle A,, to the meridian of the position. This line 
iumy be called the difference line of position or the astronomical 
himaclor, and it is free from systematic errors. 

I'rom the foregoing analysis it follows that if only the same syste- 
iutic (recurring) errors were operative in lines of position, then to 
nultice their effects the azimuth difference of the stars would have 
(1 he taken considerably less than 90°. But in actual conditions, 
rvslomatic errors always operate jointly with random errors and, 
in uddition, they are not always the same in the two lines. 

Now let us consider the effects of a systematic error in the hour 
wtipelo. 

If the origin of the coordinate system Ag and AA is put in the 
wltal position, and the systematic error in the altitude is conside- 
tl due to an identical error in the chronometer correction, recorded 
lnstunts, or hour angles, then Ah = A = cos@q- sin A-At, and 
the equations (20.3) will take the form 


At-cos m-sin A; = Aq-cos A,-+ Ad-sin A,-tos @ 
At-cos p-sin 4,= A@-cos Ay-- Ad-sin Ag- cos @ 
Solving these equations like (20.4), we get 
Ag = 0 
AX\=+ At 
which means that if in both lines we have committed the same error 


ln hour angles (chronometer correction), then the position will be 
nhifted in longitude alone and by the amount of the error At. 


Il, THE EFFECT OF RANDOM ERRORS. CIRCLES AND ELLIPSES OF ERRORS 


(1) The Mean Square Error in an Observed Position 


Assuming in equations (20.2) that systematic errors are eliminat- 
wl, that is, that A = 0, and solving them for Ag and Ao by means 
ul determinants, we get (like in the preceding case) 


Ag = £+.61) sin Aa— (+ 62) sin Ay 
sin (Ay — A;) 
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and 
(E 62)-cos Ay— (= 64) cos Az 


Ao = sin (A,>— Ai) 


Passing to mean square errors on the basis of the formulas 
of the theory of errors (see Appendix V, formula 5), we get 


2 a: De 
pein &),°Sin2 Ap Epo °sin? Ay 
? ~~ sin? (Ag— Ay) | sin? (Ag—Aj) 
and (20.8) 
2 2 
@ __ &he -cos2 Ay &,4° COS? Ap 
c= 


sin? (Ag—A,) ' sin? (Ag—A4) 
The error in position will be 
2 2 2 
Eloc = Eq + Eo 
or, after substitution and simplifications, 
oo = sin (Ay — A4) 


If the mean errors in both intercepts be taken equal, that is, 
En, = Eng = En, Which is quite realistic, then 


(20.9) 


Bloc = En (20.10) 


sin AA 

From (20.9), (20.40) and (20.8) it will be seen that: 

(a) &z9- is directly proportional to the error ¢, in the intercept 
h —h, and inversely proportional to sin (A, — A,); hence, the 
CITOr &;9- does not depend on the azimuths themselves of the cele- 
stial bodies, but solely on their difference; 

(b) for a difference A, — A, = 90° the error ¢,,, will be minimal 


Eloe = E En V2 
(c) for AA = 0° or 180° the position error €;,, increases to infi- 
nity, which means that the position is unobtainable; 
(d) the errors ¢, and €, depend on the azimuths of celestial bodies: 
the closer the observed bodies are to the meridian, the less e, and 
the greater ¢,; if the bodies are closer to the prime vertical, then 


(2) Circle of Errors 


The quantity &,,, of the mean square error in position of an obser- 
ved point as expressed by formulas (20.9) or (20.10) is geometrically 
represented by the radius (po) of a circle of errors drawn about the 
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ubxerved position (Fig. 184). This circle gives an approximate des- 
vriplion of the spread of observed positions due to random errors. 
1) only random errors of observation and computation are operative, 
(ly actual position of the ship lies so- 
meowhere inside this circle with a probab- 
lity of about 63-68%. As AA departs 
from 90°, the radius of the circle and 
i\m area increase, which means that the 
uccuracy of the observed position dimin- 
Inhes, 


(3) Rhombus of Errors 


lt is inconvenient to evaluate accu- 
mcy of position by means of a circle 
af orrors in that a eircle does not yield 
(irections in which the position is determined with more or less 
reliability. This circumstance is clearly evident from the constru- 
Lion of a rhombus of errors or, still better, from an ellipse of errors. 


Fig. 184 


Fig. 185 


Around each line of position we can construct a “belt of random 
errors” characterized by the quantity 6&,. | 

The intersection of two such “belts of errors” (Fig. 185) yields 
rhombus of random errors cdfe. We can approximately say that the 
uclual position of the ship lies within this rhombus with a proba- 
hility of 46.6%. However, the rhombus is not a figure with the same 
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probability density of random errors. What this means is that a rhom- 
bus does not give an accurate picture of the possible distribution 
of ship positions due to the effects of random errors &,,. 


(4) Ellipse of Errors 


Error theory offers proof that of all the figures, in which the pro- 
babilities of finding positions are the same, the ellipse of random 
errors has the smallest area. The ellipse is a curve along which tho 
probabilities are equally distributed. 

An ellipse constructed for mean square errors is called a “mean 
square ellipse of errors” or simply a mean ellipse of errors. There 
is a probability of 39.3% that the position of a vessel lies within the 
mean ellipse; a 1.5-fold increase in the axes raises the probability 
to 67.5%, a twofold increase brings the probability up to 86.5%. 

Constructing an ellipse and rhombus (see Fig. 185), we see thal. 
the mean ellipse lies inside the rhombus and is tangent to its sides 
near the lines of position. Comparing the ellipse and rhombus, we secu 
that the areas near the vertices f, c, e, d of the rhombus are “super- 
fluous”; they increase considerably with diminishing AA. That is 
why the rhombus of errors is not suitable for evaluating the area 
of a probable position of a vessel. Indeed, if the semiaxes of the ellipse 
are doubled, then, as the laws of random errors state, the probabi- 
lity of finding the position in the ellipse will be 86.5%. Now the 
size of such an ellipse is only slightly greater than a rhombus in 
which the probability of finding the position is only 46.6%. 

Error theory provides formulas for computing the semimajor 
axis a and the semiminor axis 0 of an ellipse of errors. As applied 
to the observation of altitudes, provided that &,,; = &j2 = &,, 
that is, for observations of equal accuracy, we get 


th Eh 
ie aa ay | eee ane (20.11) 
V 2-sin < V2: cos 


where 0 is an acute angle between the lines of position equal to 
AA if AA < 90°, and 180° — AA, if AA > 90° 
€, is the mean square error in the intercept h — h,. 
The semiaxis a is always directed along the bisector of the acuto 
angle 8, and the semiaxis b along the bisector of the obtuse angle. 
An investigation of formulas (20.11) for the semiaxes of an ellipse 
shows that: 
(a) as the difference in azimuths AA = 0 decreases, the semiaxis 
a increases, the semiaxis b decreases; 
(b) when AA = OQ the semiaxis a increases to oo and the position 
cannot be determined; analogously, for AA = 180° the semiaxis « 
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lueomes infinite and again the position is unobtainable. In these 
Iwo cases we have one “belt of position’; 

(") for AA = 90° we have a = + &, b = + &, and the ellipse 
lnwomes a circle with radius 9p = ¢,,,.=Va+e=+ ¢«, V2, 
which is a “circle of errors” with a probability of 39.3%. 


a 


EL YW, 


WH: YO Wy yes Oy 


I’y way of illustration let us construct ellipses of errors for ¢, = 
|: 1°0 and AA, = 25°, AA, = 60°, AA; = 90° to the same scale 


(lly. 186). 
‘rom the investigation of formulas (20.11) and the figures it 
will be seen that we obtain the least spread in positions for an azi- 


muth difference of celestial bodies of 90°, which is in agreement with 
Ili preceding analysis. 


(>) Constructing an Ellipse of Errors 


‘or an approximate construction of an ellipse of errors in analy- 
suv determination of position, we can apply the following simple 
vruphical procedure (Fig. 187): 

(1) construct lines of position J-I, II-IT; 

(1) draw bisectors of the angles between them (by eye); 

(') specify (from personal experience) the quantity 6); 

(il) compute the quantity y = 0.7e, and shift, by this amount, one 
ut the lines of positions parallel to itself in either direction; we 
unt Myrments equal to the semiaxes a and b on the bisectors; 

(«) lake the semiaxes obtained and lay them off on the bisectors 
iw both directions from the observed position and construct an ellipse 
iy luand. This will be area in which there is a 39.3% probability 
ul containing the observed position. To increase the ellipse, increase 
tls Nemiaxes accordingly. 
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If we compare the evaluation of area of probable ship position 
by the three methods: circle, rhombus and ellipse of errors, it will 
be seen that the ellipse yields the smallest area and orients it correct- 
ly, and there are no difficulties in construction. Incidentally, for 
ordinary differences, AA > 60°, there is no essential discrepancy 
in the areas of ellipse, circle and even rhombus. Here the important 


Fig. 187 


thing is that when analyzing the position, it is the area containing 
the observed position and not the point that should be taken into 
account. It is also important that this area be properly calculated 
and oriented. 

In future we shall use the area of an ellipse of errors with axes 
increased 1.5- to 2-fold. 


(6) The Effect of Random Errors on the “Astronomical” Bisector 


The formula for errors of bisector is similar to (20.11) for a, that is 


Eh 
&p = — ————_ (20.12) 

V 2-sin Se 
From (20.42) it is seen that the error in the bisector depends on the 


azimuth difference of the altitude lines. 


For example, when AA = 180°, &, = V3 = 0.71 &,; when AA =-- 
= 90°; 8, = &,; when AA = 30°, &, = V2 &, © 1.4€p. 
Consequently, the bisector is least in error when AA = 180°, thal 
is, when observing bodies in opposite azimuths. For angles AA less 
than 90°, errors in the bisector exceed errors in the lines (this is 
particularly evident for AA < 30°) and it is not advisable to con- 
struct a bisector in these cases because it becomes unreliable. 
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I1[, THE JOINT EFFECT OF SYSTEMATIC AND RANDOM ERRORS 


lt has already been stated that a systematic (recurring) error 
nhifts the observed position by an amount AM expressed by formu- 
ln (20.6) along the line of mean azimuth to either side, depending on 
(he sign of the error A. Now random errors lead to a spread of posi- 
(ions that is characterized by an ellipse or a circle of errors. The most 
lnvourable difference of azimuths of celestial bodies for systematic 


wrrors will be less than 90°, for random errors, equal to 90°. Thus the 
most favourable conditions for observations and for taking these errors 
into account differ. 

When determining a position at sea, systematic and random errors 
ulways operate jointly; in most cases it is difficult to separate them 
und indicate their specific magnitudes, and only in certain cases 
in it possible to gauge their probable values for given circumstances. 

These are all complicating factors in any joint analysis of such 
wrrors and in any attempt to indicate the most favourable difference 
of azimuths in a general case. 

Recent investigations into this problem have not yielded a con- 
xistent conclusion due to unlike approaches to the principle of com- 
bining systematic and random errors. 

Without going into specifics, let us examine the most important 
practical conclusions from these investigations. 

1. If the relationship of the magnitudes of random and systema- 
(ic errors is quite unknown or may be presumed equal, then the 
inost favourable azimuth difference of celestial bodies is 90°. 

2. If systematic errors are assumed to be greater than random 
errors, then the most favourable azimuth difference will be less than 
0” (of the order of 60° to 70°). 


Me Abo 
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3. To take into account the entire area which might contain the 
actual position of the vessel in the case of both systematic and ran 
dom errors, construct a rectangle of errors about the observed posi 
tion. To do this, lay off on the line of mean azimuth the amount 
of shift AM (20.6) of position due to systematic errors and construc! 
(about the two positions obtained) ellipses of errors that characte 
rize the spread of positions due to random errors. Then, constructing 
a rectangle about the ellipses, we get the total area of the possible 
position of the vessel (see Fig. 188). 

A more detailed analysis of the effects of all errors in practical 
work is given below. 


SEC. 113. METHODS OF PRACTICAL ANALYSIS OF AN OBSERVED 
POSITION 


Due to the fact that the observed position does not in practice 
coincide with the actual position of the ship, it must be subjected 
to analysis, which consists in the following: 

(a) an evaluation of area that might contain the ship’s position 
and choice of the observed position; 

(b) detection of possible blunders; 

(c) establishing reliability of observation and the possibility ol 
advancing the dead reckoning to the observed position. 


I, CONSTKUCTING AN AREA OF THE POSSIBLE POSITION OF A SHIP 


Suppose the navigator has fulfilled all requirements, in observa 
tions, to ensure a reliable fix; that is, he has checked instruments ani 
their corrections, has taken 3 to 5 altitude sights of each celestial 
body, and so forth (See Sec. 85). However, for various reasons he was 
unable to measure the dip of the horizon or apply special methods 
of observations for eliminating systematic errors. 

Taking into account existing conditions and previous experience, 
we accept the possible systematic error at, say, +2’. On the same 
grounds, for the given conditions, we estimate the random error 
(g,) at, say +1’.0. To obtain the position shift due to a systematic 
error, we shift: the lines 2’ to either side and get two more observe 
positions M’' and M” (Fig. 188). Of the three positions, the obser 
ved one is that which is closest to danger in subsequent sailing. 
If there is no danger, then Mp, is taken as the observed position. 

About the observed position My, we construct an ellipse of errors 
on the basis of the bisectors of angles and the displacement of one 
line by 0.7 &, as indicated above. Doubling its semiaxes and dra 
wing an ellipse by hand, we get the area of the probable position duc 
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i the 8ffects of random errors. Transferring this ellipse to position 
Al’ and M” and encircling the entire area about the 3 ellipses with 
wn tlushed line, we get the area of the possible position of the ship. 
li the systematic error is presumed to be small, for instance in the 
run of a measured dip of the horizon and an adjusted sextant, the 
jwobable position may be taken to be in the area of the appropriate 
wilipse near position Mp. 


1}, DETECTION OF BLUNDERS 


A peculiarity of astronomical observations at sea is that they 
wv (aken quickly, by one person, and usually are not checked by 
wnyhody else. This goes for computations as well. 

Au inexperienced observer lacking practice makes more blunders 
wil spends more time than an experienced observer. For this reason, 
\! Ix wise to practice in taking sights, working the sights and plot- 
(linn the sights even when there is no real necessity. To avoid blun- 
iid, take and work a sight with concentrated attention. 

Checking observations for blunders is examined in detail in 
Hw, 84. We shall therefore consider only a general check of an obser- 
vil position and computation checks. 

(ihecking computations and observed positions for blunders can 
lw handled by a number of methods, many of which are used in prac- 
tiv but are not considered in manuals. These methods rely on the 
jwaperties of errors and on taking account of dead reckoning, and so 
(ln Marcgq Saint-Hilaire method is more convenient for analysis 
(hin any others. 

(,iven a large number of lines of position (4 or more), it is possible 
lu olfeet a direct check of observations for blunders. For a smaller 
wmibor, only obvious blunders can be found that exceed the dead- 
mechoning error. 


ful, TRANSFERRING DEAD RECKONING TO OBSERVED POSITION 


l'rom the foregoing it will be seen that a position determined from 
Iwi position lines may include systematic errors and blunders, but 
It In tol always possible to detect them. For this reason, a fix obtained 
lint two lines is to be regarded as unreliable. 

Vo increase the reliability when observing only two bodies, it 
ln wilvisable to invite a second observer (even a third observer) who 


wild take sights in reverse azimuth, work and plot all the sights 
ul! the same time but quite independently (the time being recorded 
loom a different chronometer). Only the final results are compared 
wie analyzed. 


29% 
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Coincidence of the two positions to within +4’-1’.2 means an 
absence of blunders at all stages (with the exception of the chrono- 
meter correction; when using one instrument the first thing to note 
is the shift of position in longitude). Both positions are analyzed for 
systematic errors, which for both observers are the same to a first 
approximation, and random errors. These then yield the final obser. 
ved position: the mid-point of these two positions or nearer one of 
them. 

As a rule, one should not advance the dead reckoning position 
to an observed position obtained from two position lines. Only if 
2 or 3 positions are obtained at the same time or in succession from 
two lines and if they are in good agreement should dead reckoning 
be advanced to an observed position. 

If dead reckoning is transferred to an observed position, then 
in plotting the position the area of the possible ship’s position should 
always be taken into account, particularly in sailing near danger. 

Failure to analyze astronomical observations and an incorrect 
decision to transfer dead reckoning have time and again resulted 
in accidents. 

From the foregoing it is also abundantly clear that dead reckoning 
is extremely important, because even though observations of two 
(or more) lines of position are not associated with dead reckoning, 
an analysis of the results of a fix is complicated without dead recko- 


ning. 


SEC. 1144. ORDER OF OBTAINING AN OBSERVED POSITION FROM 
TWO STARS SIGHTS (INSTRUCTIONS) 


Obtaining an observed position requires the following instru- 
ments and manuals: (1) sextant CH or AMG, (2) deck watch or stop 
watch, (3) chronometer, (4) star globe or similar device, (5) almanac 
(MAE), (6) nautical tables or special tables, (7) special sight notebook 
or notebook, (8) plotting instrument and course chart. Also desirable 
is a dipmeter. 

The work of obtaining a position (fix) breaks down into a number 
of stages and operations that we recommend to be fulfilled in the 


following order. 


I, PREPARATION FOR OBSERVATIONS IN TWILIGHT 


(14) For the presumed 7, of the onset of twilight, take @, and 


i. from a chart. 
(2) Compute 7,, of twilight (to within 2-3 minutes) with the 


aid of the MAE from 9, and the date and obtain ¢,,, for this time. 
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(3) Using @, and te, set the star globe and choose several pairs 
if stars or planets. Note the visibility of the horizon and the cele- 
ntlul body and abide by the conditions AA ~ 70° — 90° and 
ih - . 60°. Record h and A of the stars according to the following form. 


No. Name of body h A | CB 


IJ], TAKING SIGHTS 


(1) Before commencing observations: (a) prepare sextant for day 
ar star observations and make a rapid check of its errors; (b) if 
u deck watch or other timepiece is available and suitable for obser- 
vations, compare it with the chronometer; otherwise check the stop 
watch; (c) compute w,, and, if necessary, Ww: for the instant of obser- 
vations. 

(2) Between 10 and 15 minutes prior to commencement of observa- 
tions, take the sextant to the site of observations. 

(3) Determine the index correction of the sextant. These observa- 
lions may be taken after the basic ones. 

(4) Measure a round of 3 (or 5) altitudes of each body and note the 
time by watch, stop watch or chronometer. This operation is des- 
cribed for a single observer in Sec. 56; it is more convenient to take 
these observations with an assistant. The brighter star or planet is 
observed in the evening at the very beginning of twilight; the fain- 
tor star, in the morning. In addition to the two basic stars, one 
hackup star is observed to eliminate dubious results or to resolve 
uny doubt. 

(5) When observing the second body, note and record 7',,, the 
log reading, the path (or true course), speed of vessel, air tempera- 
(ure and pressure, and height of eye. 

If stars are observed other than specified, then take their bearings 
after measuring the altitude. 

(6) If possible measure the dip of the horizon. 
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II]. WORKING SIGHTS 


A. Computations 


(1) Using the recorded time 7, and /r, take @, and A, from a map 
to within 0’.1. 

(2) For each of the two bodies compute the mean reading ani 
the mean instant. 

Note. Do not compute each altitude and instant separately, as is 
sometimes done. This is no guarantee against blunders and the 
work is much more involved. It is better to observe more stars (4-5) 
or repeat the observations; and work each sight on the basis of tho 
arithmetic mean of sextant readings (altitudes) and the instants. 

(3) Compute i + s for each body and correct the measured alti 
tudes by MT. 


(4) Give an approximate computation of T,, = T,, + ZDpr and 
the exact instants of 7,, for each body and date. 

(5) For each body, compute ¢t,,, and 6 from the MAE. If t,;,, (W) > 
> 180°, then convert it to t,. If you are not sure that you have obser- 


ved the specified stars, check them on a globe, utilizing ty obtai- 
ned during the computations and the @,. 

(6) Perform the computations of the computed altitudes h,, and 
ho., the azimuths A, and A, and the intercepts h — h,. 

Check your computations; compare names of azimuth with com: 
pass bearings of the bodies or with the azimuths obtained from the 
globe. 

(7) Reduce the: first line to the zenith (position) of the second 
round of sights; to do this, compute Ah, and apply it to the first 
intercept, that is, (k—h,) + (4Ahz). The sign of the correction Ah, 
is indicated in Table 16, MT-53. The reduction may also be perfor 
med graphically, which is useful for checking. 


B. Plotting sights 


(1) When plotting on a chart from a computed point at the instant 
of the second round of sights, plot both lines as indicated above. 
Note the signs of h — h,(“-++” towards the body, and “—” away from 
the body). 

(2) Take the point of intersection of the lines of position (see 
Sec. 113) for the observed position, give it an appropriate label 
and write 7',, and Jr. Enter in the log book @o, A» and the leeway (C). 

(3) When plotting on paper, obtain @p and Ag, and from them 
indicate the position on the course chart. 
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(, Analysis of an Observed Position 


(1) IX valuate the possible magnitude of systematic-error (A) and 
indicate the shift it may cause in the observed position along the 
llne of mean azimuth. 

(2) I valuate or obtain the magnitude of random (mean square) 
wrvor in each intercept h — h,. 

(3) Consttuct an ellipse (or rhombus) of random errors about the 
ubxerved point and about the points M’ and M” of the presumed 
uhift of this point due to systematic errors. 

(4) On the chart, sketch the area of possible ship position and see 
i! it is clear of dangers and fits into the area of presumable drift duc 
(i errors of dead reckoning. 

(5) From an analysis of possible errors of dead reckoning and 
(lis obtained area of possible ship position, check for blunders or 
inknown errors. Note the shift in longitude. 

(4) Judge about the possibility of advancing the dead reckoning 
(u the observed point obtained. 


Kxample 1. On 28 July, 1968, on course in Pacific Ocean with course— 210° 
( 1°) at a speed of 12 knots; planned to observe stars during morning twilight; 
wt this time, @, = 32°.0N, A, ~ 143°0’E (latitude taken to within 0°.1, longi- 
inde to 5’ to simplify computations of ee subsequently, with globe set, al] 
yuuntities are rounded to -+0°.3). 
(1) Determine time of observations (2) Choice of stars for observations 
(see Sec. 139) 


Hunrise © Py | 5h16m(—22) Tsp | Sh 28.07 iY 93()°3()’ 
AT ex} — 5 ZD | 10 n | 143 00 
as Tige|\ oa TA T gr | 19h 27.07 Ae 373°3)' 213°.5 
'ZD—-A 27 
Sunrise © Pala 38 
Duration of Using star globe, we choose: 
nautical i erode ee Pee ae, oe ae 
(wilight AT}1 00 . 
No. Name h Al CB 
nset of 
nautical 1 | Aldebaran |37°.5| 85°SE | 96° 
twilight Tsp | 4h 38m (a Tauri) 
Sel obser- 2 | Fomalhaut | 21 28SW | 208 
vation (a Piscis 
limne at T <n == bh Aust.) 


3 Capella {| 40° 03°NE 94° 
(a Aurigae) 

4 Rigel ‘Wee 
(B Orionis) 


wt 
or) 
ve) 
TM 
es 
— 
— 
 ) 
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(3) Taking sights (with a deck watch) 


Chronometer comparison Chronometer correction was determined: 


Ty, 6h 15m 30s on 27.07 at Tgp=12h; ucn= + 6m 428: w= — 3s. 
ie 6 3m 18 Reduce up to Tgp—19h. 

CAAT = TQ — Ty = 19—12=Th= Od: 29. 

ae | am igs uch = Men + OAT = + 64m 28+ (—3s)0.29= +6m4 ls. 


We determine the watch correction. 
Uwat 7=Uch-} ch —wat== +6m 41s—3m 18s= + 3m 23s. 


(4) Only the first pair of stars was observed (due to visibility conditions). 


Aldebaran (a Tauri) Fomalhaut (a Piscis Aust.) 

sr Twat sr Twat 
37°53’.5 | 6h 54m 00s 22° 6'.4] 6h 57m 46s 
38 8 .9 5D =—s«08 21 58.5 | 6— 59 —04 
38 20 .5 5607 24 57.8 | 7— 00 —10 
Av. 38°°7'.5 | 6h 55m 05s Av. 21°58’.9 | 6h 59m 00s 


At Tsn==5h 5m; /r=53.0, taken from chart @e= 31°51’ .ON; Ag = 143°13’ 6K. 
Determined i= -+2’.2. Selected s,==-}+0’.8"; sp=+0’.4"3; e=13 metres; 
t= -+20°; B=765 mm. 


(5) Working of sights. 


I. Aldebaran II. Fomalhaut 

sr 38° 7’.5 sr 21°58’ .9 
i-+s +3 .0 is +2 .6 
h’ 38°10’ 5 h’ 21°61'.5 
Atot —7 .6 Atot —8 .8 
Table 14a +0 .1 

h 38° 2’ .9 
h | 21°52'.8 
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geen 


Miat 


--3m 23s +3m 23s 


6h 55m 05s | 6h 59m 00s 


yr 18h 58m 28s 19h 02m 23s 


Ih 215°28' .5 230°30’.9 
M A4 39 .4 035 .8 
a) met dee 230 07 .9 231 06 .7 
he 143 13 .6 143 13 .6° 
IY. 13 24 .5 14 20 .3 
Up 291 28 .6 16 00 .9 
he 304 50 .4 30°21’.2W 
6, | ==55°09’.9E 
| 46°277.0N | 29°47’.28 
1, Aldebaran 
6 = 16°27’ .0N an 60 129 
t==55 09 .9E S 4 864 T | 73874 
S 1 028 
x == 27°20’ .ON T 64 993 
p=31 51 .5N P, | 72846 
S 22059 ) T 92.757 
S~ | 24196 
y-90°-+. 4°31" .5 = 94°32" .5 T | 94 905 
r | 68561 


‘ly = 86°27’ .8SE = 86°. 5SE 


he 37°56’ .2 Reduction to II zenith 
h 38 02 .9 A 93°.5 
; TC 209 .0 
hI Be ed 
et oe A-TC | 244.5 
on ee hy —0 .09’4/4 m 
Inter- S63 LP o—T, 3/m9 
rept 


h; —0'.4 
A, ==86°.5SE 
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II. Fomalhaut 


6 = 29°47’ .2S a 65 879 

t=30 21 .2W se 1 280 

$$ ——,——] Fr | 66077 

2-233 33 .48 | T | 67459 S 1584 

@==31 51 .5 on 
te 64.493 

90° -- 65°24 .9==155°24" 9 S 825 

T | 65 318 

Ae = 28°13’ .0SW 

h, 21°57’ 4 

h 91 52 .8 

h—he —4' 6 

Ao = 28° .25W 


(6) Plotting sights (on paper, Fig. 189). 


Construct scale angle on a blank space of the drawing. 


(7) Observed coordinates and leeway (c) at 7T,, = 5h02m, Ir 


rected for 7,, = 5h02m). 


) 


2 


8 (cor 
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e | 31°51'.5N Ac | 143°13’.6E 
l 1’.8N DLo PGE, CSG ose 7 
Po | 31°53’.3N Ao | 143°21’ .2E 


(8) Analysis of .observed position: 

rom the conditions of observations and previous experience we assume that 
thw systematic error is small. For an average out of 3 altitudes we take the random 
meron equal to e, = +0’.7. Compute y --- 0.7e, — +0’.5. Referring to Fig. 189 
wu! constructing the semiaxes of the ellipse and doubling them, we obtain an 
won which contains the ship’s position with a probability of 86.5% (roughly 
in the region 3.5 2.5 miles). The drift in direction 75° is due to inaccurate 
mecount of current after emerging from the Tsugaru Kay Kio straight. Since 
w leeway of about 10 miles was expected, no blunders are found. 

The position was determined at the same time by a second observer who 
ubtnined it at point M, (see Fig. 189, dashed line), which turned out to be within 
wu mile of M,>. We consider the observation reliable and transfer the dead 
mekoning to Mo. 


SHC. 415. DETERMINING A SHIP’S POSITION FROM SIMULTANEOUS 
OBSERVATIONS OF THE ALTITUDES OF THREE BODIES 
(THREE STARS) 


J. TRIANGLE OF ERRORS (“COCKED HAT”) 


lel us suppose that we have observed three bodies (instead of two) 
nimullaneously and after working the sights have plotted three alti- 
(ude lines on a chart. If the observations 
wud their analysis are free from errors 
wud) no blunders were made, then all 
three lines would intersect at the “ 
polnt Mo, (Fig. 190) and the observed 
position would coincide with the actual 
josxition JZ of the ship. Actual conditions 
wf work of a navigator always involve 
wmrors of observation and working sights; 
therefore, after plotting three lines, Z IT 
(here will always be a so-called triangle > 
wf errors (or “cocked hat’ ). “ 

‘he dimensions and shape of a triangle Fig. 190 
ul errors differ and depend on the rela- 
tlonship of the errors in the position lines, possible blunders, and the 
weimuths of the observed bodies. Indeed, if we write the equations of 
\lhree position lines subjected to the effects of systematic (A) ang 
tndom (-+6;) errors and take the origin of the coordinate system ip 
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the D.R. position, we will have (using previous designations) 


Ag-cos A,-+ Ao-sin Ay= Ah; + A+ 6, 
Aq-cos A,-+ Ao-sin Ay= Ahg +A + 6, (20.133) 
Ag-cos A3+ Ao-sin A; = Ah; --A+ 43 


where Ah,, Ah,, Ahz are correct values of intercepts. The quanti- 
ties on the right side operate jointly, that is, 
they are represented by a single number. 

The fact that this system of three equations is not simultaneous 
is an analytical manifestation of the triangle of errors. In other words, 
when solving these equations in pairs we get different coordinates 
Ag and Ao corresponding to the vertices of the triangle. But this 
would not occur if all three lines had a common point of intersection. 

After obtaining a triangle of errors it is of ee importance 
to resolve the following problems: 

(a) Where should one select an observed positon of the ship? 

(b) How are we to evaluate with maximum assurance the area 
containing the actual position of the ship? 

(c) Is it possible to detect blunders committed in one or several 
position lines? 

(d) What azimuth difference between lines will be the most favour- 
able? 

To answer these questions, let us first consider separately and then 
jointly the effects of systematic and random errors in position lines. 


II. THE EFFECTS OF SYSTEMATIC ERRORS 


Let us assume that in equations (20.43) the random errors are very 
small, that is, 5; ~ 0, and there are no blunders. Then, from the 
three equations we can determine three unknowns: Aq, Ao and 
the systematic error A, which we assume to be the same in all three 
lines. However, an analytic solution of the system of equations 
(20.13) is intricate and is ordinarily replaced by a graphic solution. 

Above, in Sec. 112, it was established that if we bisect the angle 
between two position lines (in the direction of the mean azimuth), 
then the “difference” line obtained, or the astronomical bisector, will 
be free of the effects of systematic errors. 

In (20.13) we can take the equations two at a time. Via manipula- 
tions similar to those performed in Sec. 112 (1), we get two equations 
of “difference” lines, that is, of the bisectors of the angles between 
the lines of position, which equations will be free of the effects of 
systematic errors. These readily yield the quantities Ag and Ao. 
Two bisectors are sufficient for the construction. 
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Tho graphic solution of equations (20.13) is based on the bisector 
method and consists in constructing the bisectors of angles between 
(lw lines of position. Bisectors are constructed between each pair 
uf lines; the observed position is obtained at the point of their inter- 
metion, This operation is sometimes called finding the observed 
joint in the triangle of errors. Three equivalent procedures may be 
see for constructing the bisectors of those angles that must be 
ivided: | 


(a) The construction of arrows of azimuths (at the vertices of the 
(riangle) perpendicular to the lines (Fig. 191a) with subsequent 
ilivision of the smaller angle between them. 

(b) Displacement of all lines by an equal magnitude, say, +2’, 
or —41’, and so forth, with subsequent joining of like vertices of 
the triangles by straight lines (Fig. 1915). 

(c) Labelling signs near the lines according to the principle of 
“plus” for “towards the star” and “minus” for “away from the star” 
(ig. 194c). 

The first procedure is recommended for construction of arrows of 
wzimuths at the vertices of the triangle as being the more pictorial 
und convenient for subsequent analysis. 

Irrespective of the type of triangle of errors, two cases may be 
wncountered in the construction of bisectors and in locating the 
observed position: 

(1) Celestial bodies located in one half of the horizon, which 
moans that AA is less than 90° in each pair. In this case, the point 
uf intersection of the bisectors (taken as the observed position M,) 
will lie outside the triangle of errors (see Fig. 191). 

[ue to the fact that in real conditions random errors are superim- 
posed on systematic errors, this procedure may lead to crude errors 
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in the observed position, which can be greater than in a determi 
nation based on two lines; it should therefore be used with great 
caution and only in cases indicated below. 

(2) Celestial bodies located in different parts of the horizon, that 
is, AA in each pair is greater than 90°. In this case, the point M, 
of intersection of the bisectors lies inside the triangle of errors 
(Fig. 192). 

Underlying these constructions are elementary geometrical pro 
cedures: in the first case, the construction of point M,) amounts 
to finding the centre of a circle tangent to three given lines; in tho 


lay, ‘eo 


YN 
\’/ ey Vy) 


* I 


second case, finding the centre of an inscribed circle. The radii of 
these circles are equal to systematic errors A. Consequently, to 
obtain the systematic error A, drop a perpendicular from the posi. 
tion M, found onto any one of the lines of position; its magnitude 
in the scale of intercepts (that is, distances) is equal to the error A. 
The sign of the error is determined by the direction of transfer of 
the line, for instance, it will be -+-A in Fig. 194. 

Everything that has been said about the elimination of systematic 
errors holds only for the assumptions made, that is, if we consider 
the random errors equal to zero. For this reason, we cannot say 
that our constructions exhibit the systematic error A; on the con 
trary, the constructions themselves are a corollary of the supposition 
that only equal systematic errors are operative. 


IJ, THE EFFECTS OF RANDOM ERRORS 


The most probable position of a ship. If we assume that only 
random errors are operative in position lines, that is, in equations 
(20.13), we put A = 0, then the values Ag and Ao obtained in the 
solution of these three equations may be more precise than from 
two equations. As we know, given superfluous observations, equations 
(20.13) are solved by the method of least squares. In navigation, 
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(wir analytical solution is not used and is replaced by a graphic 
nlulion, which is simpler. 

The graphic solution consists in the following: inside the triangle 
wl! errors (which in this case is considered the result solely of random 
mrrors in the lines) there is a point, the sum of the squares of the 
ilixtances of which from the sides of the triangle will be a minimum. 
this point will represent the most probable observed position of the 
ship (MPP). If all three lines are of equal accuracy, that 


M 


Fig. 193 


IN, &p1 = Eno = En3g = Ep, the most probable position will be loca- 
lal at the point of intersection of the antimedians (countermedians) 
uf the triangle. 

The antimedian is a mirror image of the median in the bisector 
wind is constructed as follows. Joining a vertex of the triangle with 
the midpoint of the opposite side, that is, constructing a median 
(Ii. 193), we mark the smaller angle m between the median obtai- 
tut and the side of the triangle; taking this angle on the other side 
wud constructing a straight line, we get the antimedian. Only two 
wnlimedians are needed to find the most probable position. 

‘rom Fig. 1936 (after construction of the antimedians) it will 
lw seen that as the triangle of errors is increased in length the position 
Ix not displaced towards the middle, but towards the right angle 
wind the short side (there is proof in error theory that the closer angle 
\.1 of the intersection of two lines is to 90°, the greater the weight, 
ur reliability, of the point of their intersection). 

lf all three lines intersect at an angle of 60°, the most probable 
position will be in the centre of the triangle. 

“valuating the area of the probable ship position; the most favour- 
whle conditions of observation. An ellipse of errors should also be 
sel to evaluate the area of the probable position of the ship in the 
cuse of three lines of position, but a rigorous construction is impra- 
tlicable. We shall therefore confine ourselves to constructing a 
‘lrele of errors with radius 9 = €,,. = -+1.5e,. The most favourable 
‘onditions of the locations of celestial bodies will be: AA == 120° 
in each pair of lines. 
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IV, A PRACTICAL ANALYSIS OF THE DETERMINATION OF POSITION FROM 
“THREE STARS” 


(a) Choice of Observed Position 


On the assumption that the triangle of errors is a consequence 
of systematic errors, the position is obtained at the point M, of 
intersection of bisectors of the appropriate angles (see Fig. 1{)4), 
But if we assume that the triangle is 
obtained due to random errors, (tli 
probable position will be at point AJ’ 
of the intersection of antimedians. 
These points coincide only when 
AA = 120° in each pair, but in the 
general case, points M) and M, do 
not coincide. 

For both positions to be inside 
the triangle, choose bodies in dille 
rent parts of the horizon. Then the 
observed position may be taken bet 
ween the points M, and M, and will 
approximately satisfy both conditions. 

But if stars are observed in one 
part of the horizon (AA < 90°) then 
the point M; (due to random errors) 
will be inside the triangle, and the 
point M, (due to systematic errors) 
will be outside it. 

In this case, choice of place is dil 
ficult. An indirect and extremcly 
unreliable criterion is the size of the 

Fig. 194 triangle of errors. If the sides of the 

triangle exceed 3 to 5 miles, il is 

believed that constant errors are operative and the position is taken 

at M,. But if the sides are less than this quantity, the assumption 

is that random errors are operative and the position is taken at //,. 
It is risky to apply this criterion. 

In this case, it is best to take into account both points and tlhe 
corresponding area about them. 

In addition to the indicated errors, blunders are also possible 
(for example, the line J’ — I’ in Fig. 194). For this reason, when 
sailing towards dangerous regions, in addition to the positions M, and 
M*, all vertices of the triangle are taken into account (with the excep 
tion of very acute angles), and the observed position is chosen at (hv 
point that lies closest to danger. At this point we construct an area ol 
the probable position of the ship. 
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(hb) Constructing the Area of Probable Position of the Ship 


Ax indicated above, we can roughly take p = + 1.56, for the 
suclitts of a circle of errors due to random errors. 


(«) Detecting Blunders 


‘or three lines, large blunders are revealed in a manner similar 
tu that for two lines: from the magnitudes of the intercepts. 

(Mnly in certain cases can we judge of blunders of smaller magni- 
tude. If from two lines the position was obtained within expected 
llmits, and the third line goes sharply to the side, then it may 
linvo a blunder. If the dimensions of the triangle of errors substantial- 
ly exceed the expected errors of observation, a blunder may have 
lun made in one of the lines. 


(d) Transferring the Dead Reckoning 


Irom the foregoing it follows that a determination from three 
nlurs is not fully reliable, particularly as concerns blunders, al- 
though it is more accurate than from two stars. Therefore, to improve 
riliability, it is best to have a second observer. If both observers 
obtain positions, when observing stars in different parts of the 
horizon (AA ~ 120°), that agree within the limits of random errors, 
(he observation may be considered reliable and the dead reckoning 
inuy be advanced to a position inside the triangle with account taken 
of the appropriate area. But if there is only one observation from 
(hree lines, it is best to choose a position closer to danger with ac- 
count taken of the same area, if it is necessary to transfer dead recko- 
ning. 


(e) Remarks on Taking Observations 


In the general case, three celestial bodies may be observed simu!- 
luneously only in twilight or sometimes at night. For night sights 
af stars (under ordinary conditions) only the MAC-1 sextant is sui- 
tuble. The CH sextant may be used above the visible horizon on very 
clear bright nights. In some cases, soon after sunrise or just before 
Munset it is possible to observe Venus, the moon and the sun, or wecan 
udd to two position lines a navigational line of position. Most com- 
mon is the general case of observing stars and planets in twilight. 

Observations of three stars are carried out in the same way as of two 
xlars; the only thing is that the differences of azimuths between each 
pair of bodies must, as we know, be taken roughly equal to 120°. 


WO--4275 
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It is also advisable to take three altitudes of each star, the 7’,, 
and log being noted at the last observation; in addition to the basic 
stars, it is best to observe one or two additional stars in case olf 
doubt when working the sights. So as to have time to take the obser- 
vations during twilight, it is absolutely necessary to select the stars 
and planets with the aid of a star globe and to record their A and h 
in accord with the scheme shown for two stars. Begin observations 
immediately after sunset as stated for two stars. When working 
sights, the first and second altitudes are reduced to the third zenith 
analytically, since the graphic procedure is not convenient. However, 
in plotting, it is advisable to check by eye the signs and magnitu- 
des of Ahz on the drawing to avoid slight blunders. 


Example 2. On 12 September, 1968, a ship on course in the Atlantic. 
Ocean, heading 241° (+2°) with a speed of 13 knots. The plan is to observu 
three stars in evening twilight. 


(1) Determining time of observations. (2) Choice of stars. 

At Ten © 18h; Ge & 30°.0N: We set time of observations 

Ne = 62°4' W. at T5,=18h 25m. 

Sunset © Tr 18h 10m 4 Psh 18h 25m 12.09 
AT», 4 00 ZDw 4 
L toc 18 10 T gr 22h 25m 12.09 
(—ZD-+A) -b 9 ty 321°.9 

ee ee At 6 .3 

Sunset © 7 sp 18 19 

Duration e nautical o2 i 398° 9 

twilight A a 62 .4 

End of nautical 19h 11m 

twilight 7s, iN. 265°.8 

From the globe we get: 
Celestial body | h | A CB 

a Scorpii 30° 18°SW 196° 

a Cygni 52 53 NE a1 


y, Ursae Majoris Al 50 NW 308 
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(1) Taking sights (three altitudes and instants each). 


Antares Deneb Benetnasch 
(a Scorpii) (a Cygni) (y Ursae Majoris) 
Av. Toh , - 40h 24m 18s 10h 28m 41s 10h 32m 30s 
Av. ar 30°3’ .8 94°30’ .7 39°51’ .5 


At Tsn=18h 40m; Ir =38.5; @sn=30°17'N; Agn == 62°15’ 5 W; 
Won °o+6m 57s; t=-+1'.6; sy = —0’.5;%so= —0’.7; sg=—O0’.3; e=13 


akras, 
(4) Working the sights 


20°40’.2W]| 41°28’.3E | 63°01’. 3W 


lige practic 


269°22’ .0S 


lyn | 18h 40m I II III 
Aw) 4 - : 
a Scorpii a Cygni 7 Ursae 
Majoris 
lyr |22h 40m 12,09 
Tech 10h 23m 18s | 10h 28m 41s | 10h 32m 30s 
Uch +6 57 +6 57 +6 957 
T gr 22h 31m 15s | 22h 35m 38s | 22h 39m 27s 
tx 321°57’.8 | 321°57’.8 | 321°57’.8 
At 750 .0 8 56 .0 953 .4 
a8 329°47’.8 | 330°53’.8 =| 334°51’.2 
hw 62 15 .5 62 15 .5 62 15 .5 
ty. 267°32’.3 | 268°38’.3 | 269°35’.7 
Ty 113 07 .9 49 53 .4 | 153 25 .6 
tr 380°40’.2 | 3418°34’.7 =| 423°04’.3 


49°10’ .2N | 49°28’ .3N 
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@ = 30° -+.17.0N 
§ = 26° + 22.08 
t —21°—19.8W 


@—=30°-+17'.0N 
§—45°-+ 10’ .2N 
t = 41° 1 28’ .3E 


hp 


hp 


Ahg 
Ahg 
Ah; 


Perform computations by tables BAC-58 


I 


30°29’.8 


—15’.8 
—20 .95 
+6 .3 


29°59’ .8 


IT 


54°39’.5 


+10’ .1 
—1 .9 
—19 .6 


he | 54°28" 4 


ITI 


Af 


AAg 
AAs 
AA; 


AA; | 158°.6NW = 201° .4 


158°.0 


+0°.4 
40 .2 
40.3 


53°.3 


+0°.3 
=0:.3 
40 4 


Ae | 53°. 4NE 


g= 159 


| ht 39°27’.6 AT 48°.5 


p=30°-4- 17’ .0N 
5 = 49°30’ —1’.7N 
t —63’+1'.3W 


201°. 4 
243 


318°.4 


+0 .16’/min 


Ahg 
Ahg 
Aht 

he 


4447.2 
0 .0 
—0 .8 
39°38’ .0 


AAg 
AAs 
AA: 
A, 


Reduction to III zenith 


8 .2 min 


Ao 
TC 


A= 7 C. 
Ahy 
i3—T» 


Ahz 


40° .2 
+0 .0 
0.0 
48°. INW 


qg==88 


03° .4 
243 .0 


170° .4 


—Q .22’/min 
3.8 min 


—0’.8 


q=101 


<a 
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I II 

av. sr 30°03’ .8 94°30’ . 
its +1 .1 +0. 

hy 30 04 .9 04 31 
Atot —8 .1 —7. 
h 29 56 .8 04 24. 
Ahz +1 .3 —0. 
ho 29 58 .1 04 23. 
he 27 59 .8 54 28 . 


Fig. 195 
(5) Plotting on chart (Fig. 4195) 
T.,=18h 41m, 


Pe | 30°17’ .0N Ne 62°15’.5W 
l 3 .8N DLo 8 .4W 
Pg | 30°20’ .8N Ao 62°23’ .9W 


C == 298°— 8’.3 


THREE STARS 


7 


6 


39°51'.5 
44.3 


39 52 .78 
—7T .9 


39 45 .3 


1* 39 45 .3 
39 38 .0 


a. 


lr= 38.7 
(Dep. =T'.3W) 
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(6) Analysis of determination. 

The observed position is chosen at point Mo; the intersection of the anti- 
medians. Constructing bisectors for a check, we see that their intersection is 
close to My in the given case. We compute the radius of the circle of errors. 
The conditions were good: clear horizon, the dip measured before sunset showci| 
it to be close to the tabular value. On the basis of previous experience we take 


€ 
Eni = -+ 1’.2, on the average e, = —“L — + 0'.7. 


In the given case, the azimuth differences are close to AA ~ 120°, therefore 
0 — 1.3-e, — + 0’.9. The real position of the ship lies within the circle of this 
radius. At the same time, the second observer obtained M, from two stars. 
No blunders were detected. The leeway of 8 miles is due to an incorrect account 
of the favourable current and drift. Taking these factors into consideration 
we transfer dead reckoning to the point Mo, 7,, = 18h 41m, Ir = 38.7. 


SEC. 116. DETERMINING A POSITION FROM FOUR STARS 
I. A “QUADRANGLE” OF ERRORS 


The intersection of four altitude (position) lines plotted on a chart 
always yields a figure of errors which we shall term a quadrangle 
of errors. When the celestial bodies are located in different parts of 
the horizon, this figure is indeed a quadrangle; but if all the four 
bodies are located in one part of the horizon, the figure of errors may 
not be a quadrangle. A quadrangle of errors is due to the effects 
on position lines of systematic and random errors, and sometimes 
of blunders. 


Il. ELIMINATING SYSTEMATIC ERRORS 


From four equations of position lines, similar to (20.13), we can 
get two independent bisectors free of systematic errors A. 

At their point of intersection we have the observed position of 
the ship, which is also free from systematic errors. Since theso 
errors operate jointly with random errors, the position of the bisec- 
tors does not correspond to their position A = O, but errors due to 
displacement of bisectors will be taken into account in subsequent 
analysis of random errors. 

Every bisector expressed by the equation (20.7) will be as close to 
the position A = 0 as the azimuth difference in the given pair of lines 
is to 180°. This is evident from equations (20.12). For this reason, 
the bisectors are drawn between lines with AA closest to 180°. To 
do this, construct at the vertices of the quadrangle arrows paralle! 
to the azimuth directions of the appropriate lines, and choose arrows 
directed “out” or “into” the quadrangle. 

The direction of the arrows in pairs depends on the sign of the 
systematic (recurring) error and should be the same in both pairs 
if there is such an error. 
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The closer the angle between the bisectors is to 90°, the better the 
observed position. Choice of lines for drawing bisectors and loca- 
(ing observed position are shown in Fig. 196 for two quadrangles 


Fig. 196 


of errors. The magnitude of the systematic error A and its sign may 
he obtained by dropping a perpendicular onto one of the lines of posi- 
lion or by taking the mean of the lengths of four perpendiculars. 


II]. THE EFFECT OF RANDOM ERRORS 


If all lines are considered of equal accuracy, the random errors of 
hisectors are expressed by the formula (20.12). The mean error of 
(heir point of intersection may be obtained from (20.9) for two lines if 
we take e,, and &,. as the bisector errors (€,), that is, if we reduce 
the problem to two position lines: 


ee ee 
Ve}, T E52 Ep, 1 4 
Eloe <2. —S_—_— = t — +. ———_— _ (20.14 
9 


where y is an acute angle of intersection of the bisectors 
AA, and AA» are the azimuth differences of two pairs of stars. 

For AA, = AA, = 180° and y = 90° we have &;5, = &,; which 
means that for the most favourable conditions the ship’s position 
will be most accurately determined, the accuracy being equal to 
(he error in a single line. 

If all four stars were observed in one part of the horizon, the 
bisectors will be found with much lower accuracy and their angle 
of intersection will be much less than 90°, thus resulting in a less 
uccurate observed position. It is therefore not advisable to observe 
four stars in one part of the horizon and take such sights. 

To estimate the area of the probable ship’s position, one can apply 
an ellipse of errors constructed for bisectors as for two lines (see 


ww 
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Sec. 112). However, for practical purposes it will be sufficient to 
construct a circle of errors of radius p = &),,, taking &,,, = 6, 
or, under worse conditions of intersection of bisectors, to take 0 = 
Sey ae a Lae 


IV. DETECTING BLUNDERS 


As shown above for two lines of position, big blunders in each 
line are found from an excessive intercept. 

Smaller blunders, in the case of four lines, may be detected via 
the following reasoning: 

1. If the same blunder is made in all four lines, for instance, when 
correcting altitudes, it will be eliminated as a repeating error in the 
construction of the bisectors. 

An exception is an identical error in the chronometer correction 
or identical blunders in times or hour angles, as a result of which 


(2) 


(0) 


Fig. 197 


the observed position will be displaced in longitude by the amount 
of the error. It is this displacement that will indicate an error in 
hour angle or chronometer correction. 

2. Asa rule, blunders are admissible in one or two lines but not 
in all lines. In such cases, it is necessary to examine the magnitude 
and form of the quadrangle of errors and the direction of the 
azimuth arrows constructed at its vertices (Fig. 197). 

(a) If the size of the quadrangle in the direction of one pair of 
lines is excessive, one of these lines might contain a blunder 
(Fig. 197a). 

(b) If the sides of the quadrangle are approximately (to within 
random errors) equal, and the azimuth arrows are in the same direc- 
tion relative to the observed position (that is, all “in” or all “out”, 
see Fig. 197c), then there will obviously be no blunder in any of the 
lines. 
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In the given case the arrows indicate whether a general systematic 
nhift has occurred in all lines “towards the celestial body” or “away 
lrom the body” by approximately the same amount A. 

(c) If the direction of arrows is correct and the form of the quadran- 
wlw is incorrect, then there is either a predominance of random errors, 
wr there is a small blunder in one of 
the lines. 

(d) But if the arrows in one pair of 
lines go in, while in another pair they 
wo out, and the quadrangle is not 
ninall, it may be that there is a blun- 
ior in one of. the lines (Fig. 1975). 

‘To determine in which of the lines 
« blunder has been made in cases (c) 
wnd (d), check computations or work 
w fifth (check) line and plot it. This 
line will indicate which line is in error. 

Indeed, in Fig. 198 the arrows 
near lines J and JI indicate a_ shift 
towards the celestial body (out), and 
tar lines JIJ and JV, away from the 
hody (in). Which means that a blunder 
las been made somewhere. Plotting 
the fifth line, observed at an _ inter- 
modiate azimuth, we find that it like- 
wise yields a shift outwards along with the fourth line. We conclude 
that a slight blunder has been made in line J/JJ; either disregard 
(his line or check the calculation. The observed position will be 
wt M, instead of Mo. 


V. TRANSFERRING THE DEAD RECKONING 


If there are no discrepancies after plotting the lines and analy- 
zing) for blunders, then the observed position is,‘ for all practical 
purposes, taken at the point of intersection of the lines connecting 
the midpoints of the opposite sides of the quadrangle*. The posi- 
(lon obtained is quite reliable, and the dead reckoning may be trans- 
ferred to the observed point. However, as before, the ship’s position 
whould be regarded as being located in the area—for example, of 
uw circle of errors circumscribed about the observed position with 
rdius €75,. & 1-4.2 &). 


* A more exact probable position is obtained if we take into account the 
weights of all points of intersection of the four lines (there are six in all). 
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VI. PRACTICAL SUGGESTIONS FOR MAKING FOUR STAR SIGHTS 


To obtain a fix from four position lines, first choose four stars on 
a star globe in pairs with an azimuth difference of about 180° in 
each pair and 90° between pairs (Fig. 199). An additional “reserve” 
star is selected for a “check” at intermediate azimuth (its designa- 
tion is explained in the analysis of the fix). It is best to take sights 
with an assistant so as to have time to measure three altitudes each 


*4 * 2 


— me, 
— 
~— 


Fig. 199 


ot the four basic stars and of the check in twilight. It is advisable 
to observe one or two of the brightest stars or planets during civil 
twilight, when they are visible only in the sextant telescope. This 
extends convenient observation time and increases the accuracy 
of altitude measurements. When working the sights of four stars 
(the fifth is not worked), reduce the lines to the zenith of the last 
observations analytically, using Table 16, MT-53. 

Determining a ship’s position from four position lines is the most 
reliable and precise method of nautical astronomy. Five and more 
lines are never used in navigation. 


~': Example 3. On 5 April, 1968, in the Indian Ocean, we desire to observe 
four stars during morning twilight; @. + 32°.5S; 4=35°15’E; ZD == 2E. 

(1) Nautical twilight found to {begin at 7,,-=5h; sunrise at 5h 53m. 
We set observation time at 7,,=5h 15m. For this time, th 277" Select 


four stars. 
a Pisc. Austra. a Aquilae a Crucis «a Virginis 


17° 
88°SW 


27° 


27°NE 30°SW 


34° 44°.5 
73°SE 
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(2) Observations 


av. Ton 3h 16m 15s 3h 19m 05s 3h 22m 31s 3h 26m 12s 
av. sr 33°46’ .4 44°45’ .6 21°31'.5 15°25" 218 
Corrections} i+ sy=2’.4 J/i+s9=+2’.3/i+s3=41’.9;/i+s5,=+1'.6 


oh = —3m 42s; e=10 metres; t°=-+ 25°C; B=758 mm; 7s,7=— 5h 25m; Oe= 
32°31'S; Ap = 30°23’E; TC=210°; velocity V=15 knots. 


(3) Working of sights from numerical tables yields: 


I Il III IV 
A=73°.6SE A=27°.7NE A=30°.7SW A= 86° 7SW 
h—he 4'.7 h—he 4.0'.6 h—he 2597-6 
Ahz —0.7  Ahz —1.8 Ahz 40 .9 


a +4’ .0 (h—he)red J-1".2 (a ne 1 eo Weer) 


(4) The plotting is shown in Fig. 200. 
(5) Analysis of the observed position. The original plotting yielded the cross- 
hatched quadrangle A. An analysis revealed that the azimuth arrows on lines JI’ 
Z 


OK 


Fig. 200 


nnd III are directed outwards from the quadrangle, and inwards on lines J and 
/V. Judging from the shape of the quadrangle, we assume that a blunder has 
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been made in line JJ’ or JJJ. A check reveals that a blunder was made when 
reducing to a single zenith: ++1’.8 was taken instead of —1’.8. Rectifying the 
blunder, we get h — h, = —1’.2 (instead of +2’.4) and construct line JJ. 
Now all arrows point in, which indicates, in addition to random errors, a syste- 
matic error with minus sign of magnitude about 1’.6. Connecting the midpoints 
of opposite sides of the quadrangle, we obtain the observed position My. To cons. 
truct the area of the probable ship’s position we take e, — +1’.0 as the arithme- 
tic mean of three altitudes; on the basis of formula (20.14) we have 9 = Ejg¢- = 
— +1.2-e, = +1’.2; we use this radius to construct an error circle with centre 
at My. We transfer dead reckoning to Mo. The results of the fix are: 7,, —5h 22m, 
lr — 73.5, 1 — 2’.7S, departure — 5’.4E; DLo — 6.5E 


© = 33°33’ .7S 
Ap = 35°29’. 5E 
C= 116°— 6’ 


SEC. 117. MAKING A RUNNING FIX FROM TWO ALTITUDES OF 
ONE CELESTIAL BODY (SUN) MEASURED AT DIFFERENT 
TIMES 


It often happens at sea that there is no possibility of taking the 
altitudes of two bodies at the same time. For instance, in daylight 
only the sun is ordinarily visible, and only occasionally together 
with the moon or Venus. 

This brings up the necessity of determining a ship’s position from 
a single body, mainly the sun. But one altitude of a body yields only 
one line of position, whereas a fix requires at least two lines with an 
azimuth difference of 60° to 90°. To obtain two lines in this case 
the body is sighted at different times (double sights). Indeed, the 
place of a body (sun) changes relative to the meridian and zenith 
of the observer (that is, its altitude and azimuth change) due to 
diurnal motion. For this reason, if after obtaining the first line 
I-I (Fig. 2041) drawn on a globe with a radius 90° — h, from the 
subsolar point s; we wait some time, the subsolar point will move 
along the arc s,s2, thus changing the azimuth of the sun and the 
radius of the circle of equal altitudes (90° — hz). A second line 
II-III appears on the globe or chart that does not coincide with 
the first. If the vessel has not changed position (at anchor, for examp- 
le), the position will be at My, the point of intersection of these 
two lines. 

But if in the general case we regard observations on a moving 
ship, the latter will, during this time, move over the earth a distance 
of, say, Mu, Mong = S (Fig. 202). The altitudes obtained, h, and 
hy, are then measured from different places on the earth, and the 
lines J-J and JJ-II will also refer to different D.R. positions M,, 
and MM... The first coordinates hi; and Az will be obtained from the 
computed astronomical triangle constructed for the zenith of M,, 
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und the place of the sun s, (from coordinates @.4, Aci, 54, ¢); now 
iw second set of quantities hz and A; will be obtained from the 
mecond astronomical triangle constructed for the zenith of M.2 and 
(lo place of the sun s, (from the coordinates @ 2, Ac2, 52 and fy). 

I. is obvious that lines J and JJ cannot be combined until they 
live been reduced to a single place (zenith). In practice, this reduc- 
(lon is executed by a graphical technique that is based on the prin- 
ciple of cross-bearing and that stems from the following: during 
the first set of sights the ship was located somewhere on the first 


Fig. 201 


lino 7; during the second set of sights, on the second line //. Between 
Nights, the ship’s run was S (Fig. 202), which means that it passed 
from line J to line JJ. Obviously, to comply with these conditions, 
(he run S should fit in between lines J and JJ as shown in Fig. 203 
for plotting on a chart. Then point M, on the second line will satisfy 
hoth conditions and will correspond to the point of intersection 
of the two position lines, which means that it will represent the 
observed position of the ship at the second instant. Instead of fitting 
xugment S between lines J and JJ, we can move the line J-I by the 
distance run, parallel to the original position into the new position 
/’-I’, Finally, as will be seen from Fig. 203, we can simply lay 
down the first line from the second D.R. position, using its elements 
h —h, and A, obtained from the first position, which is the same 
us moving line J the distance run S. 

The observed position of the ship will be obtained at point Mo, 
al the intersection of lines J/-/7 and I'-I'. Since the first line moved 
hoth in course and distance run, it will obviously include dead- 
reckoning errors. For this reason, the method of observations at 
different times actually yields a computed-observed position, simi- 
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lar to the cross-bearing and called a running fix, and not an obser- 
ved position. However, this position is usually called an observed 
position and is designated by a double circle like any other astro- 
nomical observation. Carrying forward the first line by the distance 
run is analogous to reducing it to a second zenith and could be sol- 
ved analytically using formula (15.6) or Table 16, MT-53. In this 


case, we could work the sights with the second set of computed 
coordinates and introduceJinto the first observed altitude the correc- 
tion Ah, for reduction to the second zenith, in exactly the samo 
way as for two-star fixes. However, when the distance run is con- 
siderable, the first term of the series expansion of Ahz, that is : 
cos (A — K), may prove insufficient, as was shown in Sec. 81, and 
the reduction will be erroneous; what is more, the first line is usu- 
ally worked and laid as soon as it is obtained so as to speed up work- 
ing and checking the computation. As a result, in this case the analy- 
tical method of reduction to the zenith is not applicable. 

Any celestial bodies are suitable for obtaining a running fix via 
observations at different times—the moon, planets or stars. But 
under practical conditions it is done only in the daytime using the 
sun. 
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‘he correctness of the graphical transfer of the first line to the 
smith of the second set of observations in course and sailing (distance 
run) may be proved analytically from equations (20.1), which in 
iis case (errors disregarded) will take on the form 


Aqy-cos Ay + Ao,-sin Ay = Ah, + Ahz = Ah, +S cos (A — kK) sis 
A\tpy+Cos Ag-- Aog-sin Ay = Ah (20.10) 


The quantity Ah, = S-cos (A, — K) = S-cos K-cos Ay + 
| S-sin K-sin Ay. But by the formulas of short-distance sailing 
N.cos K=1, S-sin K =-Dep. and so Ahz=1-cos A, + Dep.-sin Ay. 

Substituting (20.15) in the first equation, we get 


(Aq, -: 1) cos A, + (Ao, = Dep.) sin A, = Ah, 
Ny 


Age,-cos A, -+ Aod2:sin Ay = Ah, 


Adding the second equation of (20.15), we get a system, the solu- 
(lon of which yields Aq, and Aoz, which are corrections to the second 
nul, of computed coordinates. 


SEC. 118. THE EFFECT OF ERRORS ON A POSITION OBTAINED FROM 
DIFFERENT-TIME SUN SIGHTS (RUNNING FIX) 


When obtaining a fix from two lines obtained at different times, 
wxaumination of errors is complicated by the fact that the lines obtai- 
nod have different errors. Indeed, the first line contains systematic 
wnd random errors of observation and their working. Besides it 
‘ontains errors due to displacement in course by the distance run, 
(hat is, due to reduction to the second zenith (Ahz). Differentiating 
formula Ah, = S-cos (A — K) with respect to S and K and equa- 
(ing the differentials to the increments, that is, dAhz = A,;; dS = 

AS and dK = Ak, we get 


Az =AS.-cos (A—K)+AK-S sin (A— K) (20.16): 


I'rom this formula it is evident that errors AS and AK in distance 
run and in course will cause an additional error A, of the first line, 
(hus increasing the errors in its position. But the second line will 
liuve only the customary errors of observation and working. 


I. RANDOM ERRORS 


Kirror in the first line. The mean square error e, in the first line, 
wflor its advance, will depend on the error ¢,, in the first difference 
uf altitudes and dead-reckoning errors between the first and second 
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sights. The mean square error in the first line due to dead reckoning 
errors may be obtained from formula (20.16), taking the errors A,, 
AS and AK to be random and describing them by the mean squarw 
values &\qz, &s and &, (0F & yo), 1-€., 


4.7 = &s Cos? g + ex-S?-sin? g (20.17) 


where gq = A, — K is the course angle towards the sun. 

From (20.17) it is seen that the displacement &,7 of the first lino 
depends on errors in the run and course and on the position of the 
first line relative to the ship’s course. For instance, if g is about 90", 
that is, the first line is roughly parallel to the course, then the effec! 
of errors in the run is reduced (cos gq = 0). 

The overall error ¢, in the first line is obtained by the laws of ran- 
dom errors 


€;=-b V #2, +62, = + V 2, + 82 - COs? q-+e%-S?-sin? q (20.18) 


From (20.18) it is evident that the mean error ¢, in the advanced 
line I’ has increased due to errors of dead reckoning as a result of 
which the “band of the position” about line J’, which contains tho 
probable position of the ship, has been substantially expanded. 

The mean error of an observed position. The second position line 
is also affected by random errors in the difference h — h,, which arw 
characterized by the quantity &,2. This gives rise to its own “band of! 
position” for the ship. 

The mean square error in the observed position is obtained from 
the above-derived formula (20.9) for two lines of position in which e, 
obtained from (20.18) is taken in place of €,,. Then 

Vetter, Vetitenoeteaz | 
“loc sin AA sin AA (20.1%) 

If we take it that the errors of observation and working are 
about the same in both lines, that is, €,, ~ &,2=—€n, we finally 
get 

V 202 +02, 
Eine = sin AA 


(20.20) 


where AA is the difference of azimuths of the first and second lines. 
Geometrically, the mean square error €),, in the observed position 
is the radius 0 of a circle of errors inside which (given the absence 
of systematic errors) we should find the actual ship’s position wilh 
a probability of about 63-68% (see Fig. 206). 
If in formula (20.20) we take s, = 0, then we have 


SA a Ge ee 1 
2 2. 92. cin2 
= V e2 Cos? q + €¢.-.S*-sin? q- aia Ad (20.21) 


| 
Eloe == TE €AZ* Sin AA 
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I;xpression (20.21), which is usually given in courses of nautical 
uxtronomy in a somewhat different form (without account taken 
uf the course angle of line J), indicates possible random displace- 
monts of the observed position along the second line of position 
luo to errors in dead-reckoning advancement of line J, without acco- 
unt taken of the errors of the lines themselves. 

From (20.20) it is seen that position errors depend on: 

(a) random errors in the position lines; 

(b) errors of dead reckoning; 

(c) the position of line J relative to the course; 

(d) the difference of azimuths of the position lines. 


= will be least for AA = 90°; however, from 
sinAA 


4 to 6 hours is needed to change the sun’s azimuth by this amount 
ln middle latitudes. During which time the ship will cover a distance 
of 50 to 100 miles and the dead-reckoning errors may become appre- 
clable (from 2 to 7 miles under average conditions). This will make 
the advanced first line extremely inexact. 

For this reason, it is desirable to have the time interval between 
observations as small as possible. In the general case, the most favo- 
rable conditions will obviously be for greatest difference of azi- 
tnuths during the shortest possible time interval. 

To comply with this condition, it is necessary to find sections of 
the diurnal circle of the celestial body in which the rate of change 


of azimuth ce will be greatest for the given conditions (q, 6). In 
Sec. 14 it was found, when investigating formula (3.19), that the 
yroatest rate ca in the general case will be for azimuths of the sun 


lrom SE to SW in middle north latitudes and from NE to NW in 
iniddle south latitudes, which is near the upper transit of the sun. 


The quantity 


In low latitudes, the highest rate ca occurs for azimuths still 


closer to upper transit. For this reason, the most favourable time 
lnterval for observations of the sun in medium latitudes is from 2 
(0 2.5 hours prior to and following upper transit; in low latitudes 
(for high altitudes of the sun) between 40 minutes and 1.5 hours 
prior to and following its upper transit. 

The effect of dead-reckoning errors will also depend on the time 
interval and the ship’s speed; therefore, to find the most favourable 
interval between observations, establish which differences AA = 

A, — A, will be the most favourable for various values of ae 
the ship’s speeds and for various values of dead-reckoning errors. 
Table 13 (after B. Maltsev) gives the most favourable values of the 
uzimuth difference AA,,; for various conditions. 


Aft «1275 
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Table 13 
Rate of change of azimuth (=) 
dt 
| dA, dA ,., dA. 
peel Ship's a 10°/hour ar = 15°/hour a 20°/hour 
errors in rou- speed 
te and inrun | knots |e, —0'.5 |e, =1/.0 |e, =0'.5 |e, = 1/.0 [ep =0'.5 |e, = 1.0 
AAn; AAny AAn; AAin AAny AAns 
Slight 10 49° 63° | Gy iad | 71° 63° 76° 
EcMG ~ 1° 
EE, we 2% 20 | 35 49 | 42. 57 49 63 
Medium 10 | 40 | 54 | 49 | 63 54 69 
EcmMG ~w1°.5 
Es ev 3%! 20 28 39 | 35 49 40 54 
Large 40 39 49 | 42 | 57 | 49 63 
EcmG = 2° 
Es > 4%] 20 | 25 35 | 30 43 35 49 


From the table it is evident that for mean conditions and sun 
altitudes less than 65°-70°, the most favourable azimuth difference 
will be 35° to 60°, which means the interval between observations 
should be from 1.5 to 4 hours. Just about the same difference in azi- 
muth (40°-60°) has been established in practice on the basis of 
extensive experience. The usual time interval between observations 
is taken as 2 to 3 hours. 

From Table 13 it is possible to select, approximately an interval 
of time for the second set of observations (under given conditions). 


To do this, take the values of the errors, and determine aA every 


10-145 minutes via compass bearings of the sun or from Table 1or 


MT-63. Then (CB, — CB,) un will give AA tor one hour. Tho 


At 


quantity os is most simply obtained from any numerical tables 


of azimuths or altitudes and azimuths (A. Yushchenko’s tables, 
BAC-58, H.O. No. 244, and others). 
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In order to reduce random errors of observations and in working 
of sights, it is advisable to take 3 to 5 sun sights instead of one and 
(0 take other measures as well (see Secs. 85, 110). 


II. SYSTEMATIC ERRORS 


In plotting lines JJ and I’ from the second D.R. position, the 
observed position obtained may be shifted relative to the actual 
position due to systematic errors in the differences h — h,; opera- 
live in the first line, in addition to errors of observations and in 
working of sights, is the error Az, the result of systematic errors 
in dead reckoning. The systematic error A, in the first line is expres- 
sod by the formula (20.16), from which we see that errors in the 
lirst line depend on its position relative to the course line, that is, 
on A — K and:on the magnitude of errors in the run and the course. 
‘The general systematic error in position may be expressed by the 
formula (20.5), in which one should take A, -+}- Az in place of Ay). 

All systematic errors operate to shift the observed position, not 
wlong the line of mean azimuth, as in the case of fixes via two stars, 
hut at an angle to this direction, which angle depends on the rela- 
tionship of the systematic error in h — h, and the error Az. 

It is impossible to detect systematic errors with two lines; for 
(his reason take measures to eliminate them from daytime obser- 
vations. These measures are mainly: 

(a) to measure the dip of the horizon with an instrument; 

(b) to reduce dead-reckoning errors. 

For high sun altitudes (exceeding 50°-55°), one can observe for 
wach line the altitudes above the opposite parts of the horizon (nor- 
mally, and back sights “via the zenith”). Then after plotting two 
lines, the systematic errors in h — h, in their bisector are partially 
liminated; in this case the dead reckoning errors A, operate as 
usual. 


III. REDUCING THE EFFECTS OF DEAD-RECKONING ERRORS 


From the very idea of determining position from observations 
nade at different times it follows that an error in dead reckoning 
prior to the first set of observations is taken into account in the first 
line and is of no importance, whereas errors in dead reckoning between 
observations will enter the transferred first line in toto. For this rea- 
xon, the second computed coordinates should be obtained as accura- 
tely as possible relative to the first ones. These errors will naturally 
not enter the second line. 


o1* 
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In the general case, to reduce dead-reckoning errors it is necessary 
to take measures to specify dead reckoning more accurately duriny 
the time between observations. To check the compass correction, 
it is best to take the CB of the sun during the first sun sights anid 
determine AK, if the altitude of the sun is not excessively great. 
One also checks the drift and current, while the run between obser. 
vations is computed in three ways: from Ir difference = Ir, - 
— Ir,, from the time and speed, and from the engine revolutions, 


Fig. 204 Fig. 205 


and the results are intercompared. To reduce graphical errors, replace 
plotting on small-scale charts by dead reckoning, particularly in 
high latitudes. 

In the interval between observations do not improve on the D.R. 
position in any other way, for then the first line will be advanced 
incorrectly. 

In special cases it is possible to eliminate the effect of systematic 
errors in the run and course on the observed position and reduce 
the effect of random errors by observing the sun at specified posi- 
tions: 

(a) If errors in the run are expected, then observe the sun abeam 
in order to eliminate systematic errors and reduce random errors. 
Then the first line, situated along the course line, will take up the 
same position, irrespective of the place M,,. (Fig. 204), and errors 
in the first line due to the errors AS will be eliminated. 

(b) If errors are expected in the ship’s position perpendicular 
to the course (due to AK, current, drift), observe the sun along the 
course. Then the line J-J will occupy a correct position, irrespective 
of M.. (Fig. 205) and errors in the first line due to errors AK will 


be eliminated. 
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Analytically, this follows from equations (20.16) and (20.17) for 
wmrors Az and &,7 in the advanced line J’. Indeed, when observing 
Ii sun abeam A — K = 90°, cos (A — K) = 0 and the systematic 
wrors due to the run vanish. When observing the sun along the 
‘ourse, A — K = 0°, sin (A — K) = 0 and systematic errors of the 
lin) due to the errors AK in the course vanish. 


IV. OBTAINING THE AREA OF THE PROBABLE POSIFION OF THE SHIP 


As already mentioned, the first line, after plotting from the first 
I)... position W,, (Fig. 206), will be located in the “position band” 
whout 2-2, due to errors +&,,;. When the line is advanced to point 
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Fig. 206 


Al.., these errors will be supplemented by dead-reckoning errors 
| #\z, increasing the “position band” about the line J’ to +e,. The 
nvcond line IJ-II is also located in the band of the position due to 
wrrors --&,2. AS a result, the observed position is taken to be at the 
point M>, while the actual position of the ship must be somewhere 
ln the area of errors about it. To a first approximation, this area is 
wxpressed by a parallelogram of errors, abcd; more precisely, by an 
wllipse of errors situated inside the parallelogram of errors and 
louching its sides (see Fig. 206). This area may also be depicted in the 
form of a circle of errors of radius 9 = &;,, obtained from the for- 
mula (20.20). To simplify obtaining p from (20.20) take ¢, outside 


(he radical and get the ratio 4 of dead-reckoning errors to observa- 
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tional errors, that is, 


Ep Lo. ( &az\2 wi 
0 = Fine = tag V 2+ (24) (20.22) 
Drawing a circle with this radius from the observed position, 
we get a circle of errors inside which should be the actual position 
of the ship with a probability of about 63-68%. 


V. ON CHOOSING THE OBSERVED POSITION AND ON TRANSFERRING THE 
DEAD RECKONING 


In the general case, the original errors of dead reckoning conside- 
rably exceed observational errors; for this reason, My, is the run- 
ning fix (the point of intersection of the second and advanced first 
line) and is taken as the observed position (see Fig. 206). 

There are cases when the accuracy of dead reckoning is rather 
high: in the absence of drift and current, with reliable corrections, 
and so forth, while the precision of observations is contrariwise 
rather low (poor horizon, unknown dip, etc.). In such cases, the 
errors due to such causes may prove to be of the same order of magni- 
tude; then do not disregard the weight (significance) of the D.R. posi- 
tion, and the D.R. running fix Mp) may be taken at the midpoint of 
the straight line between the second D.R. position and the obtained 
point Mp. 

Blunders in the plotted lines are found by techniques analogous 
to those considered for two stars. To enhance reliability of fixes, 
it is best to have a second observer who obtains a fix independently 
of the first one. | 

A single running fix obtained from two lines obtained at different 
times is not reliable, and one should not transfer the dead reckoning 
to a single observation. Only when two or three independently obtai- 
ned and analyzed positions are available and are in good “agree- 
ment” ean the dead reckoning be advanced to the observed position. 


CONCLUSIONS 


1. The most favourable difference of azimuths in a running fix 
lies between 35° and 60° under average conditions. Do not make 
a running fix, in the general case, for AA < 30°. 

2. The most favourable time for sun sights is the interval of 1.5 
to 2 hours prior to and following upper transit. 

3. To reduce errors in position obtained, strive to reduce syste- 
matic and random errors in the lines and improve the dead reckoning 
between sights. 

4. The ship’s position should be considered as lying within the 
area about the observed position. 
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SEC. 119. ROUTINE AND PRACTICAL SUGGESTIONS FOR OBTAINING 
A RUNNING FIX (INSTRUCTIONS) 


‘lo determine position from sun sights taken at different times, 
wo need the same instruments and aids as for simultaneous observa- 
(lons of stars, with the exception of the globe. No preliminary pre- 
jmrations are needed. 


I. TAKING SIGHTS 


1. Before starting observations: 

(a) Prepare sextant for taking sun altitudes, make a rapid check 
of sextant errors, and take up a position for observations 10 to 
15 minutes ahead of time, but do not keep the instrument in the sun. 

(b) Compare deck watch (or other timepiece) with chronometer, 
or stop watch with chronometer, if the former is used. 

(c) Compute u,, at the instant of observations, and also w,,,; if 
required. 

2. Determine the index correction with a check. 

3. Take a series of 3 (or 5) sun altitudes and note the time for each 
one (using watch or chronometer); it is common practice to measure 
the altitude of the lower limb of the sun. 

4, When measuring the mean of the altitudes (or after the measu- 
roment), note and record 7,,, log, course, ship’s speed, height 
of observer’s eye, temperature and pressure of air (if h < 30°). Take 
compass bearing of the sun (CB;). 

d. If possible, measure dip of horizon or perform extra sun sights 
“via the zenith”. 


I]. WORKING FIRST SIGHTS 


1. Using 7,, and Jr, take from chart @, and i, to within 0’.1. 

2. Compute the arithmetic mean of the readings (sr,,) and 
instants (Tap). 

3. Correct mean reading of sextant sr,, with corrections and 
obtain h. 

4. Compute the approximate 7,, = T., + ZD*% and exact LD pr = 
= Tay + Ucn. 

5. Obtain 4, and 6 from the MAE. 

6. Compute h, and A, from formulas or special tables and obtain 
h — h,. 

7. If there is any necessity to analyze the dead reckoning, plot 
the first line on the chart (to a scale not less than 1 : 200,000). Lf 
there is no necessity, the line is not laid down. 
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8. If there is an acute necessity for refining the dead reckoning, 
carry out observations with two or three observers at the same 
time, then plot all three lines and analyze them. 

In this case, the estimated position may be taken either at the 
determining point A, (Fig. 206) if the errors of dead reckoning great- 
ly exceed observational errors or at half distance to K, if errors 
of the same order are expected. 

9. After working the sights, again take the sun bearing (CB) and 
note 7, at- 

CB,—CB, 
of the sun’s azimuth in °/hr. Using Table 13 or personal experience, 
find the most favourable difference AA for two lines and compute 
approximately the time of the second set of observations by tables 


10. Using the formula -60™min, find the rate of change 


BAC-58. Note that towards noon the rate of “4 increases. The value 


of ae and the time of observation may also be computed from nume- 


rical tables without taking the CB. 


11. Using the obtained CB and known q,, t>, and 6, compute 
the compass correction for the time of the second set of observations. 

12. Take measures to enhance accuracy of dead reckoning between 
observations: 

(a) check corrections: AK and Al, drift and current; 

‘(b) obtain the ship’s run S in three ways and take the most reliable 
one or the arithmetic mean; 

(c) do the plotting on a large-scale chart; if no such chart is avai- 
lable or the run is very long, obtain @, and Az by dead reckoning. 


II], SECOND SET OF SIGHTS AND THEIR WORKING 


4. If visibility of the sun or horizon deteriorates (increased cloud 
cover, approach of fog, etc.) or if there is any other insistent neces- 
sity, the second set of observations are carried out without waiting for 
a computed instant. If AA is then less than 20°, work the sights and 
plot the observations by the technique used “for a small azimuth 
difference” (see Sec. 132). 

2. Under ordinary conditions, the second set of observations are 
executed after the specified time interval, like the first set. 

3. When measuring the mean of the altitudes, note 7,, and 
log. If conditions have changed, obtain other data as well. 

4. Working the second set of observations is done in a similar 
fashion to that for the first set, but with @.2 and A, obtained at 
the second mean instant. 
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Oo. Plot first and second lines from second D.R. position; label the 
point of intersection M,. If the dead reckoning was done from a posi- 
tion—the determining point K,—then the line is drawn through 
the second D.R. position parallel to its first position. 


IV. AN ANALYSIS OF THE RUNNING FIX 


1. Select the observed position (at the point of intersection of 
the lines or taking dead reckoning into account). 

2. Construct an area of the probable position of the ship (a circle 
of errors) due to random errors and transfer it along the line of mean 
azimuth at the expense of presumed systematic errors (+A). We get 
the area of the possible position of the ship. 

3. Detect possible blunders. 

4. Decide on possibility of transferring the dead reckoning to the 
observed position. Record in log book the results of the running fix, 
that is @o, Ao, and leeway. 

Example 4. On 13.09.62 sun observed in Atlantic Ocean, course 65° true; 
ace yan about 7.,=—9h 30m; /r=38.3; (Al= —3.5%); pe = 66°11’. ON; 


(1) Corrections: uex»= —12m 5s 
sr Tech 
23°33'.4 | 10h 40m 39s oi, = 360°33’.0 a i= —1’.0 
36 .2 41 32 Oig = 399°29’ .0 t=-+ 15° 
38 .8 42 13 S,;= —0’.3 B=765 mm 


Se 1=6.5 metres 
Mean 23°36’ .14 | 10h 41m 28s 


RCBE = 348°.5; Te, =10h 438m 50s. Compass declination equals —20°.2W. 
(2) Working of sights: 


=31°09’ .1E 


T sh 9h 30m Teh 10h 41m 28s — sr 23°36’ .4 
ZDw | 1 Uch —12 is) its —1 .3 
T gp Bs ane 13.09 7, | 10h 29m 23s h’: 23°34’ .8 
or 3°42". 1 (—1.0) ter 331°02’.1(0.5)  Aéot +9 .4 
Ad —O .4 At, 720 .6 Aad —O .1 
nee Ate | 0-2 0 .2 | 
&6 3°41’. 7N | 23°44’ .8 
2 [ssi 338°19’ .7 he | 23 49 .1 
A 9 32 .0 
hah. | _5'.0 
2. eer 328°50’.9W 
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Computations by tables “BAC-58” 


24°18’.0 


p| 66° + 11’.0N Ahe —9 4 AAg +0 .4 
5| 4 —18’.3N Ahs —17 .8 AAs +0 .4 q = 13 
t | 314 + 9'.1E Ah —2 .0 AA; —0.2 


23°49’ .1 


{3) Compass correction: 


29 = 328°51’ + 35’ = 329°26’ W = 30°34’E. 
AT = 26’ +9’ = 35’ ~ 0°.6 


From the BAC-58 tables: 


Ae, 145°.7 

AA; +0 .7(1°.1-0°.6) 
A 146° .4NE 

CB 168 .5 

AK —22°.1 

Declin. +20 .2 

Deviation —1°.9 


(4) After the sights were worked, RCB» was again determined and found to 
be 352°.5, T., ~ 10h 59m. Rate of change of azimuth: AA’ —(RCB, — RCB,) X 
60min 
x 45min 
to be average and observational accuracy high, we get the most favourable 


F e A ~~ co) ~~ ————- 
difference of azimuths AA ~ 49°, AT i6°yhour 


tions planned for 7,, — 12h (2.5 hours later) in order to obtain meridian point. 
(5) Second set of observations. 


AV. 87¢ | / is i+ so= —1’.5; 


= 16° per hour. From Table 13, considering dead-reckoning errors 


cy 3h. Second set of observa- 


26°48’ .9 | 1h 14m 20s Irp = 67.6 


Computation of second set of coordinates. 
(a) Distance run by speed: V — 11 knots, AT = 2h 32m, from Table 27a, 
MT-53, S — 27.9 miles. 
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AQ 


(b) Distance run by log; difference Ir — 29.3. From Table 286, S,o, = 28.2. 


(c) Distance run by engine revolutions: S = 28.4. 
S = 28.2. 


We take the mean value: 
From Table 24, with course 65 true and S — 28.2, we have: I =: 117.9N, 


Dep.= 25’.56E and from Table 25, DLo=63’.6E. 


ZDw 1 
en | 13h Om 13.09 
AT 3°38’ .2 (T.0) 
Ab 0.0 
bo | 3°39’ .2N 
tr | 16°02’.8 (0.5) 
At, | 033.7 
_ tyr — | 16°36".5 
Mw 8 28 .4 


tS. | 8° 8’.41W 


p| 66° +22’ .9N 
5} 4 —20 .8N 
t| 8 + 8.41W 


Pct 


66°11’ .ON 
+41 .9N 


66°22’ .9N 


4h 14m 20s 
— 12 5 


13h 2m 15s 


27°00’ .7 


hii 9°39’ 
DLo f° 3° 
oe | 8°98’ 
sr 26°49’. 
its — 1 

h’ 26 48 . 
Atot +9. 
Naa = () ° 
h 26°97’. 
he 27 00 . 
Wiese — 2°, 


170°.9NW 
= 189°.1 
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(6) Plotting (Fig. 207). The results of the determination are: 


T>,~»=12h 2m } 
lr= 67.6 
Deo 66°22’ .9N Neo 8°28’ .4W 
l 3 .4N DLo 9 .4W 
Po | 66°26’ .3N Ao 8°37’ .8W 
C= 312°—5’ 4 


(7) To construct an area of the probable position of the ship we take the 
dead-reckoning errors during this period at about 1 mile, and egy +0’.5; 


Fig. 207 


then from formula (20.22) we have p=3.5-en=-+ 1’.8. With this radius we 
construct a circle of errors. 


SEC. 120. COMBINATION METHODS OF OBTAINING FIXES BASED 
ON ALTITUDE AND NAVIGATIONAL LINES OF POSITION 


In navigational practice there are often cases when only one 
line of position is obtained (radio bearing, the bearing of a distant 
object, etc.), the second line of position being unobtainable. In 
such cases, a sun sight can be taken in the daytime and the alti- 
tude line of position combined with the navigational line. The 
observations may be simultaneous or at different times. To obtain 
the most favourable azimuth difference of 80° to 90° the sun and 
the object whose bearing is taken must be on a single vertical circle. 
If the distance to the object is measured, there should be a diffe- 
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nce of 90° between the vertical circles of the sun and the object. 
lt is advisable to combine with the altitude line the following 
nnvigational lines: (a) radio bearings, (b) bearings of a distant 
inountain peak, (c) distances by vertical angle, (d) distances by 
mur, (e) reliably identified isobath. 

As a rule, the altitude and “navigational” lines are not obtained 
wt the same time, and so the first line should be adjusted to the 
smith of the second. This reduction is best done graphically, on 
w chart, by advancing the first line in the direction of the course 


lly the ship’s run between observations S =7 (T,-T,)min 


When plotting a radio bearing or the bearing of a distant moun- 
luin, take into account the orthodromic correction. The correction 
ix nllowed for if the station or mountain is 20 or more miles from 
(he vessel in the direction E-W. This is particularly important 
in high latitudes. The observed position is taken at the point of 
intersection of the lines and is labelled as astronomical (less accu- 
mito). 

When plotting the area of the possible position of the ship, use 
the same methods as for two position lines, but bear in mind that 
(he lines of position here are not of equal accuracy, for the naviga- 
(onal line may prove to be more or less precise than the astro- 
nomical line. In this case, the area will be elongated more along 
(he navigational line. 


SEG, 121. USING A SINGLE ALTITUDE LINE OF POSITION 


A single properly located altitude line may prove to be extre- 
mely useful to the navigator for improving dead reckoning, as a sa- 
[ely line, or for an approach to a specified point on shore. 


J], IMPROVING DEAD RECKONING 


(a) If the errors of dead reckoning are very great and the D.R. 
position is unreliable, it may be advanced to the determining point 
A’, and considered to be estimated (computed-observed, Fig. 208). 
Ilere the area of the probable position will be in the form of an 
wllipse along the line of position. The semimajor axis may be taken 
wqual to the radius of the circle of errors due to dead reckoning 
a = 9, and the minor axis approximately equal to the band of posi- 
(ion in the absence of systematic errors and blunders. It is there- 
fore very important here to reduce the systematic errors (by mea- 
suring the dip of the horizon, and so forth). Sometimes the position 
: refined with account taken of dead reckoning (see Sec. 119, 
tem 8). 
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(b) If the log has performed unreliably, and the compass reliably, 
the estimated position is transferred to point M (Fig. 209), at the 
intersection of the altitude line of position with the course line. 

(c) If the AK obtained is appreciably different from the one taken 


Fig. 208 Fig. 209 


earlier or if a lateral drift is noticed, the estimated position may 
be advanced to point M (Fig. 210) at the intersection of the alti- 
tude line of position with the perpendicular drawn from the D.R. 
point to the course line. 


II. WARNING OF APPROACHING DANGER 


(a) When on course near danger spots, observe the celestial body 
abeam. Then the position line, with direction parallel to the dan- 
ger, will indicate whether the course is safe or, not. If the band 
of position passes too close to danger, specify a safe distance, turn 
perpendicular to the plotted line and take up a fresh course, the 
basis of which will be the displaced position line. 

(b) When approaching danger on course, observe the celestial 
body ahead or astern. The position line, with direction perpendi- 
cular to the course and possible errors allowed for, will indicale 
the distance from the danger. The distance and time of ship’s run 
to turning point are determined in similar fashion. 


III]. APPROACHING A SPECIFIED SHORE POINT 


On approaching some point on shore that is poorly identifiable, 
or in the absence of shore visibility, observe a celestial body (the 
sun), the azimuth line of which is located along the shoreline. The 
altitude line of position /-/ will then pass at an approximate righ. 
angle to the shore (Fig. 211). Using a parallel ruler, advance the 
line until it passes through the specified point A. This is the course 
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(laut should be reached. Measure the distance S, between the first 
line J and the advanced line J’ with allowance for distance (AS) 
rin during computation. We head perpendicular to the altitude 
line and by dead reckoning we reach the course J/'-A (in time 
[= a and in difference /r) which we follow up to point A (safe 
iopths). 


Fig. 211 


Generally speaking, when observing a celestial body on course the 
umount of intercept h — h, will indicate the leeway along the cour- 
Nu; observations abeam will indicate the magnitude and direction 
of lateral drift of the ship. 

When using a single altitude line of position, one can apply the 
method of precomputation of the elements of the line, whereby h, 
wnd A, are computed with the coordinates @, and A, taken at a 
xpecified advanced instant of time. The altitude is corrected with 
corrections taken with sign reversed and is plotted on the chart. 
This altitude is compared with the altitude observed at about the 
specified instant. 
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METHODS FOR SEPARATE DETERMINATION OF THE 
LATITUDE AND LONGITUDE OF A SHIP’S POSITION 


SEC. 122. ON METHODS FOR SEPARATE DETERMINATION 
OF COORDINATES 


Methods for the separate determination of the latitude and longitu- 
de of a ship may be applied only for certain particular positions of 
celestial bodies. From an analysis of the equation of errors in Sec. 
98 it was found that the latitude is determined with least error if 
the celestial body is located on the meridian of the observer or is 
very close to him. The longitude will be found with greater accuracy 
if the body is situated on the prime vertical. Whence follow the 
methods for separate determination of latitude and longitude at sea: 

(1) determination of @ from the meridian altitude of the cele- 
stial body; 

(2) determination of @ from the ex-meridian altitudes of the body; 

(3) determination of @ from the Pole Star (Polaris); 

(4) determination of 4 from the altitudes of the body near the 
prime vertical by chronometer (the “method of transporting chro- 
nometers’ ). 

The basic principle underlying all these methods is the earlier 
examined relationship between geographical coordinates of the 
ship’s position and the coordinates of its zenith (Sec. 96), which is 
based on an analogy of the systems of equatorial coordinates of cele- 
stial bodies and the geographical coordinates of points on the earth. 
In determining @ and A, any celestial bodies may be used and- 
theoretically—at any altitude. However, each method has its limi- 
tations and peculiar errors. 


SEC. 123. DETERMINING THE LATITUDE OF A PLACE FROM THI 
MERIDIAN (GREATEST) ALTITUDE OF A CELESTIAL BODY 


Let us assume that the bodies C,, Cy, and C3 (Fig. 212) lie on the 
observer's meridian—at upper (C; and C,) or lower (C3) transil. 
Then, aS was pointed out at the beginning of this course (Secs. 3 
and 9), it is easy to obtain the latitude of any place from the alti- 
tude and declination of the body. From Fig. 212, we have for cele- 
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alinl body C, (6 of same name as @) in upper transit 
p = Z,+ 6, = (90° — A,) +4, 
‘or C, (6 of contrary name to @) we similarly have 
@ = Z,— by = (90° — Hz) — be 
‘rom these “equations we get a formula for determining @ at the 


instant of upper transit of the celestial body. In the general form 
it is 


p=Z+6 (24.1) 


‘The sign will be positive if 6 and @ (or Z) are of the same name, 
wnd negative if of opposite names; then the smaller quantity is sub- 
tructed from the larger one. It will be recalled that the name (N or 


S) of the altitude H is determined from the point of the horizon 
whove which the altitude was measured, and the name of Z is the 
roverse of H. The name of the latitude is the same as that of the 
yroater term. 


lor C3 at lower transit we get (see Fig. 212) 
g=H,+A; =H, -+ (90° — 4s) 
or, in general form, 
p=f'+-A (21.2) 


where A is the polar distance equal to 90° — 6. 

Ilere, the name of @ is determined from AH’ or from 6, which in 
(le given case is of the same name as the latitude. 

‘These same formulas are readily obtainable analytically from the 
basic equation of the circle of equal altitudes on a sphere, as shown 
in Sec. 97. 

Any body may be used to determine the latitude from the meri- 
lian altitude, but at present this method is used only in daytime 


A -4275 
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observations—of the sun in upper transit and in lower transit too 
at very high latitudes. 

To start observations, it is necessary to compute 7, of transil. 
of the sun on the meridian with the D.R. longitude of the ship. Obser- 
vations begin 10 to 12 minutes prior to the computed 7, of transil. 
The altitudes are taken near the meridian by one of the techniques 
described in Sec. 64. As a rule, the greatest altitude is measured and 
is taken for the meridian altitude. After correcting the altitude and 
taking 6 out of the MAE for the instant of observations, the observed 
latitude @o is obtained from formula (21.1). The observed latitude 
is not the true latitude of the place because it includes errors of the 
method of greatest altitudes and errors of measurement and correc- 
tion of altitudes, which we shall examine below. The routine and 
practical suggestions for finding @ are given in Sec. 127 together 
with a determination based on ex-meridian altitudes. 


Example 1. On 12.09.68 we expect to observe the meridian altitude of the 
sun to determine the latitude of the ship. At noon we get A, + 22°20’E. 


(1) Calculating time of tran- (2) At about 7,,=12h 30m (ZD = 2E) observei 
greatest altitude © sr =59°43’5S; e=9.4 met- 


sit 
oe oe =— a Be “i 4o . R 
Travgr| 14h 56m from MAE es .7; course 94° true; speed 
AT, | 00 : 
‘ sr 59°43’ .5 Tsn| 12h 30m 
its A ced ~ ZDI 2 
-_ Pige | 11 96 ee ee Se ee ee 
ee H’ 59°45’ .2 T gr | 10h 30m 12.09 
Atot 10 .1 Sp | 4°05’.4 (1.0) 
Fgr | 10 27 Aad —0O.1 A6 | —0 .5 
T ZD | 2 aS) ee , 
Hy 59°55’ .2S 5. | 4°04’ .6N 
Ts, | 12h 27m Z 30 4 .8N 
8-5 404 .6N 
Go | 34°09 .4N 


SEC. 124. THE EFFECTS OF ERRORS OF METHOD AND ERRORS 
OF OBSERVATION ON THE OBSERVED LATITUDE 


DISCREPANCIES BETWEEN GREATEST AND MERIDIAN ALTITUDES 
IN TIME AND ALTITUDE 


As already mentioned, when determining the latitude, the grea- 
test altitude of those measured is taken as the meridian altitude. 
However, this is true only when the celestial body does not have 
proper motion over the sphere and the observer is stationary. 
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Referring to Fig. 213a, which depicts the southern part of the 
nky, the observer is stationary and the body (star C, say) has no pro- 
por motion. Its path a,a, will be symmetric about the meridian, 


und the greatest altitude (Amax) will 
he the meridian altitude H. But if 
the declination 6 of the body (C;, say, 
in Fig. 2136) increases, then in the 
meridian, when the body moves para- 
Ilel to the horizon (Ah; = 0), an incre- 
mont Ah, is added to its altitude, due 
(o changing declination, and for a cer- 
(nin time the altitude will continue 
lo increase. The path of the body 
(a3a,) will not be symmetric about the 
meridian, and h,,,, will not be equal 
lo H. What is more, the observer him- 
xolf will be moving over the earth with 
the ship, thus causing the altitude of 
lhe body to change (the change is by 
the amount Ahz), which means an 
Increase if the observer is moving 
(owards the celestial body, and a dec- 
roase if he is moving away from the 
hody. For an observer aboard ship (in 
uw northern latitude on a course S), the 
yreatest altitude will be reached when 
the rate of decrease of altitude due to 
diurnal motion becomes equal to the 


rate of increase in altitude due to the 
_ . Ahp _ Ahz 

motion of the ship; that is, oe Ae 
Mbviously, this will occur after the 
hody has crossed the meridian and 
hinax Will not be equal to A (Fig. 213c). 
Similarly, for a northern course, the 
greatest altitude h,,,. will come before 
(he meridian. 

The first cause—change of declina- 
lion—acts on the altitudes of bodies 
(hat have considerable proper motions 


(2) 


a, Qy 


(0) 


Qs 


Fig. 213 


(the moon, sun, planets); the 


xecond cause—the ship’s motion—affects the altitudes of all bodies. 

If the combined action of both causes increases the altitude, then 
the greatest altitude, h,,,,, will come after transit of the body and 
‘vill be greater than H; but if it reduces the altitude, then h,,,, will 
occur prior to transit and will be less than 4H. 


32% 
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Obviously, when in such cases we take h,,,, for H and introduce 
it into (21.1), we get the observed altitude with an error Aq, which 
depends on the speed of the ship and the rate of motion of the cele- 
stial body. The instant of maximum altitude will likewise differ 
from the instant of transit. 

(a) Determining the time interval between the instant of upper tran- 
sit and the instant of maximum altitude in the general case. 

Since at the instant of upper transit of the body its ¢ = 0, the 
problem reduces to determining the local hour angle ¢) of the body 
at the instant of maximum altitude h,,,, (Fig. 213b and c). 

In the formula sin h = sin g-sin 6 + cos q@-cos 6-cos tj, the 
quantities h, o, 5, ¢ are variable ones dependent on the time 7; 
therefore, after differentiating with respect to these variables we 
have 


Oh . : 06 
cosh or = (sin m-cos 6 — cos @m-sin 6-cos t) ar + 


: : dM . dt 
+ (cos p-sin 6 —sin @-cos 6-cos t) = — (cos p-cos 5-sin eae 


By the rules of finding the extreme values of a function 
we equate aie to zero, then t=?t). Due to the smallness of ty, 
we can take cost, = 1, ene then 


cos p-cos 6-£, are 1’ — = (sing: -cos 6 —cos p-sin 6) 20 a — 
+ (cos p-sin 6 —sin p-cos 6) 2+ 


Taking the minus.sign outside the second parenthesis, combining 
the expressions in the brackets, and dividing by the factors of the 
unknown ty), we get 


, _ (sin p-cos 6—cos g-sin 8) / 08 GTO) 
i ge ar or) (24.3) 


cos @-cos 6-arc 4 ar 


In the general form, the derivative a will be obtained from 
the formula (see Sec. 46) 
toe = T gr - 12h + (%G — boa) = Aw 


at 0 (Ga — Xp ogy) ane, 
ait aon 7a (21.4) 
For the sun ag — a> = — 0, i.e., it is equal to the equation of 


time, which changes but slightly (An < <0’.3 per hour) durine 
a short time interval. Analogously, the difference Ag — Op; will he 
small for planets as well. For this reason, to a first approximation, 
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the second term in (24.4) may be ignored for all bodies except the 
noon. Then from formula (21.4) in which we take dAw, we have 


Passing to finite increments in (21.3) by dividing by cos g-cosd 
ind expanding the quantity 1— 94 (transferred to the numerator) 
into a series by the binomial theorem 


AA \ 71 m i. IK An 
(1-7) =19—-(—1)- (ty apt 1 


we get 
poate (ar ar) (1447) 

We take the time interval AJ equal to 1h = 900’ and denote by 
()’, p’, AX’ the changes Ad, Ag, AA in minutes of arc during this time. 
Substituting the value arc 1’ = “a and taking these designations, 
we finally get 


t, = 3.82 (tang —tan 6)-(8’—p’)- (1+-3) (21.5) 


If we express t) in seconds of time, this formula will yield the 
coefficient 15.28. On the basis of determinations of coordinates q, 
$, A and the condition that in (21.5) we have AAw, we get the follo- 
wing rules of sign: 

y) is always considered positive 

) has the plus sign if of the same name as qg, and minus if of con- 
trary name 

ip’ is plus if / is of the same name as g, and minus if different 

()’ is plus if the body is approaching the elevated pole and minus 
if it is receding from it 

Ad’ is-plus for westerly courses (AA yw) and minus for easterly courses 
(AA g). 

The formula (21.5) gives the value of the local hour angle of a 
celestial body at the instant of maximum altitude; for this reason, 
if tf) has the minus sign, the maximum altitude will occur prior 
to transit (t#); if it has the plus sign, then it will occur after transit 
(1,"). 

For the sun, planets and stars, the hour angle 70°-¢Y may be regar- 
ded as the time interval AZ*°¢ between transit and maximum alti- 
tude. It is advisable to carry out the computations in formula (21.5) 
with a slide rule and with the help of Table 18a, MT-63, which yields 
the values of 3.82 tan z. 
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Example 2-3. On 20.03.68, @=65°N; course 180° true; speed 20 knots. Sun 
observed. Find tg. From the MAE and Tables 24, 25, MT-63, we have 
620°; 8’=+1'.0; p’= —20’.0; AA=0 
Using Table 18, MT-63 and a slide rule, we get 
to = (8.19 —0)-(4’.0-+ 20’.0) = 172’ = 2°52’ or 11m 28s 
Maximum altitude occurred 11m 28s after meridian altitude. 


Example 4. On 30.09.68, at g=72°N; course 270° true; speed 20 knots. 
Find tp. From MAE and MT-63 we have: 
6=3°S, 0’=—1’.0, p’=0, AXA =—64’.7, 
, ; 64.7 , 
t’ —(11.76-+0.20).(—1’.0—0)- (1+) = —{2' 8= —5is. 
Maximum altitude occurred roughly 1m prior to transit. 


(b) Determining the difference between greatest and meridian alti- 
tudes; that is, errors in latitude. 

Denote by 65, Ho, Qo the declination, altitude and latitude at the 
instant of meridian altitude, and by 6), h,,g, and @, these same 
quantities at the instant of maximum altitude. Then 


Qo = 90° — Ho +: 6 and Q, = 90° 7 hmax ai oF (21.6) 


Then the difference @, — @p = Ho — hmax + (61 — 50) will repre- 
sent the error in latitude due to substitution of Hy by hme; howe- 
ver, these altitudes refer to different places on the earth and different. 
times, and so it is hard to compare them. Practically speaking, il 
is required to find the correction to the maximum altitude h,,,, 
(or @,) to obtain the observed latitude at this instant (maximum 
altitude) and not at some other instant, say at the instant of true 
noon for Hp. 

Here, we may regard h,,,, aS an ex-meridian altitude; taking 6, - 
const and considering the ship stationary, we determine the increment 
in altitude Ah;) due solely to the diurnal motion of the sphere du- 
ring the interval f, found above. 

This reduction of altitude to the meridian is designated as 1; 
a practical formula for it is derived in Sec. 125 below. 

Since ha, is measured off the meridian, it is always less than the 
altitude (H) on the meridian for constant @ and 6. In this case, to 
allow solely for the diurnal motion of the sphere during time 1p, 
perform the computations with 6 and @ unchanged and obtained 
at the instant of observation h,,,,. The computed correction Ahjo = 
=r will be positive and additive to hyq;x: 


H =hmax + Alito (21.7) 


From (21.6) it is evident that the increase in altitude hmgx will 
cause a decrease in q,; thus the correction Ahjg= —Ag, and for 
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this reason we will have 

Po = Pi — Ap (21.8) 
(nly when 6 >@ and they are of the same name will we have 
Yo = Gr + Ag. 

The observed latitude @, thus obtained will always refer to the 
instant of measuring altitude hy... 

To obtain the correction Aq, one can apply the method of compu- 
(Ing the reduction r (see Sec. 125); that is, from @ and 6 obtain 
kK = 100 tan om + 100 tan 6 (Table 17a, MT-53), and from K and fy 
(uke the value of r (Table 176) and equate it to Aq. 


Example 5. Using the conditions of Example 3, we have: g,.=65°N; 
by°=0; to== + 2°52’. Find Ag. 

(a) A=100 tan p—100 tand=215 .. . (Table 17a, MT-63). 

(D) f= 2 OS | AO oe ee ce ee Se (Table 176, MT-63). 

(c) If @,y=65°7’. ON was obtained, then go=q,—Ag=65°D’.0N. 

In practical work, the correction r==Ahjzg may be obtained from a special 
formula, (21.15), developed in the next section 


t 
ee 
7 2 sin 5 
~ (tan @—tan 6) arc 1’ 
2 
oO ptt arc2 1’, for¢p and substituting the value 


Noplacing the quantity sin? 7 FZ 


, from (21.5), we have 


3.82 (tan p—tan 6)-(0’—’)- (143% ih 


bot arc? 1’ D4 
Ahto="o 2 (tan @—tan 6) arc 1’ ee 
After simplifications, disregarding Ad, we get 
ro = 0.00212 (tan ¢ —tan 6) (0’—1’)2 
or 
ro= (3.82 tan p—3.82 tan 6) 7,800 


und 

| Irs|=1 Ae | 
where the signs of the quantities 6, 0, and wp are determined as indicated 
for formula (21.5). 


Computations by these formulas may be performed with the help of 
'l'able 186, MT-63. 


Example 6. On 5 October 1968 at @, ~58°.1; course 5° true; speed 
12 knots, sights taken of hmgx of sun and g=—58°9’.2N determined. Find the 
latitude error and qo. 


(1) From MAE and MT-63 (2) From Table 18a, MT-63: 3.82 (tan 
Oo = 4°47'.0S g—tan 6) = (6.14 + 0.32) =6.46; Ag = 
In 4h ASd=0’= —1’.0 = —(0’.6. 


In 4h E= wp’ = + 12’.0 
(3) Yo = 9 — Ag = 58°8’.6N. 
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CONCLUSIONS 


1. Determining » from maximum altitude involves an error due 
to the difference between the maximum and meridian altitudes, thw 
magnitude of which at g > 50° cannot be ignored. If the ship’s speed 
exceeds 20 knots, the error is perceptible in lower latitudes as well. 

2. Random errors in the measured altitude cannot be reduced, 
since one altitude is taken. The systematic error in altitude enters 
completely into the observed latitude. 

3. Due to the foregoing reasons, latitude obtained from the maxi- 
mum altitude is not reliable and each time has to be analyzed for 
possible errors of method, systematic errors of altitude and for blun- 
ders. For this reason, the method of maximum altitude is by far nol 
so simple and advantageous as generally believed. 


SEC. 125. DETERMINING LATITUDE FROM THE EX-MERIDIAN 
ALTITUDES OF CELESTIAL BODIES 


The most favourable conditions for determining latitude will 
occur not only during passage of a body across the observer’s meri- 
dian, but also for bodies located in the immediate vicinity of the 
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meridian (see Sec. 98). The altitudes of bodies close to the meridian 
are called ex-meridian altitudes and may be used for determining 
latitude. Near the meridian, the altitudes of celestial bodies vary 
but insignificantly and irregularly; for this reason, ex-meridian 
altitudes differ only slightly from the meridian altitude H and 
may be reduced to it by adding a small correction r called the reduc- 
tion of ex-meridian altitudes. 

From Fig. 244, which depicts the southern part of the sky and 
the diurnal circle of the body for 6 —const and a stationary observer, 
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7 


lt. is seen that 
H=h+ry 
H =h2--1e 
wr, in the general form, 
H=h-r (21.11) 


where h,, he and 74, rp are ex-meridian altitudes and their respective 
reductions. 

I'rom the figure it is seen that: 

(1) at upper transit the reduction is positive, 

(2) for the same hour angles, reduction east and west has the same 
inagnitude by virtue of the symmetry of the diurnal parallel rela- 
live to the meridian. 

If we construct a similar drawing for lower transit (Fig. 215), 
It will be evident that the reduction r,,,, will in this case have a mi- 
nus sign, Or 


H! =h—Priow (24.12) 


The reduction r is an increment in altitude due to the diurnal 
notion of a body; in other words, reduction is “reduction of altitude” 
h to the magnitude of the meridian altitude H. Due to nonuniform 
notion of the body in altitude about the meridian, the reduction, 
un already mentioned, depends on the acceleration of the body in 
wltitude, which means it depends both on the first and on the second 


2 
derivative =" | with respect to which we can find r = Ahy. 


dt2’ 
The reduction r can also be found even if the declination of the 
hody changes, and the ship is in motion. In such a case, take 6, 
y, and A, for the instant of measuring the ex-meridian altitude; con- 
nldoring them constant, determine the altitude H at the given place 
wn the meridian. Consequently, in this case too we find the change 
in altitude Ah; due to diurnal motion. The quantity @, thus found 
will refer to the instant the ex-meridian altitude h is taken. 
‘lo derive a formula for the reduction r of a body situated near 
upper transit, use the simple and convenient method of transforming 
the basic formula 


sinh=sing-sin6-+ cos @-cos 6+ cost (*) 
llere, considering h the ex-meridian altitude, equal to H—r, 


und replacing cos ¢ by 1—2sin? + , we have 


sin (7 —r) =sing-sin6-. cos g-cos 6 — 2 cos @-cos 6- sin? 5 
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or 


sin 1-cosr—cos H-sinr = cos (p — 6) —2.cos p-cos 6- sin? = (**) 


Since r is always small, cos r may be replaced by 1-7 x 


x (arc 1’)?, sinr byr-arc 1’. 
In addition, as we know, p=Z+ 6 or p—6=Z=90°—H, conse- 
quently, cos (p— 46) =cosZ=sin 4. 
After the substitutions, the formula becomes sin H —sinA x 
2 
x = (arc 1’)? —cos H-r-arc 1’ =sin H —2 cos q-cos 6-sin? > 
Whence, substituting sin Z=sin (p—54) for cos H, we have 


2 sin2 — 


__ cos @-cos 6 2 r2 re 


At lower transit of the body, that is, in the lower branch of the 
meridian, its hour angle t is close to 180° (see Fig. 215), and the 
reduction r;,, is subtractive from the ex-meridian altitude. In 
place of the hour angle, let us take the distance from the meridian 
t, = 180° — ¢t and h, = A’ +17;,,,. Put these values into formula 
(*); then after similar manipulations and substitution of g + 6 = 
= 90° + HA’ and H’ = g — A, we have for lower transit 


Pi ain (=e) ai 4 tan H’-arc 1 (21.14) 


This formula differs from (21.13) in signs only. The second term 
of the reduction (we denote it by ry) in formulas (21.13) and (21.14) 
is ordinarily very small and should be taken into account only for 
large H and for the first term r, > 10’. 

Convert the first terms of (21.13) and (21.14) combined in a 
single general formula (with different signs) to a more convenient 
form; to do this, expand the expressions in the denominator and 
divide by cos @-cos 6 


t 

in? — 

7 { 2sin 5 

~~ sin @-cos 6 + cos q@-sind arc 4’ 

cos @-cos 6 
or 
{ 2 sin? 
r— eee Ses (24.15) 


tang=tan6 arc 1’ 
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Multiplying the numerator and denominator by 100 in order to 
linve whole numbers for the tangents, we finally get 


l 
le 
n 200 sin 5 


a 100tan@ + 100tand6 ~—arc 1’ 


ri (21.16) 


This is the formula used in MT-53 to compute the special Tables 
17a, 17b and 17s. 

Table 17a contains the values of 100 tan x used to compute the 
quantity. K = 100 tan m + 100 tan 6. In this formula the minus 
sign is affixed for @ and 6 of the same name and for the upper transit 
of the celestial body; from the greater value always subtract the 
sinaller one, because only the absolute value of K and not its sign 
in significant. In formula (21.16) the plus sign is taken if @ and 6 are 
of contrary names or if the transit is lower. 

In Table 176 the values of the first term of reduction r; are given 
based on K and the hour angle of the body (or 180° — ¢ = ¢, for 
lower transit). 

Table 17s gives the values of the second term of reduction rj, 
based on the arguments H and r;. The quantity ry is small and, 
us already mentioned, is taken into account for ry; > 195’ and H > 
‘> 49°; the values of rj; are always subtractive from the altitude 
obtained (irrespective of transit). The quantity rj; is ordinarily 
disregarded. | 

The computed value of K may sometimes turn out greater than 
the limiting value of the argument K in Table 176; then find 
K, = K:10 and use it to take out the value r,;, which likewise 
should be divided by 10. 


Example 7. @. = 44°38'N; 8@ = 16°54’ N; t =2°48’E. Upper transit. Find r. 


(1) 100 tang 


99... Table 17a MT-53, (2) K =69 } a Table 176 
~ {00 tan 6 Caen 


30... Table 17a t =2°48’ MT-53 


kK | 69 


Example 8. @=27°23’S; by = 19°24’ .0N; t= 1°54’ W. 
Upper transit. Find r. 


(1) 100tan | 52 (2) K=87 
r=2’.2 


100tan 6{ 35 t= 1°54’ 


K | 87 
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The reduction obtained from Table 176, MT-53, is added to the 
corrected ex-meridian altitude, that is, 


HA=h4+ry—ry (21.17) 
after which the latitude is found from the usual formula 
po = (90° — H) +6 
or for the lower transit 
A’ =h—r,—ryy (24.18) 
and 


Po = H’ + (90° —4) 


Besides the above-described tables of reduction proposed by tlw 
Soviet captain Gernet in 1934, there are other tables compiled 
either from formula (21.13) divided into two terms in a manner 
similar to that described here, or on the basis of modified formulas. 
Such, for instance, are the Tables 18, 19, and 20 of MT-33; the tables 
of the Brown Almanac (British), and others. 


SEC. 126. THE EFFECT OF ERRORS IN THE HOUR ANGLKI 
(LONGITUDE) AND IN ALTITUDE ON THE LATITUDE: 
BEING DETERMINED. LIMITS OF OBSERVATIONS 


J]. THE EFFECT OF A SYSTEMATIC ERROR IN THE HOUR ANGLE 


From formula (21.13) it is seen that errors in the hour angle will 
enter the latitude. via reduction. 

Let us determine the increment in reduction Ar for an increment. 
in the hour angle At and let us take these increments as errors. ‘l'0 
do this, in (21.15), without the second term of the reduction, substi 


2 
tute sin? > = + arc? 1’, which is permissible to within + 0’.1 for 
angles approximately up to 44° 
a are? 1’ 
~ tang = tan 6 arc1’ 2(tan@ = tan 6) _ 


Differentiating this formula with respect to r and f¢, replacing 
the differentials dr and dt by finite increments, and taking into 
account that Ar=-=+ Ag, we have 
t’ 


Po | ae a 
Ar’ = + Ag’ = arc 1 tan tan’ 


At’ (24.20) 


From expression (21.20) it is evident that the error in latitude 
depends not only on errors in the hour angle, but also on the hour 
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wigle itself and the altitude of the celestial body (latent in the 
tuntity tan @ + tan 4). 

The greater the altitude H of a body and the farther it is from 
il meridian, the more pronounced are the effects of errors in the 
lour angle and the greater the latitude error. 

l;rrors in the hour angle are, as we know, due to: 

(x) errors in the instant noted by the chronometer, and errors in 
tle chronometer correction, 

(b) errors in the computed longitude AdA,. 

(;iven proper handling of chronometers, the total error in the 
lustant should not exceed 1s5-2s, or 0’.5. Errors in D.R. position 
li open sea will always be greater. Therefore, the principal cause 
uf errors A¢ is thus the error AA, in the D.R. longitude; that is, 
At =~ Ad.,. 


II], OBSERVATIONAL LIMITS OF EX-MERIDIAN ALTITUDES 


Let us determine the limiting value of the hour angle (¢,;,,) for 
which the measured altitude may be considered ex-meridian and 
workable by means of reduction. This limit obviously depends on 
(he accuracy with which we desire to obtain the latitude and on 
the magnitude of possible errors in the hour angle (longitude). 

I'rom expression (21.20) we have 

, _ Aq’ tang = tand ‘ 
aa eee ae (214.21) 

Let us impose the condition that the errors in the latitude should 
nol exceed 4’. If we take it that in average conditions the error 
In the D. R. longitude AA, < 7’.0 and the chronometer error in 
(he instant < 0’.5, then the error in hour angle will be At < 7’.5 
(or Agmin — 0.5 min). 

\Jnder these conditions, the limiting hour angle ¢,;,, will be 


tiim =: 408’.4 (tang = tan $) = 4'.58 K (21.22) 


Ilore, the minus sign will be for upper transit and @ and 6 of same 
ume, and the plus sign for g and 6 of different names or lower transit 
of the celestial body. 

If we take the hour angle roughly equal to the time interval 
(for the sun, this assumption holds within the limits of one hour 
ip to +4s), we can then obtain the limiting time interval A77Tin: 
during which the altitude may permissibly be considered ex-meridian 
(to within the accuracies of Ag and Aft given above). 


iit = Thm = > K = 0m.3056 K = 30m.56 (tang - tan) (21.23) 
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This formula was used to compile Table 19, MT-53, “Limits 
For the Observation of Ex-meridian Altitudes”. The arguments 
for entry are @, and 6 of the celestial body. 


Example 9. 5 August 1962 at @,.=38°.1N; 8o=17°.0N. Find the obser- 
vational limits of ex-meridian altitudes of the sun. 
From Table 19, MT-53: 


min — —ATmin 


From formula (21.23): ¢%'"—14.6 min. 

The limiting hour angle f,;,, will obviously change if the condi- 
tions are changed, for instance, when it is necessary to enhance 
the accuracy of the latitude obtained. 

The new value of the limiting hour angle, ¢tjim expressed by the 
general formula (21.21) may be obtained from the same table (Table 
19) by setting up the proportion 


i Ag’ tan g—tan 6 


fim T8"RE are 
gue ~  30m.56 (tan @ — tan 6) 
whence 
a =i: fe 75 oe (21. 21) 


where ¢j;, is taken from Table 19, and Ag’ and At’ are provided 
by the observer. 

The limiting hour angle ¢,;,, depends, as we have seen, on the 
value of K, that is, on the magnitude of the difference (tan ¢ 
— tan 6). Therefore, for sun sights the limits will be less in low 
latitudes and greater in high latitudes. As is seen from (21.21), 
the limiting angle, ¢,;,, for lower transit will be greater than for 
upper and will increase with increasing declination. 

By determining (7 = AT iim and computing the ship’s time 
of transit of a body 7;,, it is possible to determine the time during 
which observation of ex-meridian altitudes is admissible. 


° min 
Onset of observations: Tonse¢ =~ Tir — AT tim 


Termination of obser- (21.25) 
> min 
vations: d Grete a Typ ~T ND tn 


where 7 onset iS the ship’s time for the onset of observations of 
ex-meridian altitudes and 7;,,, is the ship’s time for the termina 
tion of observations. 
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Example 10. 27 September 1968, at m=22°N; A=128°E. Determine 7., 
(Al)=10E) for commencing sights of ex-meridian altitudes of the sun. 


(1) T tab gr 11h 5im (2) Tgp 13h 19m = (3) :~From Table 19 
ATA 00 ZD 10 Arin yg min 
= 13 min 
Disa 11h 54m l gp 3h 19m 
—hX+ZD 1 28 8 & 1°37’ .3S 
Transit Tsp | 13h 19m 
(4) Onset of observations (5) Termination of ob- 
servations 
AT iim — 13 ATiim + 13 
T onset | 13h 06m T tas | 13h 32m 


II]. REDUCING AND ELIMINATING ERRORS IN THE HOUR ANGLE 


As a rule, the magnitude of errors in longitude AA, is not known, 
wnd although under ordinary conditions the errors are not great, 
they can introduce a perceptible error into Qo. 

lor an analysis, we apply expression (18.22) 


Ag = At-cos g- tan A 


where for A we apply circular reckoning (0° to 360°). 

To diminish the effect of errors At, it is obviously necessary to 
observe the body as close as possible to the meridian; here, tan A 
upproaches zero and the error Aq diminishes. 

The error Ag may be eliminated by observing the body in two 
positions: prior to transit and following transit at equal distances 
ln uzimuth from the meridian. Then the azimuth A, will be in the 
awcond quadrant and tan A, will have a minus sign, while A, will 
la in the third quadrant and tan A, will have a plus sign. The error 
Aq in these two observations will have different signs and will 
lw climinated in the half-sum of the latitudes obtained. 

In place of equal azimuths we can observe the body at equal 
wltitudes of equal hour angles prior to and following transit. 
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SEC. 127. DETERMINING THE LATITUDE FROM, EX-MERIDIAN 
ALTITUDES (PRACTICAL ASPECTS) 


Determination of latitude from ex-meridian altitudes at sei 
should be performed on the basis of several altitudes, not one, 
as is sometimes done. 

Two possible ways of working a series of altitudes are: 

1. From a series of 3 to 5 altitudes compute the average altitude 
and the instant; they yield r and Qo. 

2. Work each altitude and instant in a series of 5-11 altitudes. 
Average the H thus obtained, and the mean altitude yields q». 

The first procedure may be applied if few altitudes are taken 
and in sufficiently rapid succession (within one minute), and the 
altitudes themselves do not exceed 75° to 80°. Because of its extreme 
simplicity this method is most convenient for conditions at sea. 

The second procedure is utilized for a very large number of measu- 
red altitudes and when the altitudes exceed 80°. Practically speaking, 
this method is applicable in cases when in addition to the latitude 
of the place the mean square error of the measured altitude and 
the latitude is computed. The advantage of this procedure is that 
latitude obtained from a large number of altitudes is computed 
with greater accuracy, at the same time giving an estimate of thw 
accuracy of @o; however, the computations here are considerably 
more involved than in the first procedure. Working sights by the 
second procedure involves a definite routine (shown below); lo 
derive errors, all altitudes are reduced to a single zenith. 

To determine the latitude from ex-meridian or meridian altitudes 
requires the same’ instruments as for determining a position from 
altitude lines of position (Sec. 114). 

Due to the fact that the maximum altitude remains constaul 
for only a short time and there is always the danger of missing it, 
it is advisable to take altitudes as ex-meridian and confine onescll, 
if desired, to working the chosen maximum altitude. Let us examiiw 
the routine for deriving latitude by the first and second procedures. 
Reference here is to the sun, but determining @ by other celestial 
bodies does not differ in any way, though is very rarely done. 


I, DETERMINING LATITUDE FROM A SMALL NUMBER OF EX-MERIDIAN 
ALTITUDES OF THE SUN (FIRST PROCEDURE) 


A. Preparation for Observations 
Preliminary: 
(1) Take from chart @, and A, for presumed 7, of sun’s transil. 


(2) Compute 7, of sun’s transit with the aid of the MAE ani 
choose the approximate declination of the sun. 
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(3) From Table 19, MT-53, choose the limits of observation of 
wx-meridian altitudes, calculate the possible time of onset and 
lermination of observations from formulas (21.25) and set the lime 
for observations (the best is as close to the meridian as possible). 


Just before starting observations: 


(4) Ready the CH (or MAC) sextant for daytime observations, 
inake a superficial check of the error; and 10) minutes prior to the 
yet time take the sextant to the place of observation but do not 
hold it open to the sun. 

(5) If a watch or stop watch is to be used, check it with the chro- 
hometer. 

(6) Adjust the chronometer correction u,, to the instant of obser- 
vations. 


B. Observations 


(7) Determine the index correction of the sextant, with a check 
if possible. 

(8) At the set time, rapidly take 3 to 5 altitudes of the limb of 
(he sun and note the time by watch, chronometer or stop watch. 
The instants of time are recorded either by the assistant observer 
or by the observer himself by the method of counting seconds given 
in Sec. 56. When measuring altitudes with the CH sextant do not 
forget about errors due to backlash. Turn the drum in one direction 
only, the same as that used to determine i. 

(9) If the maximum altitude is desired, continue observations 
until 3 to 4 diminishing readings have shown that the transit has 
heen passed. The maximum altitude is taken as the meridian alti- 
tude. * 

(140) Following transit (at about the same altitudes), again measure 
4 to 5 altitudes of the sun and note the times. The second set of 
observations is needed in order to eliminate any error due to inaccu- 
racy of A. and also as a check against blunders. 

(41) In low latitudes, note over which point (N or S) the altitudes 
were measured. 

(42) Half way through the observations, note 7',,, /r, course, 
und speed of ship If Jr has not been noted, compute it from the 
uverage 7,,. Take g, and A, at the median instant of observations. 
(heck the eye height of the observer. 

(13) If possible, measure the dip of the horizon. 


* This item is included only when determining @ from the meridian altitude. 


At 1275 
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C. Working Sights 


(14) Compute the mean sr,, and 7, a, in each round of sights 
(before and after the meridian). The observations prior to and after 
the meridian are worked separately so as to reduce the probabilily 
of any blunder. 

(15) Correct sr,, with corrections. If the dip has been measured 
with an instrument, introduce its value, and enter Table 8a MT-65, 
with the eye height e= 0. 

(16) Make an Sppromnale and exact calculation of 7,, and 


from MAE obtain #2. and b>: 

(17) Compute K = 100 tan p + 100 tan 6 by means of Table 171 
and from K and tz obtain r; (Table 176); if ry > 15’, then select 
the second term of the reduction, rj;, from Table 17s, and then 
compute r =r; +Ty,. 

(18) Add the reduction to the corrected altitude at upper transil: 
Hs =h-+r. At lower transit, subtract the reduction: H> = h—r. 

(19) Compute Z = 90° — Ho and @ = Z + 65 according to the 
rules for determining latitude from the mecidiat altitude. 

(20) From the two obtained latitudes compute the mean 


ape a 9 ; ‘ ° oy: 
Yo = ee and adjust it to the mean instant. If conditions do 


not permit working the second series of altitudes, it is common 
to confine oneself to @ > alone. 


Example 11. On 11.07.68 in the Bering Sea we expect to determine @ from 
the ex-meridian altitudes of the sun. At noon we take from the chart 
Pe w D4°N; Ac = 162°45’E; the ship’s clock keeps zone time ZD 12E. 


A. Preparation for Observations 


(1) T sh 42h12.07 (2) Time of transit (3) Time of obser- 
~ ZD 12 Trab | 12h 05m vations 
— AT, 00 ” 
Typ ~|Oh 12.07 ————————._ 7 | —f8h tam 
From MAE bs (| 22°N Tive |12 05 AT iim 30 
From Table 19 AT ,;m|30m d 10 51 ene aeier Lea eee 
— Ty 12h 44m 
‘T 1 14 onset 
uy? 12 T sh 13h 44m 
termination 
t 
T, | 43h 14m 


Plan the first set of observations for 13h8m and the second set for 13h 20m. 
Prior to observations, prepared sextant and obtained chronometer correction 
for instant of observations: u,, = —11m 52s. Instants of time noted by an assis 
tant. 
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8. Observations 


(1!) Index correction 
Oi, =359°28".4 ; 0ig — Oi, = 1°3'.6 
=, oe ae 
dig = 360°32’.0 ARG = 1°3'.2 
(2) First set of observations: 
ST (to S) T ch 


| oe 


57°33’ .2 1h 20m 56s 
33 .5 21 44 
34 .0 22 38 


At about 7.,=13h15m; Ir= 37.5; @e=54°17’N; Ae=162°48’E; course !32° 
(rue; speed 12 knots; e=13 metres; s= —36” = —0’.6. 
(‘$) Second set of observations: 


ary Len 


7°32" .6 1h 28m 55s 
32 .2 29 48 
32.0 30 25 


C. Working Sights 
First Set of Observations 


se | 43h 15m av. Tn | 1h21m 46s av.sr | 57°33’ .6 
rAD) 12 wen | —11 52 its | — 0.8 
V gr th 15m 11.07 Tyr | 41h 9m 54s h' 57 32 .8 
by 22°7’.7 (0.3) tr 193°39’.9(0’.2) Agoe | + 9 .0 
Nb 0 .0 At 228 .5 Aad | — 0.2 
b> | 22°7' .7N iD 196 8 .4 h 57 41 .6 
d 162 48 .0 fs 0 .6 
>, | 358°56’.4 H 57 42 .2 
=1° 3’.6E Z 32 17 .8 
86 22 7.7 
Po 54°25’ .5N 
100 tan @ 139 t=1°3’.6 _0' 6 
100 tan d 4A K =98 } a. 
K | 98 


33* 
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Second Set of Observations 


or 22°7' .7 (0.3) av. Tech th 29m 43s av. sr| 57°32’.33 
Abd — 0.1 Uch —11 982 i-+s — 0.5 
85 | 22°7" .6N ae 4h 17m 51s nh’ 57 34.5 
tr 193°39’.9 (0’.2) Agog 9.0) 
At 4 27 .8 Nad = 02) 
ter 198 7.7 h 57 40 .3 
yy 162 48 r 0.5 
tide 0°99" .7W H 57 40 .S 
Z 32 19 2 
5 22° 7 

Qo 54°23" SN 


T gh = 13h 14m 


go= eT 54°267.2N b= 56") 
K = 98 f 


r=0'.5 


IJ. DETERMINING LATITUDE FROM A NUMBER OF EX-MERIDIAN 
ALTITUDES OF THE SUN WITH A DERIVATION OF THE ERROR OF 
MEASURED ALTITUDE (SECOND PROCEDURE) 


A. Preparation for Observations 


Same preparation for_observations as in first procedure. 


B. Observations 
(1) Measure 7 to 11 altitudes of the sun and note instants ly 


chronometer. 
(2) At mean instant note 7,,, ér, course, speed of ship, and 
compass bearing of sun if sights are taken far away from the meridian. 
(3) Measure dip of horizon with a dipmeter if the latter is avai 


lable. 


C. Working Sights 

(4) Choose instant at which it is necessary to obtain the latitude. 
It is most convenient to adjust to a mean instant of time, that is 
to the third 73, fourth 7,, fifth 7; and so forth (bear in mind that 
this is not the arithmetic mean of the instants). 
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(>) Compute the declination and hour angle of the sun for this 
lintant. 

(6) From sr compute for this instant the total altitude correc- 
llon: Ah = i + s + Niot +- Nex 

(7) From @, and 63 compute AK = 100 tan » + 100 tan 6. 

(8) Find the difference As — TC, and from Table 16, MT-53, 
lind Ah, for ‘one minute. 

(1) Arrange computation routine as indicated in the example 
lelow. 

(10) In this form, make the difference AT Tl; — T, between 
mich instant of the chronometer and the mean instant (say 7's). 

(114) From Table 2, MAE, convert these differences to degrees 
wd add to (or subtract from) the hour angle for the mean instant; 
we then have the hour angle for each instant. 

Note. There are two other equivalent methods for obtaining 
lour angles: 
(1) Compute the exact time of transit (from A.) and take the difference 
lwtween this chronometer instant and the noted instants of 7.,, 
wx the hour angles; that is, 


fS AT cae AT i cn —T tran ch 


(b) Convert the hour angle at the mean instant (say ¢;) to units 
ul lime and find the difference At = t; — (75),,. Apply this diffe- 
rence to each instant and obtain ¢ = 7; + At which will be the 
lhour angles at the appropriate chronometer instants. These procedu- 
1x do not have any particular advantages. 

(12) Using each hour angle and the total K, take the reductions 
lrom Table 176. 

(13) Compute Ah, for each altitude; to do this, multiply the 
Alt, obtained above for one minute by the quantities A7™!, 

(14) Combine the corrections Ah, r and Ah, and we have AF, ,;. 

(15) Correct each sr with the total correction AH,,; and this 
wives us the reduced altitudes H,.4. 

(16) Find the arithmetic mean of H,,,4, form.the difference 
Hwa — Hey; and then pOmpune v? and Xv". 
gus 


and € = & == —=.- 


(17) Compute &, = + V - 


Compute Z,, = 90° — Hee. Qo = Za, + O35 and Q=—= Ot 
| v,. The @o obtained refers to the chosen instant (T5), to which 
fig’ ‘Tr should likewise be adjusted. 


Example 12. On 3.08.68 in the Barents Sea; course 185° true; speed 12 knots; 
imeusured a series of circummeridian altitudes of the sun (©) at about 7,, = 
(Zh 45m (ZD =: 4E); Ir = 43.5; g =: 68°11’.6N; A, -: 42°0’.4E; e = 
12.5 metres; i-+ s = —5’.5; u,, — Om 48s; TB > * 170°; readings and 
instants are recorded in computation form. 
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No. Ton ATmin, sec 
1 8h 37m 29s 7m 31s 
2 39 «34 9 26 
3 41 50 3 10 
4 43 21 4 39 
5) 45 00 00 
6 47 12 2 12 
7 49 4 4 04 
8 o1 4 6 04 
9 8h 52m 55s 7m 50s 
Auxiliary computations: 
(1) Ts, (124h 5m Ts 
ZD 4 Uch 
T gy | 8h 45m3.08 T gr 
(2) 100 tan @ 250 \ 
100 tan 6 | ct diet 
K | 219 
(3) Ay 170° 
TC 185° 
A—K 345° 
Ah, min + 0’.20 Table 16 


1°53’ 10°21’E 25' 4 
121 .5 9 50 23 .0 
AT .5 9 16 20 4 
25 8 53 18 .7 
00 8 28 17.1 
33 7 55 14.9 
1 01 7 27 13 .2 
4 30 6 58 14.5 
1°59’ 6°29’E 10 .0 
8h 45m 00s ie 17°28’ .0 (0.7) 
ae 48 Ad Bes 0.4 
8h 44m 12s 86 | 17°27’ .6N 
tr 298°28’ .5 (0.3) 
At 11 3 .0 
© 0941 
if tir 309°31’.5 
yy 42 0 .4 
av. t2, 351°31’.9W 
~ 8°28’ E 
(4) i+s —95’.9 
Table 8 Atos +8 .6 
Table 8a Aga —O .2 


Ah 
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hy ree Ans sr Hod = 8 + 4H oH og Hg, v2 
1.5 29’ .8 38°42’ .0 39°11’.8 +0.9 0.81 
14. 27 .0 43.6 10 .6 —0.3 U9 
10.6 23 .9 AT .2 11.4 +0.2 O4 
10.3 WA .9 48 .3 10 .2 —0.7 AY 
10.0 20 .0 51 .2 39°11’ .2 -{-0.3 09 
0.4 17 .4 53.6 11 .0 —-0.1 01 
0 .8 15 .3 55.0 10 .3 —0.6 36 
1 .2 13 .2 38°57’ .3 10 .5 04 16 
1 .6 11 .3 39°00’ .2 39°11'.5 0.6 0.36 

Hav 39°10’ .9 Sv2 = 2.41 

Z5 50 49 .1N 

85 17 27 .6N 

T n= 12h 44m Po | 68°16’.7N +0’.2 


ye ETE 
i) thot |/ nlf 2H 4 0'.55 


Posty = te +018 $0'.2 


Vn 
2 , 
Y prob = —3- En= £0 36 
Clim = d€, = + 1’.65 


lowway in latitude 5’.1 to N 


SEC. 128. DETERMINING LATITUDE FROM POLARIS ALTITUDES 


The altitude of the celestial pole above the horizon is, as we 
hnow, equal to the latitude of the position; for this reason, if there 
were a star in each of the celestial poles, it would be a simple task 
(i measure the altitude of such a star and correct it with corrections 
in order to obtain the latitude of the position. 

Ilowever, there are no stars in the poles themselves. But quite 
tour the north pole (Py) there is a rather bright star—a Ursae 
Minoris, called the Pole Star, or Polaris, because of its proximity 
tv. the pole. The coordinates of Polaris are : a = 1hd6m (29°) and 
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6 = 89°5'N (A = 55’). It therefore describes, in its diurnal motion, 
a parallel with a spherical radius of less than 1°. As a result, the 
azimuth of Polaris is always close to 0° (N), and it is always in 
the most favourable position for determining q@. For this same 
reason the altitude of Polaris is always close to the latitude and 
can differ from the latter only by a small quantity x (Fig. 246). 
The problem of determining @ from the altitude of Polaris reduces 
to finding this correction z, which is equal to the difference between 
the altitude of Polaris at a given instant and the latitude. 


Westwards 
ee 4 Wroe. ; 


Fig. 216 


Let us depict the sphere in the plane of the prime vertical from 
P x (see Fig. 216); let the small circle aa, be the parallel of diurnal 
motion of Polaris; points a and a, are the upper and lower transils 
of the star; C is the position of Polaris at a certain instant; PC 
is its meridian, ZC the vertical circle, and bCb, is the parallel of 
altitudes of Polaris. 

From the figure it will be seen that: 

(1) The altitude of Polaris may be both greater and less than 
the altitude of the pole, equal to @ (the parallels of altitudes pp,) 
and the correction x may be both positive (the section pjayp) and 
negative (the section pap,); that is, the sign x is determined by 
the hour angle ¢ of Polaris. 

(2) This correction will have maximum value, equal to A - 
= 90° — 6 = 55’ at instants of upper transit (a), where z= — A, 
and lower transit (a,) z = +A. At the instants of upper and lower 
transit, the hour angle of the star will be 0° and 180°, while the 
local sidereal time at these instants will, from formula S = ¢ + a. 
be Sloe Pet Oe 29° and S toe = Ay + 180° = 209°. 
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The correction x = O for positions of the star on the parallef 
of altitudes pp,;, that is, for S,;,, = 119° and S),,. = 299. 
From Fig. 216 we write 
p==h—x (*) 
whence 
h-=@+x (**) 


Regarding the triangle P,CD as a plane triangle (to a first 
upproximation), we get the formula 


x--A-cost (21.26) 


which may be used for approximate computations. However, the 
lriangle is really not plane, and so a more precise formula may be 
derived from the basic equation obtained from the spherical triangle 
P\CZ 
sinh=-sin @-sin6-+cos @-cos 6-cos t 
Substituting expression (**) for hk and replacing 6-.-:90°—A, 
we get 


sin (p+ zx) =sing-cos A+ cosq-sinA-cost 


Expanding the left-hand side and replacing the sines and cosines 
of small angles z and A with one or two terms of the Taylor’s series. 


2 


: ‘ oO 
(that is, sina =a’ arc 1’ and cosa = 1 — > arc? 1’), we have 


‘ x’ 2 
sin @ (1 Se arc? 1"| + cos @-zx’-are 1’ = 
ny 


== sin @ (1-4, arc” 1'] +cos @p-A’-arc 1’-cos t 


whence, after simplifications and dropping the minute symbols (’),. 

we get 

x2— A2 
2 


x- A-cost-!- tanq-arc 1’ 


The: second term is small due to the factor arc 1’ = — , for 
(his reason we take tang ~ tanh, and replace z with its first 
approximation from the formula (21.26). After simplification we 
have 


A2, 
x= A-cost ———sin?t-tanh-arce 1’ 
Since t=S—a, we can write 


2 
xv == A-cos (Stor — @) ~-5~ sin? (Sioe —@) tan h-arc 1’ 
During a single year and from year to year, the quantities A 


and a of Polaris vary mainly due to precession and aberration; 
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for the sake of simplicity, we take their mean values for the given 
year Ay and a); the changes that this entails are taken into account 
in an additional term; adding and subtracting Aj-cos (S;,. — Go) 
we have 


at = Ao- cos (Sige — Ho) — 3 sin? (Stoo — A) tanh-arc 1’ 
— [Ag- cos (S joe — &o) —A-COS (Sjoe—)] (21.27) 


Then by formula (*), we have in the general form 
@ =h— Ag-cos (Sige — Oo) + So Sin? (Sjo¢— Oo) tan h-arc 1’ 


+ [Ag- cos (Sio¢e —%) —A-COS (Spoe—)] (21.28) 
Or 
g@=A-+I+1T1+ II (21.29) 


Almanacs (MAE) contain tables of “The Latitude from the Altitude 
of Polaris” for each year compiled on the basis of formula (21.28). 
These tables are broken down into three tables: 

Table I gives the values of the correction I = —A,)-cos (S;,, — 
— Qo), which represents the principal values of x; the argument for 


entry is the sidereal local time S),. = the: 
Table II gives the values of I] = zi sin? (S — a) -tan h-arc 1’, 


which are corrections for the sphericity of the triangle; the arguments 


are Sj, = ty‘, and h of Polaris; 
Table III gives the values of III = [Ag-cos (S;,. — a) — 
— A-cos (Sj5¢ — @)], which are the corrections for change ol 


coordinates with time; the arguments are S,,, = the and the date. 
For ~ computed to within 1’, quantities II and III of the corrections 
may be disregarded up to latitudes of 50°. These corrections should 
definitely be included for greater latitudes and for an accuracy 
up to 0’.14. 

These tables are arranged differently in the almanacs of other 
countries. For instance, in the British-American Nautical Almanac 
all three corrections are given in a single table, the first corrections 
being increased by 1° to obtain positive values. Then 1° is subtracted 
from the @ obtained. 

This method for determining @ may be applied in twilight; and 
if the horizon is visible, then at any hour of the night, during the 
entire year and nearly in all northern latitudes from 5°N to 79°N. 
It is inconvenient to measure the altitude of Polaris any farther 
north. 
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bo 
Ww 


I]. THE EFFECT OF SYSTEMATIC ERRORS 


The effect of systematic errors in the hour angle of Polaris on @ 
will be practically negligible, as is evident from the variation of 
ihe largest correction | with time. Let us differentiate formula 
(21.26): Ax = A-sin t-At-arc 1’, whence for At = AS = 415’ and 
/-= 90° we have Ax = 0’.2; that is, even if the error in longitude 
is 45’, then the error in latitude will be less than the observational 
nccuracy. 

The only way to eliminate errors in measured altitudes is by 
observing another star (in addition to Polaris) in the opposite 
part of the meridian or near it and by averaging the two latitudes. 
Since this is rarely done, the latitude obtained from Polaris contains 
systematic errors in altitudes. 


JJ]. THE EFFECT OF RANDOM ERRORS IN THE ALTITUDE OF POLARIS 


The effect of random errors may be reduced by taking 3-5 altitudes 
of a star with subsequent computation of the mean instant and 
mean altitude. Due to the effect of errors, the parallel of latitude 
computed from Polaris should be represented in the form of a “band 
of latitude” like that discussed for altitudes near the meridian. 

Practically speaking, determination of latitude from Polaris 
involves: 

(1) measuring 3-5 altitudes of Polaris and recording the instants 
(o within 10 seconds, noting 7,,, Jr and taking A, from a chart and 
also @, for comparison; 

(2) computing the arithmetic mean of sextant readings and chrono- 
meter times; 

(3) computing 7,, and from MAE, obtaining the = Sige. Correct 
uverage sr and obtain hy; 

(4) taking from MAE corrections I, IJ, and III and applying 
them to hy with appropriate signs. 


Example 13. On 12 September 1968, measured three Polaris altitudes and 
recorded instants in Black Sea during evening twilight on course 5° true 
ut 12 knots speed at about 7,,=19h 50m (ZD= 3E); lr= +7.3; @e = 45°33'N; 
A, == 380°20’E. 


ar | Len Corrections: ue~=-+ 1m 8s = im 10s 
! its=—2’.7 


45°23’.5 | 4h 48m 30s e=10.6 metres 


23 .0 49 20 
24 .2 00 40 
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(14) Tsp) 19h 50m av. Ton 4h 49m 30s (2) av. sr | 45°23".6 
~ ZDy 3 Uch -- 1 10 i+s i 2k 
Tyr | 16h50m 12.09 Tgp | 16h 50m 40s h’ 45 20.9 
res 31°43" A Atot sae Oi8 
At 1242, A pee 
ees hnot A514" 
a, || 2iae8s": feomgt 1) 23:20 
Th 30 20 from i. andhk II|/-+ 0.3 
| ¥ 
ex | 274045" .2 ORE gene 
date III}/+ 0.1! 
(6 45°37 .5N 


Leeway Ap=%’.0 along course 


From a series of 7-9 altitudes of Polaris it is also possible to derive a mean 
error Of altitude measurement of stars. In this case, each altitude is worked 
separately for its own instant of time and then reduced to the zenith of the mean 
altitude. When the latitudes are obtained, the mean is computed and the mean 
square error €, — €, is obtained, as usual, from the deviations from it. 


SEC. 129. RELATIONSHIP BETWEEN A PARALLEL OF LATITUDE 
AND AN ALTITUDE LINE OF POSITION. THE LIMITS FOR 
REPLACING AN ALTITUDE LINE WITH A PARALLEL 


From equation sin hy = sin @y-sin 6 + cos @p-cos 6-cos¢t it is 
seen that there is a close relationship between the @, being deter- 
mined and the observed altitude hy. Graphically, on a chart, ho is 
expressed by a circle of equal altitudes or—on a small section—by 
an altitude line; the latitude @) is graphically expressed by the 
parallel @o. As we know from the properties of an altitude line, the 
common point of these two lines will lie on the meridian of the 
D.R. longitude. Let us consider two problems: 

(1) How can we determine gy, from an altitude line of position 
plotted on a chart? 

(2) Within what limits can an altitude line be replaced by a 
parallel of D.R. latitude? 

We shall solve these problems graphically. 


I. OBTAINING THE LATITUDE FROM AN ALTITUDE LINE OF POSITION 


We assume that an altitude line I — I has been laid down on 
a chart from D.R. (computed) position M, (Fig. 217). From the 
properties of an altitude line considered in Sec. 106 it follows thal. 
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point D,, where the altitude line intersects the meridian A,, lies 
on the parallel g;. Hence, to obtain @, it is necessary to find on 
the chart the point of intersection of the position line with the 
meridian A, and to take the latitude of this point, which will be @,. 
The greater the error in A, and the farther the body from the meri- 
dian (A =4180° or 0°), the greater will be the error in @o, as is clearly 
seen from Fig. 217, where point D; corresponds to Ag, and D, to 


Fig. 217 


the erroneous A.. The difference Ag between the parallels of these 
points corresponds to the error in q, due to the erroneous longitude. 
It is clear from this figure that the altitude line of position is inde- 
pendent of m, and A,, whereas the computed q@, depends on the longi- 
(ude. 

Practically speaking, the latitude computed from reduction tables 
or otherwise may not coincide with @» obtained by the indicated 
graphic method due to the different magnitudes of errors of the 
methods and of computations. However, these discrepancies are 
ordinarily slight. 

lf there is a systematic error A in the observed altitudes (see 
lig. 247), the latitude @, obtained will include this error increased 
sec A-fold; the same applies to random errors too. 


II. THE LIMITS FOR REPLACING AN ALTITUDE LINE OF POSITION BY 
A PARALLEL OF OBSERVED LATITUDE 


Let us assume that the observed position M, (Fig. 218) is obtained 
from two altitude lines of position, the first of which corresponds 
to the ex-meridian altitude. We can also compute g, from the same 
altitude; then, as shown above, the parallel of this latitude will 
pass through point D, on meridian A,. If M,, the point of intersec- 
(ion of the parallel @, and the line //—/J/T/ is taken as the observed 
position, an error will be committed in the observed position equal 
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to the segment M,)M, = A. This error always occurs when combina 
tions are applied of an altitude line of position and a parallel of 
latitude; these are the so-called particular cases of determining 
position: “morning—near noon”, “near noon—evening’, and so forth. 

The exact formula expressing the linear error A in terms of Ah, 


and Ah, is rather cumbersome; a simpler formula may be obtained 


Fig. 218 


by applying the error in departure D,F = Ao = (Ay — A,) cos ( 
and the error in the resulting latitude M)>F = Ag. From the right 
triangle M,)FD, we get a formula for the error in latitude 


Aq sus Ao: tan A, 
and from the triangle M)M,F we have 
Ag = A-cos (90° — Ag) 


or 
A = Aq-cosec 4s = Ao- tan A,-cosec Ay (21.30) 


In other words, the linear error in the position depends on the possible 
error in the computed longitude (departure) and on the azimuths 
of the celestial bodies. It will be seen from this formula and Fig. 217 
that A is zero in two cases: if A,= 180° (0°) or Ao = 0; that is, 
if the first body was observed exactly on the meridian or if the 
error in longitude is zero. 


Conclusions 


(1) In the general case it is theoretically impossible to replace 
an altitude line of position by the parallel qo. 

(2) Practically speaking, it is possible to replace an altitude line 
by a parallel if the body is located on the meridian or very close to il. 
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(3) In order to plot position line for a known Ag, compute the 
wzimuth and construct the line by the “latitude method” (see 
‘ig. 219 and Example 14). 


Fig. 219 


Example 14. Using the data of Example 12, we have for one altitude at. 
lime To, = 12h 45m; sr = 38°51’.2; T., = 8h45m00s; gq, = 68°11'.6N;. 
Ae = 42°0’.4E, 


T gr=8h 44m 12s 
t >, = 8°28'.0EF 
6 5 = 17°27'.6N 
h = 38°51’ .2 4-2’ .9 == 38°54’.4 


Let us presume that earlier, at 7,, — 9h 20m, we obtained the first line with 
A,,; = 50°.5SE, h —h, = —6’.0. Find: (a) the latitudes by reduction and by 
the second line; (b) the ‘ship’ s position at 7,, — 12h 45m from two lines and from 
the tat line and Qo; (c) the error A due to "replacement of the second line by the: 
parale 0° 

© Solution. 1. Determine the elements of the second altitude line at 7,, = 

: 12h 45m; the results are: Az = 10°.24SE; h, = 38°58’.8; h — hh, = 38°54’.1— 

- 38°58'.8 = —4’.7. 

2. For the ex-meridian altitude at time 7,, — 8h 45m 00s from Example 12 
we have r — 17'.4; H = 39°11’'.2; we obtain 


Po = 50°48’. 8N 4- 17°27’.6 = 68°16’.4N 
AQG=Go— 9, = 4.8 to N 


3. We plot the line (Fig. 219). 
4. The graphical construction yields the following: 
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(a) as we see, the latitude of point D of the altitude line practically coincide 
with @p from item 2; 

(b) the ship’s position given by two lines will be at point Mo; 

(c) the ship’s position given by the first line and q@p will be at M,; 

(d) the linear error in position A taken from the figure is: A == 1’.2: 

(e) computing the error A from formula (21.30) with the following data 
(in the meaning of the formula): A,2 == A; = 10°.24, Ag, = Az -= 50°.5, Ao 
= 4’.5 (from figure), we have A -.- 1’.07 = 1’.1; 

(f) the observed coordinates of M, (based on two lines) are 


{ Po = 68°15’.6N 
L Ag 41°48’.2E 
(g) erroneous coordinates of point M,: 

(p,: -- 68°16’.4N 
Ay 41°50'.4E 


T p= 12h 45m 
TP pe] 4tZh 45m | 


SEC. 130. ESSENTIALS FOR DETERMINING LONGITUDE AT SKA 
FROM ALTITUDES OF CELESTIAL BODIES AND 
A CHRONOMETER 


In Sec. 41 it was established that the times or hour angles al 
different meridians differ by the differences of their longitudes ani 
if one of the meridians is the prime meridian, then the difference 
is the magnitude of longitude of the second meridian, that is, 


tip yt LT gr a Ne 
or 


Ag pic lioe — tyr (21.51) 


where ¢;,, alid ¢,, are necessarily west hour angles of the body. It 
tioc >> tgry by an amount less than 180°, the longitude is east; but 
if the difference is greater than 180° or if t;,. <t,,, then the longi 
tude is west. 

It is this latter equality that is ordinarily used to determine 
the longitude. The quantity ¢,, is obtained from the MAE by the 
chronometer time and is directly dependent on its readings; for 
this reason, it is often called the “method of transporting chrono 
meters”. 

The local hour angle t;,, may be computed from the astronomical 
triangle of the celestial body from the following data: the measured 
altitude, the declination of the body and the computed latitude. 
Using the formula of the cosine of a side, we have 


sinh=sing-sin6 + cos @-cos 6-C0S tig (*) 
whence 


COS tice = Sec M-sec 6-sin h— tan g- tan 6 (21.32) 
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nai hcen, oi sas tt 
Ky substituting, in this formula, cos tj. = 1— 2 sin? 2" , we have 


n second formula after some manipulations: 
tion cos (p—5)—sinh _ cos(g—d) sinh 


ain 5 == 2 cos p-c0s 6 = 9 cos p-cos 8 1a ey | (24.33) 


Formula (21.32) is used if ¢,,- >> 60°, and formula (21.33) if 
luce << 60°. 

When computing ¢,,, by (24.33) bear in mind that after taking 
ree ae taken 
cos (p—46)]’ is B ta 
from the Gauss Tables for differences of Arg = log cos (g — 6) — 

- log sin h. 

Take the calculated ¢;,, and convert it to west hour angle, then 
wo have 


lags the term in brackets, that is log E — 


A= toe — tgp 


SEC. 131. PARTICULAR CASES OF DETERVINING POSITION FROM 
AN ALTITUDE LINE OF POSITION AND A BODY NEAR 
THE MERIDIAN (gq) OR THE PRIME VERTICAL (1) 


Particular cases for determining position, by which are meant 
determinations based on an altitude line of position and the parallel 
(Yo or the meridian Ag, obtained analytically, are at present applied 
to the sun only. The methods for determining position from sun 
altitudes near the meridian or off it (that is, by latitude and position 
line) are known as “morning—noon”, “morning —near noon”, “noon— 
evening”, “near noon—evening”. 

The first two methods consist in advancing the morning altitude 
line of position J—IJ by dead reckoning to the meridian D.R. 
point Me. (Fig. 220a) and combining it with the latitude obtained 
from the meridian or ex-meridian altitudes. The latter two methods 
consist. in the fact that the parallel of latitude @) obtained at noon 
or near noon is advanced by dead reckoning to the instant when 
the second line J7—IJI is determined and is combined with it 
(Fig. 220b). Here, dead reckoning from noon may be done in two 
ways: 

(a) From point D, with latitude @} and the original A;. In this 
case, when laying down the second line //-I/J, the observed position 
lies at the point of intersection with the parallel @), the estimated 
(computed-observed) point Do. 

(b) From point Mz dead reckoning is performed as usual; here, 
the parallel g; is not laid down, but the difference Ag == 9, — qe 
is found. 


$4-- 1275 
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After determining and plotting the elements of the second line, 
the quantity Ag = @, — gq; is laid down from the second compulad 
point Mc and we have the parallel go; (the actually computed-obser 
ved parallel). 

From the analysis given in Sec. 129 it follows that in the cases 
under consideration a plotted parallel @ ) may replace an altitude 
line of position provided that we have measured the meridian altitudo 
of the sun or an altitude very close to the meridian. 

Due to the fact that at sea one always measures the maximum 
altitude of the sun, which, especially at high speeds and when sail 
ing in high latitudes, may not coincide with the meridian altitude, 


A; 
Mp 
Q, 
0 
y' 
i. 2 


Fig. 220 


it may be that in this case too the parallel will deviate considerably 
from the altitude line. For this reason, substitution of a parallel of 
latitude for an altitude line of position is always approximate. In all 
these cases it is best, after determining @ , to find the difference 
Ag = Qo — #, and the azimuth: A° = ¢-cos 6-sec h; after laying 
down the azimuth line through point D, (@,, Ac) at a distance Ay 
from the D.R. point, draw through D, a line of position perpendi- 
cular to the azimuth line up to intersection with the J/-II line 
(or I-I line), as shown in Fig. 220a and b. We get more exact observed 
positions M that do not coincide with Mp. 

To conclude, it should be noted that in place of the particular 
cases of determinations via sun altitudes “morning—near noon’, 
“near noon—evening”, and others, it is much better to apply the 
general case of determining position from position lines. At night 
it is also better to work the altitudes of observed stars by the altitude- 
line method which is more universal, while the computations are 


routine. 
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Example 15. On 7.07.68 at about 7;, = 12h 20m (ZD = 0); Ir,= 17.5; 
vourse 148° true; speed 12 knots; g, = 60°7.0N; A, = 3°2’.0E observed three 
x-meridian altitudes of ©: av. sr 52°0’.5 (S); 7., — 1h Om 55s; uy, = 


Oh 40m 4s; i+ s = —4’.0; e = 10.4 metres. 
Determine gpg and Ao applying the special case “near noon — evening”. 
(I) Tsp 12h 20m Len 1h 00m 55s (2) sr 51°57’ .3 
ZD 0, Uch 0 40 4 its —4 .0 
Tr | 12h20m7.07 Tr | 12h 20m 51s hn’ | 51°53".3 
5, — |. 22°33’.3 (0.3) tr 398°47’ .6 (0. 2) Atot + 9.6 
Ad —0 1 At 912 .7 Nia — 0.2 
85 | 22°33’ .2N 19 4 0.3 h> | 52° 2.7N 
AE a 2240 r 19 .6 
{2 23 H> | 52°22’.38 
a~T° 2’W Z 37 37 .7N 
5 22 33 .2N 
(Lo 60°10’.9N 
De 60 7.0 
(3) 100 tan 174 
100 tan 6 42 Ad 3’.9 
towards N 
K | 439 
r=19".6 
Supplementary computation of A, by BAC—58 tables 
Ar 169°.5 
NAg 0 .0 
AAs —0.1 
A, 169°. 4NW 
=190°.6 


At T sna= 15h 53m; lro=61.0 (Al=0%) measured three altitudes of ©: 


WV. sr=33°36’.8; To,p= 4h 34m 40s; i+s=——3’.4; other corrections are the 
anime, 


(4) Ire 61.0 Pet 60° 7’.0 het 3° 2’.0 TC == 148° 
lr, 17.5 l —36 .9 DLo 45 .8 Dep.=23' .1E 

nA aes : 20 39 . 
diff. dr | 43.5 Peco | 99°30’ .1N Meo | 3°47’ .8E 3 : : 
0.1] 0.2 


DLo | 45’.8 
From MAE 
24% 
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(5) Ten 4h 34m 40s Sr 22°32’ .5 (0.3) tp | 43°47’ .3 (07 0) 
Uch —40 4 AS —0 .3 At | 13 38 .9 
Tg, | 15h54m36s | 22°32’.2N t2. | 57°26’.2 
. | 347.8 
t>. | 61°14’ .0W 
(6) 8=22°32’.2N| 7. | 63085 
t=61 14 .ow| S 6353 | 7 75 934 
2—40 46 .2N|T | 69438 |S | 2444 
27799 30 .1N P 73 520 
+ 
90 + (@_.—z) = 108°43’ .9 s 9866 |T | 80418 
Ap = 16°53’ .8 = 76°. 9SW r | 83386 | s | 42804 
Ie = 33°45’ .8 r | 67227 
(7) sr‘ | 33°34’.0 
its — 3.4 
h’ | 33°30'.6 
Atot 85.8 
Aad — 0.2 
ho | 33°39" 2 
he | 3345 .8 
hos-We | == 6" 26 


Fig. 221 


(8) Plot from second D.R. position Meg (Fig. 221). 
Replace parallel with a line. . 


Pe | 59°30’ .4 hea |3°47’.8 

re DLo |+44’.8F | T,y=15h 53m; [r= 61.0 
tC LL Leoway C= 67°—6’.5 
po | 59°32’.8N Ao. (4°. 2”. 6F 


Note. If the parallel gg is taken instead of constructing at point D azi. 
muth A, of the circummeridian altitude hy, then the position will be at 
point M, and will be in error by 1.2 miles. 


C H A PT EK R22 


SPECIAL METHODS FOR DETERMINING THE POSITION 
OF A SHIP AND ITS COORDINATES AT SEA 


SEC. 132. FINDING THE POSITION FROM SUN ALTITUDES FOR 
SMALL AZIMUTH DIFFERENCE (BRIEF SUN SIGHTS) 


As we know, the most favourable difference of azimuths in sun 
xights varies from 35° to 70°, which makes necessary a time interval 
hetween observations of 1.5 to 4 hours. In certain cases, observa- 
tional conditions do not allow for a second set of observations, for 
Instance due to impending cloud or fog or if the navigational situa- 
tion imperatively demands a determination of position. A second 
round of sights may then be taken even if the azimuth difference 
ix less than 30°, but the accuracy of the running fix will be less and 
will decline with diminishing difference of azimuths. 

Attemps to establish a sufficiently accurate brief method of deter- 
mining position in the daytime have been made since the end of 
the eighteenth century. The first proposals involved determining 
only latitude; later, a joint determination. of @ and A of a position 
was suggested. Among similar methods developed this century, 
mention should be made of that of E. Willis for determining g and A 
from the altitude and its mean rate of change advanced in 1927, 
method proposed by Professor V. Berg (1938-1941), B. Khlyustin 
(1945), A. Deitsch (1945), and, finally, V. Kavraisky (1942-1948). 

The first three methods are based on the following principle. 
If two altitudes (hk, and h.) of the sun are measured with a certain 
lime interval between the measurements and the instants (7, 
and Y,) are recorded by a chronometer, then on the basis of 
formula (3.10), Sec. 14, 

Ah=sing-cos 6-AT 
we have 


; ~ sec 8 (22.1) 


where h, — h, is expressed in minutes (’) and 7, — 7; in seconds (s). 
After obtaining g, we can compute @ and ¢;,, from the astronomical 
triangle using the formulas 
sing =sinh-sin6-+ cos h-cos 6-Cos 
P 2% 1 ) (22.2) 


Sin tjpe = Sin g-cos h-sec @ 
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and, finally, 
= troe = lar 


Here 5 and ¢,, are obtained from the MAE using 7 g,. 
In formula (22.1), sin g is computed from the mean rate of change 
of altitude, which in the general case does not correspond to the 


” dh. ge . 
“true” rate 473 10 addition, the effect of random errors in the measure 


altitudes h, and h. increases drastically when their difference is 
small. For this reason, the above method does not yield sufficiently 
accurate coordinates. 

Attemps have repeatedly been made to eliminate these drawbacks. 
However, as Professor Kavraisky has shown, transformations of 
the formulas cannot improve the results of determination of coordi- 
nates, because the relationship between the differentials of tho 
variables cannot change due to an identical transformation of the 
formulas connecting these variables. Consequently, neither does 
the effect of observational errors depend on the kind of formulas 
used to work the sights. The sole requirement is that these formulas 
should be correct and then errors of computation may be disregarded. 

Formula (22.1) contains an error due to ignored acceleration ol 
a celestial body in altitude, which increases with increasing A7’;; 
which means that the formula itself is insufficiently accurate. 
In addition to observational errors, there may also be errors duc 
to inaccuracies of the very method of working sights. For this reason, 
when the azimuth difference is small it is best to apply the ordinary 
method of observations and working of sights; but when plotting 
(in order to reduce graphical errors of construction, which are parti- 
cularly noticeable for small angles AA) it is best to apply thw 
so-called equivalent lines of position (which always intersect at 90) 
according to a method proposed by Kavraisky. Then the effect ol 
graphical errors is reduced, but the effect of random observational 
errors naturally remains the same as for two position lines. 

To obtain equations of equivalent lines, we transform 
the equations of altitude lines of position (18.31): 


Ah, == Aq-cos A;-+ Ao-sin A, 
Ah, = Aq-cos Az -+ Ao-sin Ag 


where Ao = AA -cos g. 
Forming the half-sum and half-difference of these equations ani 
replacing the sums and differences of the functions, we have 
5 (Als + Ahy) = Ag-cos fot At cos for 
Ag— A, 


, A 
+Ao-sin 2F“t cos : 
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a (Ah, — Ah) = — Ag-sin BEAL sin AoA 
+ Ao-cos 2“! sin aaa (22.3) 
Introducing the notations 
6 BaP ANN Ayy; Ag— Aye AA 


ang factoring out, we have 


Aq: cos Aap = Ao-sin Agy = > (Ahz + Ah,) Sec oa = Aq: sin Aap -|- 


+ Ao-cos Agy = 5 (Ah, — Ah,)-cosec aA 
If in the latter equation we take A,,-+ 90° and denote the terms 
on the right-hand side of the formulas by 
n= (Ma-+Ahy)-sec ==} 
{ Rat (22.4) 
m= > (Ah, — Ah,) -cosec a | 


we finally get 
n= Aq@-cos Ag, + Ao-sin Agy 
m = Aq -cos (90° + Agy) + Ao-sin (90° + Aap) 


Formulas (22.5) are equations of two lines of position that are 
equivalent to altitude lines of position but always intersect at 
un angle of 90°. The first line is sometimes called the “sum” line, 
and the second, the “difference” line. 

The elements of these lines are the quantities m, n, A,, and 
90° + A,q,; here, m and m are computed from (22.4) in which the 
quantities Ah, = (h — h,),, Ah, = (h —h,)2, A, and A» are com- 
puted in the usual way, but using the most accurate tables and 


(22.5) 


formulas. It is best to use formula sin? = with five-place tables 


Of logarithms. 
To compute m and n, the difference AA = A, — A, is obtained 


lo within 4’ with its sign, and A,, = “2! to within 0°.1. The 


quantity n may be computed from the natural value of sec aA and 
hy slide rule; but m should be computed with logarithms, for which 
purpose the half-difference + (Ahz — Ah,) is determined to hund- 
redths of a minute. 
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Lines nm and m may be constructed both on paper and on a chiar‘ 
in the following sequence: 

(a) at the second instant, the line of average azimuth A,, is 
plotted from the D.R. position M, (Fig. 222); 

(b) lay off along this line the quantity n towards the star if we 
have +n, and away from the star if —n (on the distance scale): 

(c) through the determining point K thus obtained, draw a straight 
line J’-J’ perpendicular to the line of A,,; 


Fig. 222 


(d) lay off m on the same scale to the right. or to the left. 

When looking towards the J’-I' line from the D.R. position M.,., 
m is laid off to the right when m and n have the same signs, ani 
to the left when m and n have different signs. At the end of segment. 
m we have the observed position Mo. 

From Fig. 222 it is seen that construction of m and m is equivalent 
to the construction of two altitude lines of position, only the distance 
to the point of their intersection (m) is determined analytically. 
which is somewhat more precise than in graphical plotting. This 
same figure also readily yields expressions for nm and m. 

In place of computing m and 7 it is also possible to use the ordinary 
method of plotting lines, but to a large scale and with precisely 
plotted azimuths and lines (done with the aid of a protractor, for 
example). 


J. THE EFFECT OF RANDOM ERRORS IN THE DIFFERENCES h — fh, = Ab 
ON THE ACCURACY OF A RUNNING FIX 


In the case of a small azimuth difference, it is best to evaluate 
the area of the probable position of the ship by the construction 
of an average ellipse of errors. Expressions will be obtained for 
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(he average errors in x and m if each of the terms in equations (22.4) 
in squared and if we pass to the mean errors €,, &,, and &,, and 
luke the arithmetic mean errors of two rows of observations as. 
mual: 4,4 = Sane = &. Then 
0 and &,=+——*——_ (22.6) 

= . AA 

V2-sin —— 


ty = 


+ ee 
V3-cos + 


Comparing these formulas with expressions (20.11) for the semiaxes. 
of an error ellipse, we see that €,, = a, which is the semimajor 
wxis, and s, = b, which is the semiminor axis. 

From the formulas (22.6) it is seen that the smaller the azimuth 
(lifference, the greater is ¢,,, which means that the position gradually 
(urns into a “band of position” along one of the lines. 

Thus, if from five observations ¢) = +1’.0 and AA = 5°, then 
Uy, = £16'.2, &, = +0’.71; if e, = 0'.4 and AA = 10°, then 
Min = +3'.3, &, = +0’.28. In the second case the position is rather: 
reliably obtained. 

Obviously, to enhance the accuracy of determining a position 
lor small azimuth differences, one should pay special attention 
(0 accuracy in measuring altitudes and working them: observe a 
nol. of 5-7 altitudes with a check by Table 15, MT-63, and from them 
obtain mean values; take all measures to improve quality of observa- 
tions as indicated in Sec. 85 and compute h, by the most precise 


mothod ( by sin? =). In addition, try to avoid too small azimuth 


(lifferences (less than 5°), in which case the position is very unrcliable.. 
When using an artificial horizon (in areas 
with ice, for example), accuracy in altitude 
incasurements is higher, and for AA > 5° 
(he determined position is rather reliable. 

When constructing the area of the prob- 
whle position of the ship, it is best to 
double the axes of the ellipse to increase the 
probability of finding the position in the 
urea obtained. 


II, THE EFFECT OF SYSTEMATIC ERRORS 


Irom formulas (22.4) it is seen that re- : 
curring errors in intercepts are eliminated 
ln m and remain in nm. For this reason, 
ilue to the effects of systematic errors, the 
wntire area of the ellipse (Fig. 223) will be displaced along the: 
wxis A,, by the magnitude of the expected systematic error A, 


Fig. 223 
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and the area of the possible position of the ship is appreciably increa- 
sed. Hence we must take measures to eliminate systematic errors. 

To improve reliability and accuracy in determining a position 
for small azimuth differences of the sun, it is best to have an assistant 
observer. 


Conclusions 

1. If it is necessary to determine the position by the sun in the 
case of a small azimuth difference, use the graphical method of 
plotting nm and m. 

2. For small azimuth differences, the position obtained is inaccura- 
te due to the effects of random errors of observation, and becomes 
worse as AA diminishes; for AA < 5° the method is no longer 
applicable. 


Example 1. On 4 March, 1968, in the Pacific Ocean at about 7.,= 
= 12h 20m (ZD=10); TC =268°; speed 14 knots; measured 5 altitudes of © 


and noted chronometer time. Av. ST = 41°27'.0; av. Tep= 2h 23m 353s; Qo= 
—=41°30’.ON; Ag =143°19’.0E; uep= —2m 12s; it-s=-+0'.8; e=14 metres. 
First set of sights worked: 


Ten} 12h 20m 4.03 Ton | 2h 23m 53s sr | 44°27'.0 
ZD | 10 Uch —2 12 i+-s +0 .8 
Tr | 2h 20m 4.03 T,r | 2h 21m 44s h’ | 44°27'.8 
Sp | 6°40’.4 (1.0) tr | 207°00’.6 (0’.4) Atot +8 .4 
AS —0.4 At 9 29 .2 Aad +0 .1 


6 6°40’ .0S 
> | : boy) | BA2°25 528 h | 41°36'.3 


+ XW | 143 19 .0 


t, | 355°44’.8W 

=4°15' .2E 
t= 4°15'.2E sin? | 7.13895 | sin | 8.87021 
S== 6 40 .0S cos | 9.99705 | cos | 9.99705 
p=41 30 .0N cos | 9.87446] — - 


, cosecz| 0.12673 


m+6= 48°10’ .0 sin2 9.22412 II 7.01046 | 
or 0.00266 Arg | 2.21400 sin A | 8.99399 


Ae 9°39’ .6SE 
a eerie: =~174°20' 
sin? | 9.22412 he 44 40 .6 
Ze 48°19’ 4 Rh 41 36 .3 


h—he wn 
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Second set of observations: 

Due to deteriorating visibility and the necessity to obtain a running fix 
upon entry into straits, second round of observations made at 7,, — 12h 56m; 
aV. STG) = 41°27'.1; av.T., = 2h 59m 54s.5. Ship’s run S — 9.0 miles, with 


current taken into account, TC — 268°; 1 — 0’.3 towards S; Dep. = 8.99; 
DLo = 12'.00 to W: qo = 41°29’.7N; Aco — 143°7’.0E. 


Set of sights worked: 


Ten | 2h59m 548.5 8 | 6°40’ .4 (1.0) sr | 44°27'.4 
Uch —2 12 Ad | —1 .0 i+s| +0 .8 
Tgr | 2h57m 42s.5 6, | 6°39’ .4S h’ | 41°27'.9 
tr 207°00’ .6 (0’ .4) Atot +8 .4 
At | 1425 .8 Aad +0 .1 
(2 | 221 26 .4 nh | 41°36'.4 
A | 143 7 .0 
tioc | 364°33’ .4W 

= 4°33’.4W 

t= 4°33’.4W sin? | 7.19876] sin | 8.90007 

d= 6°39’.4S cos | 9.99706 cos 9.99706 


p=41°29’ .7N cos | 9.87449 — = 


ike capaaall ae | ae cosecz | 0.12667 
p+6=48° 9’.1 | sin? | 9.22121 | Ir | 7.07034 
@ | 9.00305 | Arg | 2.15090] sina | 9.02380 
sin2 | 9.22426 A, a pa = 

ee h 4140.4 
Cc e 

hk 41 36 .4 

h—he 3/7 


Computation of line elements: 


n== —4’ .0-sec 5°52’ & —4’.0 


Aha | —3’. 7 Ay | 186° 3’ + 0'.30 | log | 4.4774 
Ah, —4’., 3 A, 174°20’ 9°91’. 5 | cosec| 0.9911 
mer ON —4',0 AA [441943 log m| 0.4682 
aA 5°51/.5 m | 2.939~-+2'.9 
lie somali +-0’.30 Aay | 180° .2 


ih} 


4 


0 
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Computation of semiaxes of error ellipse: 
meee | Gens 

Vi 

a —  t0%.95 

=. AA 1.41-0.10 


Altitude error: €9= 
= -+ 3’.9 


mo psy cate Eo = +0’.95 ae , 
b=en= + =Tat-0.995 ~=-4 


V 2-cos = 


The plotting is shown in Fig. 224. 


QL Hef Vl, YUASA: 
Kt Op) 


Agu =180.2 


Fis, 224 


The results are: 7,,=12h 58m; lr =73.5; 
Po = 41°33’.7N; Ap = 143°3’E; 
C = 325° — 5’. 

As we see, the position was determined reliably in the direction of rn» 
which in the given case is by latitude, and very inaccurately along the 
line m, which in the given case is by longitude. 

SEC. 133. DETERMINING A SHIP’S POSITION IN LOW 
LATITUDES AT SUN ALTITUDES UP TO 85° 

In low latitudes, the diurnal motion of the sun has peculiarities 

that result in certain modifications of the general methods for 


determining a ship’s position. 
Let us recall the most significant of these peculiarities that are 


considered in detail in Secs. 14 and 16 


133. DETERMINING POSITIONIN LOW LATITUDES 541 


(a) from sunrise to instants rather close to transit, the sun’s 
azimuth changes at an extremely slow rate; 

(b) near times of transit, the azimuth of the sun changes conside- 
rubly during a brief period of time. 

The conditions for observing the sun follow from these peculiarities 
of motion. 

Let| us assume (Fig. 225) that the sun was first sighted atter 
sunrise (point a); from the figure it is evident that for the sun’s 
azimuth to change by 30° to 35°, it will be necessary to await its 


C2 Z Cy 


Fig. 225 


approach to transit (points d and e), which means a number of 
hours; during the first 2-3 hours (points a, b, c) the azimuth will 
change but slightly, less than 10 degrees. It is obvious that the 
morning line cannot be used because errors in dead reckoning will 
make-it unsuitable practically speaking. On the contrary, close 
lo transit (points d, e) the azimuth will change very considerably 
(AA, + AA;) during a small time interval At. Consequently, to 
determine a position in low latitudes for large sun altitudes, the 
most advantageous conditions (and, practically speaking, the sole 
conditions) will be when the sun is near the meridian of the observer. 

From these same peculiarities in the sun’s motion there follows 
also the possibility of determining the longitude a relatively short 
time prior to transit of the sun, for instance at the point d (see 
Fig. 225). The sun’s azimuth will in that case be relatively close 
to 90° (prime vertical), and the longitude will be determined in 
permissible conditions. 
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An approximate value of azimuth change during one minute of 
time close to transit may be computed from formula (3.18) if we 
take cosq ~ 1 and At = 1m, that is, 


AA? = — sec h-cos 6-4 min (22.7) 


This formula is used to compile Table 14, which gives approximate 
values of change of azimuth in 1 m of time near the meridian in 
low latitudes (for 6 and @ of the same name). 


Table 14 
x a 
S CS Cc (om) 
oY) ian) = Yor) 
(e] ° Oo fe] fe) fe} ° oO {o) co} co) fe} (o} oO 
ome) w (on) Vo) CS wo cS ~ (oe) (oa) oO (on) (or) o> 
CO (ve) tt t [o a) [o a) CO co CO ioe) (oa) [o @) (eo [o @) 


Change of azimuth in one minute 


0° O°. 5]0°. G/0%. TL° 0/1. 4/2° .9/3°. 6)4°. 8/7°. 2/9% . 6/14° . 3/28° .6[43°.0/85°.8 
12 0.5/0 .6/0 .7/4 .O)1 .4)2 .8]3 .5/4 . 7/7 .1/9 .4]/44 .0/28 .0/42 .0/84 .0 
20 0.510 .6/0 .7/1 .O}1 .3/2 .7/3 .4/4 .516 .819 .0]/13 .4/26 .9140 .4/80 .7 
24 0.5/0 .5/0 .6)/0 .914 .3/2 .7)/3 .3/4 .416 .6/8 .8/13 .1/26 .1/39 .3/78 .4 


From the table it is seen that there is a sharp increase in the rate 
of change of azimuth for altitudes greater than 85°; but when the 
sun passes near the zenith (hk = 89°50’), azimuth changes by 171° 
in 2m close to transit, which is almost a change to back azimuth. 

In connection with the foregoing peculiarities in the sun’s motion 
in low latitudes, we can apply the following special methods of 
observation and working sights, depending on the altitude of the 
sun near the meridian: 

1. The ordinary technique of Saint-Hilaire (with certain peculia- 
rities of observation and limitations) applicable for altitudes up 
to 85°. 

2. The “method of short equal altitudes” which may be applied 
for altitudes of the sun between 75° and 88’. 

3. The graphical method of plotting circles of equal altitudes, 
which may be applied to sun altitudes greater than 88°. 

In this section we shall consider only the first method. 


PECULIARITIES OF DETERMINING POSITION BY ALTITUDE LINES 
OF POSITION FOR SUN ALTITUDES 60°-85° 


We shall consider the peculiarities of observations and working 
sights for large sun altitudes. 

The most suitable will be observations taken on both sides of 
the meridian: first line 10 to 40 minutes prior to transit and second 
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line 10 to 40 minutes following transit. Now if the observations. 
ure made on one side of the meridian, for instance, if we wish to 
obtain the position by noon, the first set of observations are taken 
20m—1th—1h.95 prior to transit, and the second set, as close as pos- 
xible to the instant of transit. 

[In this case, the second round of sights will be ex-meridian and 
nay be worked both to obtain latitude and an altitude line of 
position. In the first case, bear in mind that we cannot take the 
parallel @) for an altitude line; we must also compute the azimuth 
in the ordinary way or by the approximate formula A° = 

t?-sec h-cos 6 or, finally, using Yushchenko’s Azimuth Tables, 
und then lay down an altitude line of position in place of the parallel 
us shown above in Sec. 129. If a meridian altitude is obtained, the 
parallel @) may be taken for a position line. 

When obtaining @p) in these conditions, one must always note 
ubove which point (N or S) the sun transited. For example, if the 
sun transited at C, (see Fig. 225), then H will be to the N, and Z 
lo the S and gy = 6y — Zg. But if the transit was at point Co, 
then H will be to the S and gy = Zn + Oy. 

When working the sights by the method of altitude lines (which 
is more advantageous due to the routine nature of the computations), 
one should bear in mind that h, in these cases must be obtained 
from the formula sin? ~~ and with five-place tables or using the 
lables TBA-57, but not by sink or the tables H.O. No. 214. 

In the case of intercepts greater than 15’ and h > 75°, the prob- 
lem should be solved a second time, taking the observed coordinates 
for the computed ones, or by shifting both lines to the geographic 
position by the quantities x computed from formulas. 

The following observational techniques are recommended when 
obtaining a running fix from lines of position in the case of large 
sun altitudes: 

After taking 2-3 sun altitudes in the usual way, measure an 
additional 4-5 sun altitudes “via the zenith”. 

Working each series of altitudes separately (via h,, and 7,,), 
we obtain two lines after plotting. In this case, observations of 
the sun “via the zenith” will be roughly equivalent to observations 
of a second body in back azimuth. If the time interval between obser- 
vations of these two lines is considerable, the first line should be 
reduced to the zenith of the second by means of Table 16, MT-53 
(Ah,) or graphically by advancing the line by an amount S, which 
is the ship’s run between observations (Fig. 226); work the sights 
only with the coordinates @,.4, 4,4 taken for M,, for the second instant. 
Constructing a bisector between them, we get the line Io-Jo (see 
‘ig. 226), which is free from systematic errors and more reliable 
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with respect to random errors. With the second round of observations 
taken in the same way and worked with @.2, Aco for M.2, we obtain 
a second bisector JJ -JI 9, and at the point of its intersection with 
the first line J) advanced in the usual way, we obtain the observed 
position My. Of course, all constructions may be performed directly 


Fig. 226 


at the second D.R. position by considering that the line J, has 
been reduced to this place by course and by the run between observa- 
tions. Such observations may be recommended if a large systematic 
error is expected, for example due to unusual refraction, etc. 


Example 2. On 8 November, 1968, in the Atlantic Ocean it is required to 
determine the position by the sun. 

The altitude of thé sun at noon the day before was greater than 70°, and x0 
a determination should be made near upper transit. The time of upper transit 
in A ~ 43°W will be at 7,, ~ 11h 36m. The rate of change of azimuth (from 
Table : 20 of this section) is approximately 1° per minute; thus, the observations 
should be 40m prior to transit and 15m 20m following transit. 

(1) At Ty, = 10h 45m; Ir, = 17.8; @, = 31°12’S; A, = 43°94" W; first 
sights taken of three sun altitudes and chronometer times noted: av. Teh 
4h 48m 22s; av. To = 70°59’.7; its — —1’.8; e— 14.5 metres; wu, 


— —3m 56s; speed 14 knots; heading — 251° (—2°). Dip measured by dipmeter 
and proved close to tabulated value (—6’.6); and so we work sight by Table 4, 
MT-53. 


(2), Ten | 10h 45m Ten | th 48m 22s sr | 70°59".7 
“ZD | 3 un| — 3 56 its|— 1.8 
Tg | 13h 44m 26s say pean 

Atot | + 9 .U 

Nea Vets O82 


| 71°07". 1 
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49° 37.4 (0’.3) 


+ t 
bp 16°41’ .2 (0.7) Gs 41 6’ 5 


At 
Ad +0 .5 
86 | 16°41’ .7S 


_ iD 30° 9’.6 
Aw 43°21’ .0 


| 346°48’ .6W 
= 13°11’ .4E 
(3) ¢2=13°911'.4E sin2 | 8.12027 | sin 9.35828 
p=. 31 12 .0S cos | 9.93215 | — — 
6=16 44 .7S cos | 9.98130 | cos 9.98130 
cosecz| 0.49123 
y —6 == 14°30’ .3 sin2 8.20241 II 8.03372 


a 0. 22482 Arg | 0.16869 | sin A| 9.83074 
A, 42°37’ .5 
sin? | 8.42727 ~ 42° .6NE 
Ze 18°49’ .5 he 71:10 .5 
h 71 57 «1 


h—h,| -—3’  .4 


(4) At T5,=11h 50m; Iro = 34.1 (Al= pay again measured three altitudes 
of ©: av. Ten =2h 99'm ols; av. ST = 14°49 oO 


Second coordinates by dead reckoning: @gg=31°17'.78; Acg= 43°38’ .3W. 


(5) Te, | 2h 55m 54s sr | 74°49’.9 
ux | — 38 56 i4-s 1.8 
Tos 14h 51m 55s 8.14 h’ | 74°48’.4 
tp | 34° 3’.4 (0’.3) +  — Aroe | + 9.0 
9) 16°41’.9 (0.7) 
At | 42 58 .8 T A, 0.2 
Ad 0 .6 gy, 
a h | 74°57'.3 
Ff | 47°’. 9 86 | 16°42’ .5S 
Aw | 43 38.3 


() 0997 
> | 3°23’.6W 


45-1275 
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(6) t= 3°23’.6W sin? | 6.94282 sin 8.77225 
pp =31°17’.7S cos | 9.93174 — — 
6 = 16°42’ .5S cos | 9.98127 cos 9.98127 
cosec z | 0.58957 
p—6 = 14°35’ .2 sin? | 8.20726 | II | 6.85580 | sin A 9.34309 
a 0.01892 | Arg | 1.35146 A. 12°43’ .7 
=12° .7NW 
sin2 | 8.22618 he 79 05 .4 
| 2. |14°54’.6 h 74 of .3 
I 
h—he —8'.1 
2© 
‘ (7) The plotting isshown in Fig. 227, 


(8) The results are: 


0 ff Bf of gf Ty =1th 52m == 157° —8".2 


ee 
lr = 34.6 
Ki 

Qe | 31°47".7S Ae | 43°38’.3W 
7’.68 DLlo| — 3.9K 
@o | 31°25'.38 Ag _| 43°347.4W 

1=165 

Dep=33 E 


Fig. 227 


(9) An analysis of the determination. 
We compute the radius of the circle of errors using the formula 


2 2 
Ver fhe 


Eloc = P= = sinAA 


where 
a2 7 e2 clope. 
e1=V ei, + eAz- 
Taking €,,=-+0’.7, due to the small run between observations and e, =: 
=-+0’.7, we have 
Eloc =O= 41.5 miles 
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With this radius we construct the area of the probable position of the ship. 
ln view of the fact that a simultaneous determination by a second observer 
vielded close results, we advance the dead reckoning to the observed position Mo. 
''he drift is due to imprecise account taken of the Brazil current. 


SEC. 134. ESSENTIALS OF THE METHOD OF SHORT EQUAL 
ALTITUDES (FOR SUN ALTITUDES FROM 75° TO 88°) 


For sun altitudes exceeding 75° we can apply a special analytical 
method for determining longitude jointly with the ordinary technique 
of determining latitude. 

As we know, the coordinates of the subsolar point at a given 


instant are: A, = t%, @ = b>. If at the time when the sun passes 
across the meridian of the given place, that is, at the instant of 


“true noon”, the watch reading is noted and if we compute t?. from 
MAE, we obtain the longitude of the place since the geographic 


position a will be on the meridian of the place and A, = Ajo. =" bo 
This likewise follows from the familiar formula A, = ¢2. — ee 


which for ti. = 0 takes the form A; = mee The latitude at this 
instant may be obtained from the meridian altitude. This simple 
principle has long since engaged researchers, but it involves dif- 
ficulties that complicate and restrict its application. Indeed, (a) 
when a ship is in motion it is difficult to establish the instant of 
(rue noon, (b) the longitude of the place is determined under the 
worst conditions if the celestial body is located on the meridian 
or near it. From the formula (18.23), that is, 


Ad = Ah-sec p-cosec A -- A@-cot A-sec p 


it is evident that the slightest error in altitude or latitude will 
lead to large errors in the longitude being determined (since the 
azimuth is close to 180°, cot A and cosec A tend to infinity). This 
latter circumstance would seem to wipe out completely the very 
idea of such a method. However, by proceeding from ‘the peculiarities 
of the sun’s motion at the altitudes considered in the preceding 
section, these difficulties were overcome through the use of a method 
of measuring two altitudes h,; and hz situated symmetrically about 
(he observer’s meridian at small hour angles (Fig. 228). In this 
case, When h > 75°, the sun is 35°-50° in azimuth from the meridian, 
and conditions for determining longitude improve. Now the instant 
of true noon is determined from the arithmetic mean of the instants 
of measurements of these two altitudes. Such altitudes have become 
known as short equal altitudes, and the method is known as the 
method of short equal altitudes. 


30* 
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If the ship is motionless and the declination of a celestial body 
is not changing, the diurnal circle of the body will be symmetric 
about the meridian (see Sec. 124) and its altitudes will be equal 
for equal distances from the meridian. In Fig. 228, the path of 
such a body is shown by the dashed line and the meridian of the 
position is depicted by the straight line DS. In this case, fh = 


= T,, that is, the mean instant is the instant of true noon and 


Horizon / < ‘ 
AN MILLIS ods, Y 1), |av ('9, Vg U7 
(4 
Fig. 228 


Nor = pe Under actual conditions (moving ship and changing 
declination) the diurnal circle of the sun will not be symmetric 
about the meridian, and the maximum altitude will not be the 
meridian altitude. Referring to Fig. 228, let the altitude of the sun 
at instant 7, be h, =h, at To, ho = h, and the maximum altitude 
Amaxe does not coincide with the meridian but corresponds to an 
Tot, 
=e 


instant close to T,, = Consequently, the altitudes h, = 


= h, will be roughly symmetric about the mazimum altitude if we 
ignore small variations in the equation of time and the effect of 
accelerations. However, the time 7,, does not correspond to the 
instant of true noon 7,5. As we know, the difference between these 
two instants is equal to f), the local hour angle of the sun at the 
instant of maximum altitude (Sec. 124). 
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If we refer the entire determination to the time of maximum alti- 
tude, then a correction t) must be introduced into the instant obtain- 
ed, Tay, or into 2, computed from it, because at the instant of 
maximum altitude the meridian occupied the position DS (see 
Fig. 228). 

On the basis of the foregoing, to determine longitude at the in- 
stant of greatest altitude use the following formulas 


t; = 3.82 (tan mp — tan 6) (0’ —p’) ) 
1 av e 
Pov = > (T2 +1); Dy = Loou; (2 Ves | 


from MAE $= (22.8) 
Aw a (to )av =; to b5 
AEB = 360° — Aw (if Aw — 180°) 


The sign of ¢, is found from the rules given in Sec. 124 (or MT-63) 
and is allowed for in subsequent computations. We ignore any change 


in longitude in the formula for ¢; due to the small value of a in 


low latitudes. 

The latitude may be determined from one of the altitudes h, = h 
or ho =h if they prove to be ex-meridian altitudes; this may be 
established from Table 19, MT-63, or from the maximum altitude. 

In case the latitude is determined from the maximum altitude 
(hmax)» We get 

A =hynax; Z = 90° — H; Po=Z4+6 (*) 


This latitude will also refer to the instant 7,,. 

To obtain an approximate calculation of the time of the first 
round of sights, do the following: 

(a) determine the instant of transit of the sun for noon A,; 


(b) using AT and 6, by formula AAP = ; cos 6-sec H-ATmin 


or by Table 14 (see Sec. 133) or by any other numerical tables of 
azimuths obtain AA for one minute and compute A7J™™ for which 
AA (the distance of the celestial body from the meridian) will be 
of the order of 30°-40° (not less than 20°); 

(c) subtract AT™® from 7, of transit to obtain 7, of first alti- 
tude sight. 

The second altitude is observed after the meridian for the same 
sextant reading and the same height of eye of the observer. 

The accuracy in determining coordinates of a position by the 
method of short equal altitudes (particularly for several pairs of 
altitudes) is somewhat higher than by the line of position method 
based on two sun sights taken at different times due to a lessening 
of the effect of dead-reckoning errors. To evaluate the area of the 
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probable position, one may use the formula ¢€),,,. = ten V2 
sin (A> — Aj) 

where A, and A» are sun azimuths in measuring h, and hy. 

Longitude determined by this method is free from systematic 
errors of altitude, which is one of the merits of the method. However, 
the most important advantage of the method of short equal altitudes 
is the simplicity of computations. 

The sequence routine for computing by short equal altitudes is 
as follows: 

1. Compute the time of commencement of observations as indical- 
ed above. 

2. Five minutes prior to the computed time, perform several 
altitude measurements by way of practice and checking. 

3. Measure h, and note 7.,,; put the sextant in the shade leaving 
the setting h, unchanged. 

4. Using a second sextant, continue measurements until h,,., 
is obtained; note 7%), for this altitude and then 7,, and Ir. 

do. Again take the first sextant and wait until the sun arrives at 
altitude h, = hy and note 7 .,;2. Observe from the same spot as 
for h, and with the same shade glasses. 

6. For computations, use formulas (22.8) and (*). The instant 


ee should be approximately equal to Te, for hyax; 


this is also somewhat of a check. 


Example 3. On 9.04.68 in the South China Sea on course 204° true with 
a speed of 14 knots. Find the position at noon. Since the altitudes of the sun are 
large (about 85°), it was decided to use the method of short equal altitudes. 

(1) Calculation of time of observations. 

At noon A, x 111°15’E (ZD = 7E). 


(a) Time of transit (b) Time of observations 
Tr 12h 02m From Table 14, Sec. 133, using HH = 85’ 
AT), 00 and 6 ~ 7° choose rate of change of azimuth 
Tmin | 42 02 AA ~ 2°.8 per minute. We choose AA=325'. 
A 7 25 eee 
AP amin 
T 4 37 
gr 
Ap 7 
T sh | 11h 37m 1st observation 2nd observation 3rd _ observation 
(approximate) 
_Lsn| 11h 37m Ts,x= 11h 37m aT sh 14h 37m 
AT] — 13 AT | + 13 
T, | 11h 24m T’, | 14h Sum 
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(2) Observations. 


Ist observation. 


Tsp= 1th 24m; Ste = 847.0; Ten=4h 30m 35s; i+s-—= —0’.5; e-=14 met- 
res} Ug, = —6m 28s. 


2nd observation. 

Tsn—= 11h 37m; Ir == 29.4; pe=12°18'.5N; Ap = 111°10’.0E. 

Another sextant was used to measure the maximum altitude © srsz 
==85°7'.5 to S; T.,—4h 44m 08s; i-+-s=—+1’.6. 


3rd observation. 

Using first sextant again, we wait until sun arrives at sr-=84°7’.0 and 
note 7,.,—4h 57m 33s. Corrections are the same as in the first observa- 
tion. 


(3) Working the sights. 


Taking data from MAKE 


(a) Determining longitude. 


Calculation of t6 
Formula: 


Tent 4h 30m 305s 
Tce any re tj = 3.82 (tan p—tan 8) (0’ —wp’) 
Pp = 12°17’ .2N | 3.82 tan go] 0.83) Table 18a, 
T,-+-T3 | 8h 88m 8s 6 = 7°35’.6N | 3.82 tan § |0.51 J MT-63 
Dincag |e. Ae 4 
Uch — 6 28 | Difference | 0.32 
One hour run (by speed) equal 14 miles; 
grav | 4h 37m 36s 9.04 true course = 204°. 
L=wp—12’.8 


For Tap ay We take out of MAE 


if 239°35".3 (0'.5)  § >, 7°35’.0 (0.9) 
At 9 24 .4 Aé +0 .6 
Change of declination 
2 948°59’ .4 85 7°35" .6N in‘one hour from MAE: 
to ee G7 ==-+0"..9 
: Put data in formula 
ho 248°55’ .OW and compute tj with 
— 111° 5’.0E slide rule: 


t¢= +0.32 (0.9-+ 
+12.8) =+4'.4 
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(b) Determining latitude (c) Time of observations 
sr 89° 7’.5S T ch 4h 44m 08s 
its es ee Uch —6 28 
i’ 85° 9’.1 SL gr 4h 37m 40s 
Atot “0 «9 T ZD 7 
Aad 0 .0 
Sd Sn Psh © | 11h 38m 
HT 85°18’ .4S 
Z 444 .6N lr = 29.4 
6 7 35 .6N (Time of hm, is in good agreement with 7g, ay). 
—— aaa ee Note. Check on discrepancy between h and /I. 
© | 12°47’ .2N / Re gure eortpraee ae es 


and Ag = 111°5’ .OF 


100 tan @ 22 

100 tand | 13 } Table He 

K 9 \ ne 

to 4’.4f7= zs 

Ag =-—0.1, which is of no significance. 


SEC. 135. DETERMINING POSITION IN LOW LATITUDES FOR 
ALTITUDES OF SUN EXCEEDING 88° 


For very large altitudes of the sun (> 88°), when it passes close 
to the zenith, that is for 55 close to @ and of the same name, the 
above-indicated peculiarities of diurnal motion of the sun are par- 
ticularly pronounced. As is seen from Fig. 225 and Table 14, 
Sec. 133, for hy = 88° and more, the azimuth changes tens of degrees 
during a few minutes near transit. For this reason, in order to obtain 
a sufficient azimuth difference between the lines of position, a few 
minutes (3-6) suffice in place of several hours in medium latitudes. 

Due to the large curvature of segments of circles of equal altitudes 
at h > 88°, their replacement by straight lines will cause additional 
errors. True, these errors are small and may be compensated for 
by the introduction of corrections. But in this case a different 
graphic technique may be used which is much simpler than the 
Marcq Saint-Hilaire method. The principle of this graphic method 
is based on plotting circles of equal altitudes on a terrestrial globe 
as described in detail in Sec. 100. 

It will be recalled that if we know the coordinates of the geogra- 
phic position a of a body (say, the sun) at a given instant (they are 


@q = 65 and A, = t2) and the radius of the circle of equal altitu- 
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(les Z> = 90° — hy, then by laying down on the globe the instanta- 
ucous geographic position a and by drawing from this point a circle 
of radius 2, we get a line of position of the ship for the given instant. 
If we plot two or three such circles, then at their point of inter- 
section we have the observed position of the ship on the globe. 

In low latitudes, distortions of figures on a chart in a Mercator 
projection of -the globe are only slight; for this reason, we can with 
sufficient accuracy take the cyclic curve (obtained by projecting 
u circle of equal altitudes on a chart) to be a circle. On the basis 
of studies by a number of authors, we can take it (to within 0’.2) 
that the radius of the circle is equal to the semiaxes of the cyclic 
curve, while the geographic position coincides with the centre of 
the curve (circle) on the Mercator chart under the following condi- 
lions: 


(a) for the radius of the curve: ) 
Zz’ < 132’ cos 6 | 
(b) for the centre of the curve: | (22.9) 


2! < 3439" W/O 


For the sun, the declination of which does not exceed 23°27’, 
replacement will be permissible for a radius at 2’ < 120’ (2°) and 
for centre at 2’ < 41’ (on the parallel of the tropics). If we admit 
of an error of +0’.3-0’.5 when plotting the centre of the curve 
on the scale of an ocean chart, the condition for substitution of 
u cyclic curve by a circle in the tropics will be as follows: the zenith 
distance z> must be less than 2° or the height of the sun must ex- 
coed 88°. 

Analogous boundaries are suggested by practical reasoning as 
well: a radius of more than 120 miles may go beyond the limits of 
the chart, and it is difficult to draw circles of large radii. 

Formulas (22.9) indicate that in high latitudes this method is 
very restricted and practically inapplicable to stars. Indeed, for 
§ = 60° the curve is replaceable by a circle for 2’ < 66” (for the 
radius) and z’ < 26’ (for the centre). Now for all practical purposes 
it is very difficult to observe stars at sea with altitude 89°-89°.5. 

The principle described above for determining position on a globe 
ls applied to a chart as follows. Three sun altitudes are taken at 
whout noon at 2-7 minute intervals, depending on the rate of change 
of azimuth, and the chronometer times are noted. 

l’'rom the second (or last) instant we have T,,2 and from the MAE 


wo take out d5 and 1 ow: note that if ty >>180°, then we take 
f — 360° — tw. 
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The parallel of the geographic position o, = 5 (Fig. 229) is 
drawn on the chart in the region of the D.R. position on the assump- 
tion that the declination has not changed during the time of obser- 


vations. On this parallel, from the longitude A. = fe aees (or en 
if tg,2w is greater than 180°, see Fig. 229), we plot the geographic 
position a, at the second instant. The geographic positions at the 
first and third instants are obtained relative to the already obtained 
position a, in the following manner: the longitude A, of the geo- 
graphic position a, at the first instant (in Fig. 229 the longitude is 


Parallel of, q geographic position 


Ay Gs Oo 


£guator 


Fig. 229 


east) is obtained by subtracting the difference of instants (7, — 7,)’ 
from swe. that is A, = ee — (T, — 7T,)°, while the longitude 
A3 of the geographic position a3 at the third instant is obtained 
by adding the difference of the instants (73; — 7,.)°, that is, A; : 


= poe + (73 — T,)°. It is of course possible to take ¢,, from tho 
MAE for all three instants, but the above technique is simpler. 

The points a, and a3 thus obtained should be reduced to the zenith 
of the second series of observations (instead of reducing the line 
of position). To do this, plot the course line from a, forwards, anid 
from a3 back, and along it plot the run during the time (7, — 7’) 


and (T3; — Tp»), noting that S,; = a (T, — T,) is laid off forwards 


* The hour angle is always west; if it exceeds 180° after subtracting A/’, 
then t;—360° — tw and is equated to Ag. The plot for Aw is shown in Fig, 230, 
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along the course line, and S3 = = (T3 — T2) is laid off back. The 


points a|, a, thus obtained and the earlier plotted a, are the cen- 
tres of circles of equal altitudes. The radii of these circles are comput- 
ed after correcting the measured altitudes by the usual corrections; 
we have 


z,=90°—h®; 2,=90°—hY and z,=90—hY 


These distances (in minutes) are taken from the lateral frame of the 
chart in the region between the D.R. position and the parallel 
®q = 63 by means of a drawing compass, chart dividers or a strip 
of heavy map paper punched with dividers; using radii z,, 2. and 23, 
draw from centres a}, a2, a, three arcs of circles of equal altitudes. 
The arcs are constructed about the D.R. position so as to avoid 
mistakes in choosing the proper one of two points of intersection. 
In this case, an objective indication is the direction in which the 
sun has transited: to N or S of the observer. When the sun transits 
to the S, the point of intersection will be to the N of the parallel 
of the geographic position a (see Fig. 229), and vice versa. 

The observed position is taken in the centre of the triangle of 
errors due to the preferential effect of random errors in graphical 
constructions; it refers to the instant 7,, at which time the log read- 
ing should be obtained. The computations in this method are very 
simple and the position is quickly obtained; there is a difficulty, 
however, in measuring altitudes close to 90°. 

The difficulty of measuring large altitudes lies in the fact that 
in ordinary swinging of the sextant about the telescope axis the 
sun’s image in the field of view appears to be moving almost parall- 
el to the horizon, since the radius of the arc is very great. Also, 
the sun’s azimuth varies rapidly, thus making its vertical circle 
move quickly, and it is difficult to put the sextant in the required 
vertical circle. Thus, measuring large altitudes has its peculiarities: 

(a) the common practice of swinging the arc is dispensed with, 
and the observer with sextant simply rotates slightly about the 
vertical axis; 

(b) the sextant is put into a vertical position “by eye and touch”. 
With some practice, the sextant can be set to within 2° to 4°, which 
yields an error less than the accuracy of measurement; 

(c) the sextant is positioned in the vertical circle of the cele- 
stial body by compass. To do this, first compute the approximate 
azimuth for the first altitude, and also its variations. The original 
azimuth may be obtained by graphical plotting or computed from 
the formula 


sin A =cos 6-sech-sint (22.10) 
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where / is the altitude which is taken equal to the meridian alti- 
tude, that is, H = 90° —gy + be: 

Variations of azimuth are computed from the approximate for- 
mula 


NA° ~ —sec H-AT™" ~ — r tan H.AaTr™ (22.11) 


i 


or from Table 14, Sec. 133. Most convenient in such cases are nume- 
rical azimuth tables. 

When measuring the first altitude, the sextant is set in the vertical 
circle by the computed azimuth with the aid of a compass; its incli- 
nation is checked by eye; then the images of the sun and horizon 
are brought into coincidence. For the second set of observations, 
the sextant is now rotated in azimuth A, = A, + AA, solely by 
compass, after which (continuing to hold the sextant in a vertical 
position) a second measurement is taken by eye; a third measure- 
ment is made by compass in similar fashion. 

Some captains sailing in the tropics apply the following measur- 
ing technique: all altitudes are measured above a single point 
of the horizon (S or N) and any error in altitude due to inclination 
of the sextant is taken into account in the form of a correction obtain- 
ed from the formula 


’ (a’)2 
Ah’ = 13, 73-753 Sin 2h (22.12) 


where q@’ is the angle of inclination of the sextant to the meridian 
of the observer determined by eye (a’ = a° -60). 

For example, if h = 88°, a ~ 10°, then Ah’ = +1’.8; for a = 
= od", Ah = 0.5. 

From the foregoing it is clear that measuring altitudes greater 
than 88° requires a great deal of skill and experience; this demands 
preliminary training and careful checks. 

The effect of random errors of altitude in this method is consi- 
dered as in determinations by three stars located in one part of 
the horizon (see Sec. 115). The magnitude of the errors when measur- 
ing a single altitude in each observation and also the errors due to 
plotting on small-scale charts will be perceptibly greater than from 
three-star determinations. 

The observed position is taken at the centre of the triangle or at 
the vertex closest to danger. For average observational conditions, 
we may take it that the actual position lies in a circle of radius 2 
to 3 miles about the observed position. 

A routine sequence for determining position from sun altitudes 
greater than 88°. 
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A. Preliminary 


(1) Compute ship’s time of upper transit of sun (with noon longi- 
tude). 

(2) Compute A from 65 and ~, approximately. 

(3) From Table 14, Sec. 133, or formula (22.11) determine the 
rate of change of azimuth per minute. From this rate find the time 
interval AT for which the azimuth difference between lines will 
be 40°-60°, and compute the instants 7, of onset and end of obser- 
vations. 

(4) Give approximate computation of azimuths for first and last 
sets of observations on the basis of change of azimuth or from the 
formula (22.10); it is best to take the second altitude above the 
point S (or N) at the computed instant of upper transit. 


B. Observations 


(1) Ready instruments and determine their corrections in the 
usual way. 

(2) From 5 to 7 minutes prior to computed instant of observa- 
tions, take a trial altitude and compare it with the computed H 
to see whether you can rely on computations. 

(3) At indicated instant, take first altitude and note chronometer 
time 7, (orientation by compass). 

(4) After interval A7,, take second altitude and time Tf, (il 
second altitude is H,.note over what point, S or N, the measurement, 
was made). Note 7,, and log. 

(5) After interval AT, (azimuth A; is taken by compass) take 
third altitude and note time 73. 


C. Working Sights 


(1) Obtain 7T,, at second instant and take out to. and So. 

(2) Compute AT, = T, — T, and AT, = T3 — YT, and express 
them in degrees, using interpolation table of MAK. _ 

(3) Compute t24 = too w — AT, and tos = t2o-w + AT;. 

(4) Compute ship’s run S; and S» during time AZ, and A?». 

(5) Correct altitudes and compute for each altitude z = 90° — h. 

(6) Perform plotting on chart. To do this: 

(a) draw parallel g, = 55; 

(b) on it lay down points a;, a2 and a3 in longitude Ay = ae 
and so forth and reduce a, and a; to zenith of second set of obser- 
vations; 
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(c) lay down onto long strip of map paper (“radius”) the distan- 
(OS Z;, Z. and Z3 from the lateral frame of the chart, making punctu- 
ros with dividers in the centre and at each distance; 

(d) bring to coincidence the centre of the “radius” and the geo- 
yraphic position a, (by means of dividers) and, putting pencil tip 
in hole at the distance z,, draw the first circle of equal altitudes in 
(he region of the D.R. position. Draw the second and third circles 
in similar fashion; 

(e) take the observed position in the centre of the triangle of 
errors or in one of its vertices and analyze the determination. 

Plotting on paper is done in exactly the same way, but the scale 
should be as large as possible (for instance, 1 mile equals 0.5 cm). 
The plotting can be done on the reverse of a chart. In this case, in 
place of the longitudes 4, and A3; compute the departures: o, = 

AT?.cos 8 and 62 = AT;-cos5g. The meridian A. = t2. is 
drawn through the middle of the sheet of paper, and the parallel 
ubove or below it, depending on where the position is, to the north 
of the parallel (if the sun has transited to the S) or to the south of it. 
The observed coordinates are obtained by adding / and DLo to 
iq = 85 and to the meridian selected as the initial one: A == t2,3 
(hus, 


Heel 
alee (22.13) 


ho =: 18-2 + DLo 


Table 25, MT-53, is used to convert the departure obtained into DLo. 


Example 4. On 13 July, 1968, in the Atlantic Ocean on course 243° true; 
xpeed 13 knots; decided to determine position from sun altitudes. On the basis 
of the relation @, = 22°.5N and 6. = 22° we conclude that the sun altitudes 
wxceed 88°. 

(1) Determining time of observations. 

(a) Time of transit at A, ~ 69°30’'W (from chart at noon). 


Tr 12h 06m (b) Time of observations. 
AT; 00 AA in 1m from Table 20 = 20°. 
AT = 3m from difference AA—60°. 
| i ra a First observation 
~ Tsni= 1th 44m—3m=—11h 41m; A, 60°SE 
l gr 16h 44m 13.07 Third observation 
ZV) 5) Tong 1th 44m + 3m=11h 47m; Az ~ 60°SW 


Ten | ah 24m 
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(2) Observations. 

(14) Tsp=11h 44m; $7 = 88°57'.8;  Ten= 
=4h 51m 23s; 

(2) Ten =11h 44m; sr5=89°10’.0 (S); Ton= 
=4h 54m 28s; lr=52.7; @.=22°36’ .5N; 
he = 69°33’ .5W; 

(3) Ten 11h 47m; sry = 88°45’.0; Ton 
=4h 57m 4ts; 

Uch= —10m 34s; i+-s=—1'2; e=12.5 met- 
res. 

(3) Working sights. 

iT sh 11h 44m 13.07 T ch 4h 51m 23s 4h 54m 28s 4h 57m 41s 
T ZDw 9) Uch —10 34 —10 34 —10 34 
T gr 16h 44m 13.07 T gr 16h 40m 49s | 16h 43m 54s | 16h 47m 07s 
Sr 24° 45’.7 (0.4) tr AT,=3m. 5s 58°35’ .0 (0.2) | AT3=3m 13s 
Ad —0 .3 At At,=0°46’.2 | 10 58 .4 At3=0°48’ .2 
85 21°45’ .4N 12 |Aty= 46.2 | 69°33’.4 Ats= 48’ .2W 
Data for reducing a, and Depar-| 0,= At; - cosd a 53 = Ats - cond 
Run S,=0'.67 = — S3=0’.69: 
~0'.7 =0’.7 
TC =243° 
I] Ill 
ST 5 88°57’ .8 89°10’ .0 88°45’ .0 
p% La 2 54) 2 1.2 
hh’ 88°56’ .6 89° 8’ .8 88°43’ .8 
Atot +9 .7 +9 .7 +9 .7 
Aad Saige —0 .2 —0 .2 
hy 89° 6’.1 89°18’ .3 88°53’ .3 
53’ .9 44’ .7 66’ .7 
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(4) Plotting on paper is shown in Fig. 230. 
(5) The results are: 1 — 41°N; Dep. = 8'.5E; DLo = 9'.2E 


86 21°45’ .4N t\) 69°33’.4W 

l + 41°.0N DLo —9’.2E 

© | 22°26". 4N is | 69°24’ .2W 
Tsn= 1th 44m; lr = 52.7; C = 123°—9'.5 


(6) Analysis of the determination. Since the position has been obtained from 
(liree lines and the triangle of errors is small, the observed position is taken 
in the middle and we advance dead reckoning to the observed position. About 
(his spot we draw a circle of radius 2’.0; the actual position of the ship is located 
within the area obtained. 


SEC. 136. STAR ALTITUDE CURVES 


The problem of determining latitude and longitude of a place 
from the altitudes of two, three, and four stars may be solved without 
calculating h, and A,: ina purely graphical manner, which is much 
siinpler and faster than the Marcq Saint-Hilaire method. 

A special aid called star altitude curves represents calculating 
charts that depict sections of the celestial sphere with grids of the 
circles of equal altitudes of several bright stars. The underlying 
concept, mentioned in Sec. 100, consists in the following. 

Referring to Fig. 231, let us picture grids of circles of equal alti- 
(udes constructed for two (or more) stars C, and C, on the celestial 
xphere. The ship’s zenith on the sphere at the time of observations 
of the altitudes of these stars is located simultaneously on two diffe- 
rent circles J and JJ, which correspond to the measured altitudes 
und, consequently, should be located at the point of intersection 
of these circles Z;,,.. Due to the diurnal rotation of the sphere, the 
zonith of the observer will be constantly moving along the parallel 
dd, among stationary (relative to the sphere) circles of equal alti- 
tudes of different stars. Therefore, to determine the instantaneous 
place of zenith, that is, its place at the given time, it is necessary 
\o have a series of curves in the region of the parallel of the zenith. 
To do this, grids are built of circles for a number of stars in the 
zone of the parallel d,;d of the zenith. Depicting this zone of the 
sphere together with the grid of circles of equal altitudes of the 
slars in the plane in a Mercator projection, we get a set of star alti- 
tude curves for the given zone of latitudes. The coordinates of the 
zonith on the celestial sphere are connected with the geographic 
coordinates of the ship’s position by the relations (18.1) obtained 
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in Sec. 96: 
bz = Dioc 
St0¢ =F. Sgr = Moe 


where Sz, = t.. is computed for the instant 7,, recorded during 


observation of the stars. 
On the basis of these relations, the frames of a star-altitude-curve 
chart are constructed in coordinates @ and S;,,, in which we obtain 


b; Go - 
7 
>< 
a! eee - 
Slo — (AT 
Sor 
Fig. 231 


the place of zenith after working the sights on this chart. The side- 
real time S;,, on the frames of the chart increases eastwards (to 
the right), since the “time is greater” on meridians to the east. 

Each Soviet star-altitude-curve chart has the curves of three 
bright stars and also the scales of altitudes of the Pole Star, which 
can be used to determine the latitude or plot on the chart an altitude 
line of position for Polaris. 

A difficulty in constructing star-altitude curves is the allowance 
that has to be made for variations of stellar coordinates. Indeed, 
in the formulas used we can apply only certain instantaneous values 
of 6, and ty, which will be those used to build the curves. But 6. 
and ty, are constantly changing due to precession, nutation, aber- 
ration and the proper motion of the stars, and the coordinates 4 
and a7; = S;,, obtained for a different time will be erroneous. 

An investigation of this problem has shown that we can only 
account for the effects of precession and, sometimes, the proper 
motion of the stars. We have to disregard the effects on coordinates. 


136. STAR ALTITUDE CURVES n63 


--- 


of aberration, nutation and, in the general case, of the proper motion 
of the stars; this results in an error in the zenith of the order of 
Hiyge = +0'.5-0’.6. Variations of coordinates due to precession 
may be taken into account by the method of introducing corrections. 
Professor I. Zhongolovich has suggested taking into account varia- 
tions of the coordinates @ and S;,, due to precession in the same 
way as the coordinates 6 and a of points on the sphere (Sec. 22); 
that is, by means of formulas (5.6) and (5.7) in the form 


dg’ = 0'.334-cos So (t — to) 
6S! = (0’.768 -L 0.334 -tan Qo: sin So) (¢ — to) 


where S,) and @ are the mean values of sidereal time and latitude 
for the given chart 
ty is the year for which the stellar coordinates are 
taken 
t is the year the chart is used. 

These formulas were used to compile the tables which are given 
under the altitude curves and which yield (with the argument “year 
of observations”) final corrections 6g, 6S which are added with their 
signs to those obtained from the curve @’ and Sj. 

The most accurate and refined of the star altitude curves are 
those worked out and compiled at the Institute of Theoretical Astro- 
nomy, U.S.S.R. Academy of Sciences. These curves were published 
by the U.S.S.R. Navy in 1952-1957 for latitudes: 42°-49°N, 49°-56°N, 
56°-63°N, 63°-70° and 70°-77°N. In 1957 the U.S.S.R. Academy 
of Sciences also published star-altitude-curve charts for latitudes 
80°-90°N. 

Sights are worked by means of star altitude curves in the follow- 
ing way. Let us assume that a series of three altitudes has been taken 
of three stars chosen from the charts, the instants recorded, and 
the Jr and @,, A, obtained in the usual way for the last instant. 

After computing the mean altitudes and instants, we correct the 


altitudes and choose the quantity i; from the MAE (or tables in 
the instructions that accompany the charts) for the last instant of 
Tz, The chart needed for working the sights is found from the 
computed value of Sjo¢ = ae + Ay from the table in the chart 
instructions. 

The curves on the chart are given every 10’, and so the intermedia- 
te isolines are found by interpolation by eye; for instance, in Fig. 232 
the line of the first star for h = 29°46’.5 is represented by the seg- 
ment J/-J in the region of the D.R. latitude. Plotting in similar 
fashion the line segments for the second star J/-JJ and for the third 
star [II-IIIT, we see that all segments are located in different places 
of one parallel. This indicates that the star altitudes were obtained 


36* 


(22.14) 
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at different instants and from different points of the earth; they 
must therefore be reduced to a single instant and zenith. 

These operations are best done graphically—by advancing the 
lines in course and distance run (to the zenith 73) and along the 
parallel (to the instant 73). It is most convenient to begin by reduc- 
tion to a single zenith. To do this, indicate arbitrary points A and B 


J? star 
Polaris ~ —- 


Polaris Zz. 1" star 
De ee 


Stoc Siog 


Fig. 232 


on the lines J and JJ in the region of », and from them plot lines of 
course or TC. Using these lines, plot the ship’s runs S; and S» dur- 
ing the time between observations. These runs are obtained from 
the time intervals (AT; = 7; — T, and AT, = T3 — Te) and 
the velocity from Table 27a, MT-63, or a calculating chart. The 
direction of the TC is reckoned from the meridian as usual, while 
the ship’s runs S are taken from the lateral frame of the star alti- 
tude curve. 

The curves obtained, J’-I’ and II’-II’, are reduced to the zenith 
T; but refer to different instants, 7, and 7.; they must therefore 
be reduced to the last instant 7'3. 

Since the zenith of a stationary observer moves among the curves 
to the right of the parallel did (see Fig. 231) with the rate of diurnal 
rotation of the sphere, that is, in proportion to the time, in order 
to reduce the curves to a single instant, they must be advanced by 
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the amount of the difference of instants: AJ; = (T3; — T,) and 
AT, = (T3; — T.) to the right towards increasing time S,,,. The 
intervals AT, and AJ, must be expressed in the scale of the chart 
(in equatorial minutes); for this purpose there is a special scale 
AT at the bottom of the chart in minutes and seconds of mean time. 

Taking from this scale the intervals AT, and AT, and laying them 
off from the points A; and B, to the right along the parallel, we get 
the points A, and Bs, through which the advanced lines J"-I” and 
II"-II” are drawn parallel to the curves of the same star at the 
points A», and Bo. 

Now all three lines of position, J”, II” and III, refer to the 
instant and zenith of observations of the last star; and so their 
point of intersection yields the observed zenith. If a triangle of 
errors has resulted, the site is taken inside it or at the vertex closest 
to danger, in a manner similar to obtaining a fix from three stars 
(see Sec. 115). 

Take the latitude @, from the lateral frame of the chart, Sj.¢ from 
the lower (or upper) frame and correct them with the corrections 
dS and 6S for precession, which corrections are taken from the table 
at the bottom of the charts. We then get @p and Sjo,¢. 


Po = Py + Op 
S jae = bie = SD toe + 6S 
Finally, we get the longitude 
ho ao the — rae 


(22.15) 


where ae is obtained at the beginning of the computation from the 
instant 7'3. 

Working the sights of Polaris is a rather simple undertaking. 
‘The charts for latitudes from 42° to 63°N have three altitude scales 
of Polaris; for latitudes 63°-70° there are four scales (two in the 
middle); there are no scales for Polaris for latitudes exceeding 70°. 

To determine the latitude from Polaris we find the computed 


value of Sjzo, = ae + 4,, and in the region of this value (on the 
Hcale S75,, Fig. 232) we locate on the two Polaris scales (one of them 
ix constructed in the middle of the chart) the same values of altitude 
of Polaris: hp,;, which correspond to its corrected altitude. Con- 
necting these points with a straight line, we get a segment of the 
curve of equal altitudes of Polaris. If a line of position is required, 
this line hp,; — hp,, is taken as the position line. And if the lati- 
(ude @o is required, we locate point D at the intersection of the 
meridian S;,, with the line hp; — hp). The latitude of point D 
laken from the lateral frame will be «,, which should be corrected 
hy the formula (22.15). We thus see that it is very simple in this 
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way to obtain a position line of Polaris or the latitude from Polaris; 
however, we must bear in mind that the third correction is not 
taken into account here, so that their accuracy will be lower than 
in the usual method of working sights. 

The advantages of star-altitude-curve charts are: 

(a) speed of working sights is cut by more than a factor of two; 

(b) the possibility of dispensing with the MAE and tables; 

(c) simplicity of routine and small number of operations, thus 
reducing the probability of blunders. 

This method, however, has the following essential defects: 

(a) the method is not universal, because it is very difficult to 
construct star-altitude-curve charts for the sun, moon and planets; 
therefore, conventional methods have to be employed to obtain 
fixes using these bodies; 

(b) the choice of stars is limited; 

(c) cases may occur that require a full set of charts for all lati- 
tudes, and these may not be available on board ship. A fix will 
then have to be obtained in the usual way. 

Hence, star-altitude-curve charts cannot replace the general 
method, but can only supplement it. That is the reason why these 
charts have not come into general usage. 

Fixes obtained with the help of star-altitude-curve charts are 
of somewhat lower accuracy than usual; this is due to the approxi- 
mation in taking account of changes of stellar coordinates 6 and 1, 
and due to errors of the chart itself. On the whole, the accuracy of 
working sights depends on the scale of the charts. Working sights 
by star altitude curves published by the U.S.S.R. Navy in 1952 
(these are the most accurate ones) yield possible mean errors in 
the zenith of the order of &,,, = +1’.0-1'.5 without allowance 
for observation errors. 


Example 5. On 18 September, 1968, in the Atlantic Ocean, on course 5.) 
true at a speed of 11 knots, decided to obtain a fix in morning twilight from three 
stars with the help of star altitude curves. 

ff ae time of observations. At 7,, = 4h; Qe ~ 62°.5N; hs 
oz 14°45’W. 


Sunrise © Tr oh 31m Twilight 
AT 9, 0 Nautical | Civil 
Sunrise © 7s, oh 28m |} dh 25m 
floc ie Duration of twilight| 41 42 |0 4¢ 
(NLA) 3 uration of twilig i 
1 Onset of twil. 7, | 3h 47m | 4h 42m 
Sunrise © 7p | oh 28m 


We choose the time for beginning observations 7'.,—=4h35m. The final time 
of observations will be determined after choice of stars (Item 2). 
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2. Choice of stars. 


(a) Tsp | 4b 35m (b) From Table 2 of chart instructions we select 

ZD 4 (using tjo¢—= 66°) 

7. | 5h 35m 18.9 h A 
Tyr | 5b,35m 18.9 
iy 72°41’ (1) a Ursae Majoris 45° 40° 
At 8 46 

(2) a Leonis 15 85 

iY 180°57’ | 

7 Aw 14 45 (3) a Canis Minoris 95 125 


We shall observe the stars in that sequence, 
the © 66°12’ + 66° proceeding from the visibility of the horizon 
and the celestial body. 


If the ¢%. obtained is close to the ¢%. on the right-hand frame of the 


loc loc . 
chart, the time 7, is decreased (increased) so that all curves reduced to a 
single instant should be on the given sheet of the chart and not on dilfe- 
rent sheets. 


4. Observations 


I. a Ursae Majoris II. a Leonis III. a Canis Minoris 
(Dubhe) (Regulus) (Procyon) 
NV. Sr... 48°25’ .5 13°12".0 23°22’ .6 
We Dy! ses oh 30m 8s.5 oh 33m 28s Sh 35m 51s 
i -+sy= —0.7 it so=—1’.0 i+ s3= —O0’.9 


Uph ==> 38M O88; e=7.5 metres; 1?=+11°; B=760 mm; 
Tan — 4h 40m; lr=28.3; pe =62°37'N; Ap = 14°46’ W. 


4, Working sights 


I. Dubhe II. Regulus III. Procyon 

Von dh 30m 8s.5 | dh 33m 28s oh 35m 51s 
Woh 3m 53s om ods 3m 5dds 
Tyr | 5h 34m 48.5 | 5h 37m 21s | 5h 39m 44s 

Data ( 

fp ae AT om 42s + om.7|2m 23s & 2m.4 
ducing’ | Ship’s 4’.0 0’.4 ty 71°38’ .3 
lo ze- cues 

nith | 7° 55° 55° At 957 .6 
and in- 


alunt 7's Syp=tY, | 81°35’.9W 
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48°75’ .5 | 13°42’ .0| 23°22'.6 
tes —o.7| —1.0] —0.9 
h’ 48°24 8] 13°41’ .0| 23°247.7 
er 5.7) 20:0) 27-3 
he ) 48°49’ 4 | 13° 2".0| 23°44" .5 


Ya Ursae Mayoris (Lubhe) reeanis (Regulus) y, & Canis Minoris 
65 66 Sip OF (Procyon) 


2 
> 


hs 


ZS 


a Ganis Minoris 
23°F 


Fig. 233 


do. From chart (sheet No. 6 Fig. 233). 


(p’ 62°31’ Sioc=the | 66°58’ 
de +1 .8 6S 17 .5—from table at bottom of chart 
Po | 62°32" .8N Six 67°15’ SW 

S or 82°08" .4W 

Ve | 14°53’ W 


T sph==“4h 40m, lr =28.3 


6. Analysis of the observed position is done in similar fashion to a three- 
star fix by the method of altitude lines of position, but the mean error of a li- 
ne €,, Should be increased from 1.5 to 2 times. 
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DETERMINING TIME OF RISING AND SETTING 
OF CELESTIAL BODIES AND THE ILLUMINATION 
OF THE HORIZON 


SEC. 137. GENERAL REMARKS 


Cases often occur when it is necessary to know the time of rising 
and setting of some body. Most frequently it is sunrise and sunset. 
These problems mostly involve determining the natural illumina- 
tion of the horizon, which means that the time of twilight is also 
important. Here, high accuracy is not required, it being sufficient 
to determine the time to within Oh.1; only sunrise and sunset should 
be known to within 1m. 

Two instants are involved in the phenomena of rising and sett- 
ing of celestial bodies: 

(1) True rising (setting) of a body: when the centre of the body 
(sun or moon, say) arrives at the true horizon; 

(2) Apparent rising (setting): when the upper limb of the body 
is tangent to the visible horizon. 

Determining the hour angle of a body at the instant of true rising 
and setting was considered in Sec. 9, where these problems were 
solved as a consequence of the diurnal motion of the body without 
allowance for variations of the equatorial coordinates and likewise 
without allowance for the apparent dimensions of the bodies and 
the parallax. 

When determining the instant of apparent rising and setting, 
it is necessary to know the value of declination of the body at that. 
instant and also the value of dip, the apparent semidiameter and 
the diurnal parallax of the body, as a result of which the problem 
becomes involved. 

Practically speaking, we need be interested only in the apparent. 
rising and setting of the limb of a body, the true rising (setting) 
being used only as an intermediate stage in the solution. 

In some cases we have to know the natural illumination of the 
horizon by sun and moon for a given place or locality and over 
a long period of time. In such instances, it is convenient to build 
a schedule of illumination for one or two months in advance, which 
would include, on a single sheet, data on twilight and the risings 
and settings of these bodies. 
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SEC. 138. DETERMINING A SHIP’S TIME OF TRUE AND APPARENT 
SUNRISE AND SUNSET 


I, TRUE SUNRISE AND SUNSET 


At the instant of true sunrise the centre of the sun will be on 
the true horizon (Fig. 145, Sec. 94), that is, h = 0, and from the 
triangle ZP yC,, using formula sin h we have 


cos {. = — tan p- tan do (23.1) 


The local hour angle ¢2. (computed from this formula after the 
latter has been investigated) of true sunrise (sunset) will be east 
for sunrise and west for sunset, and if 6 and @ are of the same name, 
then ¢ > 90°, and if of contrary name, then ¢ < 90°. When taking 
out of the MAE the declination of the sun, which enters into formu- 
la (23.1), we take 7, of sunrise (sunset) obtained a few days earlier; 
or in a less accurate solution: for sunrise 7, ~ 6h, for sunset 
T ., ~ 18h; if greater accuracy is required, the problem is solved 
by successive approximation. 


The computed >. is converted to west, and then to tT? = 


= #9. F At-, after which we determine T7,,* by reverse entry ol 
MAE. At sea the instant of true sunrise (sunset) may be found in 
the following approximate fashion: the height of the lower limh 
of the sun above the apparent horizon at this instant will be appro- 
ximately 0.7 or 3/4 the vertical diameter of the sun, which on the 
horizon is less than usual due to refraction and is equal to 26’-28’. 


II, APPARENT SUNRISE (SUNSET) 


For practical purposes it is much more important to know the 
instant of the apparent rising (setting) of the upper limb of the sun. 
At the time of apparent sunset, ships lower the flag and all lights 
under way and anchor lights are switched on. Beacon and signal 
lights are put on at the same time. Lights are switched off in the 
morning at the instant of apparent sunrise. 

As may be seen from Fig. 145, Sec. 94, the hour angle ¢, and hence 
the time of apparent sunrise will not be equal to the time of true 
sunrise. This is due to the circumstance that at the instant of appa- 
rent rising of the upper limb of the sun its centre is lower than the 
true horizon by the amount of negative altitude: 


DC =hy= —d—p—Ro+p (23.2) 


* See Sec. 47. 
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The value of the dip of the horizon d depends on the height of the 
observer’s eye, and if the mean height of the bridge is e = 6.1 met- 


res, then d = —4’.4. On the average the refraction p on the appa- 
rent horizon will be 9 = —35’.5, the mean angular radius of the 
sun R»z = 16’.0, and its parallax p = +0’.2. 

Taking these values, we have hj = —55’.7, which means the 
centre of the sun lies 55’.7 below the true horizon. If we take e == 0, 
then hz = —50’.3. This magnitude is the accepted one in the MAE 
and MT-63. 


For this same reason, as will be seen from Fig. 145, apparent sun- 
rise takes place before true sunrise, and sunset comes later. The time 
interval AT between these instants depends on the angle of incli- 
nation of the parallel to the horizon, that is to say, on the latitude 
of the position and the declination of the celestial body, as is evi- 
dent from the same figure. 

The hour angle ¢t, of apparent sunrise may be found in two ways: 

(a) by computing ¢, from the general formulas for an astronomical 
triangle for a given hz; 

(b) by computing from the formula (23.1) the hour angle of true 
sunrise t>., and then introducing into it the correction At for a 
change of altitude Ah>. 

In the former instance, the hour angle is determined from the 
triangle ZCP y (see Fig. 145) from the formula of the cosine of a 
side ZC, from which we have 
sinh—sin @-sin 6 

cos @-cos 6 
After transformations considered in Sec. 130 we will have 
sin? 2 =0.5 sec p-sec 6-cos (p — 4) E ——a=5 | (23.3) 
where h is computed for given conditions (height of eye, etc.). 

In an exact solution of the problem, the quantity 6 is taken from 
the MAE using the earlier (and approximately) known T7;), of sun- 
rise (sunset), which is converted to 7,,, or by the method of succes- 
sive approximation. When determining ¢, to within 1 minute (in 
all cases except high altitudes) the declination may be taken for 
T ., = 6h in the morning and 18h in the evening. To avoid a second 
approximation, the problem may be preliminarily solved in appro- 
ximate fashion by a globe, and then with exactitude. 

Similarly, using formula (23.3) we can also compute the hour 
angle of sunset (t,), but if at sunrise the angle f, obtained is east, 
then it will be west at sunset. 

To determine the time of sunrise (sunset) from the determined 
west hour angle ¢’,), we get t2 and then from the MAE by reverse 
entry we obtain 7,, and Tgp. 


COS t,. == 
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In the second method, the hour angle >, is computed from the 
formula (23.1), while the correction At is computed from the for- 
mula (3.14), that is, Ah = —cos g-sin AAt in the form 


At’ = — Ah-sec @-cosec A (23.4) 


If a MAE is not available, 65 is obtained from some kind ol 
tables, charts (see Appendix VII) or by approximate calculation. 
After obtaining ¢,(;, in the fashion indicated above the time ol 
sunrise (sunset) is determined relative to the time of solar transit, 
which is also obtained by computation. Use is made of the 
following formulas: 

(a) local time and ship’s time of transit of the sun 


Tise = 12h-+4 
Ten = Vibe hw NW 


where yy is taken from tables or from a chart; 
(b) time of sunrise: 7,, = Ts, — tri 
(c) time of sunset 7, = Ti; sto. de: 

Problems involving computation of ¢,) and determination of 
the time of sunrise (sunset) by the above-mentioned methods are 
encountered only in enceptional cases, for instanse, for py > 74° 
(see example 1) or gs > 60°. Ordinarily, the time of sunset (sun- 
rise) is found from MAE tables. 


Example 1. On 12 September, 1968, in the Vilkitsky Straits, on course 25° 
true at a speed of 10 knots, the problem is to find 7,, of sunrise and sunset to 
within one minute. 

(1) Determining time of sunrise. 

‘ (a) a we take sunrise at 7,, = 5h (on the previous day, 
sh ~ -0). 

At Tsy==5h we have .=77°57'N, Ac = 103°35’E. 

Timepiece set to ZD 8E; e — 14.5 metres; t = +5°; B = 750 mm. 

(b) Choosing declination and computing h. 


_? sh 5h 12.09 b= 4°17’ AN 

ZD 8 or 
8 = P17'N : 

L gp | 21h 11.09 d | 226.7 

Po —36 .0 

Mot —1 .2 

Avs +0 .6 

Ro —15 .9 

w +0 .2 
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4c) Computing ¢, * 


(p= 77°57'N sec | 6.6803 
6= 4°17'N sec | 0.0012 

q — 6 = 73°34’ cos | 9.4516 | cos 9.4516 
0.5 log | 9.6990 


h= —59’ © I 9.8321 | sinh 8.2346 
a | 0.0256 |—————————_ 


Arg ** | 1.2470 


sin? | 9.8577 


tp=116°11'E =243°49’W; S(t, & Th 45m) 
qd) Calculating time of sunrise from MAE 


_ th 243° 49’ 
NE 103 35 
ee 140°14’ 
from MAE on 11.09 tr 1385 54 .. T'g, 21h 
rom interpol. table At | 4°20’ . 2 AT gp Oh17m (20s disre- 
garded) 
Pg 214h17m 11.09 
ZD 8 
Sunrise © 7p ohi7m 12.09 


Taking from MAE 05 for 7,,=21h 17m, we see that a second approxima- 


(ion is not required here. 
(c) If the problem is solved without the MAE, we obtain from charts 
(Appendix VII) or tables 6.—4°.5N, n=—4m. In a solution similar to 


that given in (c) we obtain ¢,=7h 47m. 


Transit of Sun © Sunrise © 
ae 12 12h Om (Transit)... Vsp |’ 13h 2m 
n — 4m t; 7 47 
Tiss 14h 56m (Sunrise)... Tsp oh 15m 


(—A+ZD) |+1 6m 


T sh | 13h 2m 


* All coordinates are rounded to 1’. Logarithms areyrounded to 4 decimal places or 
wre taken from 4-place tables, 
** The argument (Arg) for taking out a in formula (23.3) is obtained as the diffe- 
vonce log cos (g — 6) — log sinh 
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(2) Determining time of sunset on 12.09 
(a) A first approximation is obtained from a globe; at 7.,~18h we get 
from a chart @, == 77°32’N; A~=96°27'E; timepiece set to ZD=7E. 


Sunset © th 284°.5 (from globe) 
AR 96 .5 
t\ 188°.0 
On 12.09... ef (86:60 a ws. Te 12h 
Interpol. table At 4°.2 . . . AT gy Oh 5m 
T gp 13h 5m 
ZD 7 
T sh 20h 5m 


(b) At Ts;,=20h 5m, from a chart we have @,.=77°25'N; A= 95°40’ E 


From MAE at 7,,=13h 5m; 


Sr 4°2" .2 (1.0) 
AS 0.4 
86 4°2'N 


(c) @ = 77°25'N sec 0.6618 
d= 4° 9’N sec | 0.0011 


p—6= 73°16’ cos | 9.4593 cos | 9.4593 
0.5 log | 9.6990 | sin hk | 8.2346 
h= —59’ I 9.8212 | Arg | 1.2247 

a | 0.0251 

sin? | 9.8463 


t,=113°49’ W (7h 35m) 
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(4) From MAE ts | 113°49’ 
NE 95 40 
ee 18° 9’ 
12.09 tr 4597 ... Tg, 13h 
Interpolation table Aé | 2°42" 2... ATs, 9m 
fy 13h 9m 
gr 
Te 7 
Sunset © Tsp | 20h 9m 


III. DETERMINING TIME OF APPARENT SUNRISE (SUNSET) FROM MAE 
TABLES 


The Nautical Astronomical Almanac (MAE gives the mean local 
time of sunrise and sunset for each day of the year for 30 values. 
of latitude (from 60°S to 74°N)* on the Greenwich meridian in 
a manner similar to that considered above but for height of eye 
e = 0, that is, from sea level. The tables that contain these values. 
also include the duration of twilight and are compiled for 10° inter- 
vals of latitude (up to @ = 40°), 5° intervals (up to 50°) and 2° 
intervals (up to 74°). Along with the time of sunrise (sunset) is 
given the diurnal variation (with preceding day); that is, for inter- 
polation with east longitudes; for west longitudes, the sign of the 
correction should be reversed. To obtain the time of the phenomenon 
on a local meridian, take the tabulated time 7, obtained from the 
date and the lower of the two tabulated latitudes closest to @,, 
and interpolate in latitude and longitude; to do this: 

(a) form the tabulated differences of time Ag along the vertical 
and take out the diurnal variation A, with its sign if the longitude 
is east and with reverse sign if west; 

(b) with these differences and the values of Ag = — @- and 
X,, from the interpolation table at the end of the MAE take out 
corrections AJ, and AT, for the time of the phenomenon, which 
have the same “signs as the differences A, and A,. The corrections 
thus obtained are applied to 7, 


; Figen ANT, (23.5) 


* Also published in the U.S.S.R. are “Tables of Sunrise and Sunset for 
Latitudes 74°-20° North”. 
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after which 
T sn =T toc E Mw & ZDW 


The corrections AT,, AT, for the sun in low latitudes (up to 54°) 
and longitudes are small, but in high latitudes and for large longi- 
tude they can become very large. 

As we know, in high latitudes we observe a nonsetting sun (polar 
day) and a nonrising sun (polar night). These are indicated in the 
MAE tables by the symbols: © and gg. 


Example 2. Determine the time of sunrise and sunset on 21 August, 1968, 
in @=64°47’N; 4=177°27’E by legal time. 


Sunrise ©) | Sunset © 
On Greenwich merid. 77 4h 09m 19h 55m 
Table A ...... AT o —4 (—11m) +4 (+411m) 
Table B ...... AT), —2 (—3m) +2 (+4m) 
On local meridian —_—T ig¢ 4 03 21.8 20 O1 24.08 


14. 50 11 00 


nk 16 13 20.8 8 11 
ZD + - 4 13 13 
lsh =Tiog 5h 13m 21.8 21h 114m 21.08 


SEC. 139. DETERMINING THE SHIP’S TIME OF TWILIGHT 


When the sun sets, darkness is observed to develop gradually; 
this time is termed twilight. Twilight in a given place is associated 
with the passage of the sun’s rays through the atmosphere. Indeed, 


Fig. 234 


although for an observer A (Fig. 234) the sun (S,) has already set, 
the upper layers of the atmosphere are still illuminated by the sun 


139. DETERMINING TIME OF TWILIGHT 577 


and scatter and reflect the sun’s rays, thus producing an illumina- 
tion that diminishes as the sun falls below the horizon. If we con- 
struct a curve (Fig. 235) of the amount of light for a given observer 
in clear weather, it will be seen that illumination on the earth’s 
surface is determined mainly by the angular magnitude of depres- 
sion of the sun’s centre, if we disregard meteorological causes and 
moonlight.’ Depending on the degree of light in the atmosphere we 
generally differentiate between: 

(1) Civil twilight: the interval of time between the instant of 
setting of the upper limb of the sun and depression of its centre to 6° 


SS 


“18° -15° -12° -9 


LMumination 


(sometimes 7°) below the horizon; during this time, illumination 
is still considerable (diminishing from 700 to 1 lux) and sufficient 
to see distant objects and take their bearings; the. horizon is nicely 
visible, while towards the end of twilight some of the brightest 
planets and stars become visible. 

(2) Nautical twilight: the time interval between the end of civil 
twilight and depression of the centre of the sun to —12°; the horizon 
is visible and nearly all navigational stars too; it is no longer pos- 
sible to take the bearings of objects on the shore. This time is best 
for star observations above the visible horizon. Towards the end 
of nautical twilight, the horizon is poorly visible and it is difficult 
to observe celestial bodies with a marine sextant. 

(3) Astronomical twilight: the time interval from the end of 
nautical twilight to depression of the centre of the sun to —18°; 


37—1275 
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full night has set in by the end of astronomical twilight and all 
visible stars appear. 

The foregoing refers also to morning twilight, but the sequence 
of events is reversed. 

If civil twilight lasts all night, that is, if the centre of the sun 
does not go beyond 6° below the horizon, we have twilight nights 
(so-called white nights) in place of dark nights. 

But if the sun does not rise at all and twilight lasts all day long, 
then we have twilight days. In MAE tables, ” ” ” ” indicates white 
nights, and xX X X X X indicates twilight days. 

The onset and duration of “white nights” are determined in the 
same way as the polar day, by the expression (for the case of civil 


twilight) 
55 > 90°—g—d—p—Ro—-6 


or approximately 
89°— 9 > 65 > 83°— @ (23.6) 


where 65 and g are of the same name. For 6 > 89° — gq, a white 
night turns into a polar day. 

For 65 and @ of contrary names we have the dates of the onset 
(end) of “twilight days” from the formula 91° —@<6 <97 — q. 

During white nights, one can observe bright stars, but mostly 
only through a sextant telescope: for this reason, it is best first to 
compute their h and A from a globe. 

If the centre of the sun does not drop beyond 12° below the hori- 
zon, nautical twilight will set in in the middle of the night and 
one can observe fainter stars. 

Computing the time of twilight is similar to finding the time of 
apparent sunrise (sunset). To do this, in formula (23.3) for computa- 
tion of t;,, of the sun at instants of onset (end) of the appropriate 


twilight one should take h; = —6° (civil), he = —12° (nautical) 
and h; = —18° (astronomical). For instance, for nautical twilight 
we have 

ee? J nau in 12° 

sin? “maul 0,5 sec p-sec 6-cos (p — 4) E +ssere | (23.7) 


To choose declination, asa first approximation, take 7, for onset 
of nautical twilight in the morning at 4h and in the evening at 20h, 
or take 7,, of the previous day. From the computed ¢,,, (taken 
from MAE by reverse entry) we have the time 7,,, which is conver- 
ted to 7,,. In case it is necessary to refine the solution, take the 
declination from the 7,, obtained and the problem is solved to a 


second approximation. 
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The solution by formula (23.7) is similar to that in Example 1 
and might be needed only in high latitudes, for which no tables 
of twilight duration are available in the almanac (that is, for gy > 
> 74 or @g > 60°). 

For smaller latitudes, the same daily tables of MAE have (next 
to the time of sunrise and sunset and for the same latitudes) columns 
entitled “duration of twilight”, “civil twilight”, and “nautical twi- 
light”. One must bear in mind that in these tables the duration 
of nautical twilight signifies the entire time from sunset to depres- 
sion of the centre of the sun to —12°. And the time of onset of nauti- 
cal twilight is obtained as the time of ending of civil twilight. 

When taking these data from the MAH, they should be interpolat- 
ed in latitude like the time of sunrise (sunset). Interpolation in 
longitude may be disregarded due to the impossibility of defining 
exactly the boundary between these twilights. To obtain the beginn- 
ing and end of the twilights, the durations thus found should be 
added to the time of sunset or subtracted from the time of sunrise. 


Example 3. Determine the time of onset of nautical and civil twilight on 
the morning of 28 August, 1968, in @=51°13’N; A=160°19’E (ZD=12E) 


Nautical | Civil 
Sunrise © for Green- 

WICH: s2,ce-4" 2-44 Tr oh 08m oh 08m | A —10h 414m 
Table 4...... AT» —2 (—3) —2 (—3) ZD +12 
Table B...... AT —1 (—2m) | —1 (—2m) |—————_ 

a ee es ee ee) FS +4h 19m 
__ jfSunrise® .. . L ise 9 05 0 O05 
eae of twi- 
light ..... 1 18 O 39 
Onset of twilight Ty 3. 47 4 30 
(—A-+-ZD)} +1 19 +1 19 
Onset of twilight 7’, | oh 06m | oh 49m 


SEC. 140. DETERMINING TIME OF APPARENT MOONRISE (MOONSET) 


The time of true moonrise (moonset) is computed in exactly the 
same way as for the sun, but due to the rapid change of lunar coor- 
dinates, ‘its declination should be taken for a more exact value 
of Z'z,- Therefore, if it is required to obtain the time to within 4 
minute, the problem should be solved by successive approxima- 
tion. 


BY hd 


080) TIME OF RISING AND SETTING OF CELESTIAL BODIES 


The time of apparent rising (setting) of the upper lim)h 
of the moon will differ from the true value by the amount At = 
—Ahsec @~-cosec A. Let us determine Ah=h, for average conditions, 
similar to those considered above, but with allowance made for the 
mean R, = 15’ and the parallax pc = 57’, that is, 


h: = —d—p—R, +pc = —4'.4—35'.5—15’4+ 57’ = 4 2’ (23.8) 
Consequently, the height of the centre of the moon above the true 
horizon at the time of rising of its limb is on the average equal to 
+2’.0 (for height of eye e = 6.1 metres). 

The magnitude of pz varies between 53’ and 62’, p and d also 
change considerably; for this reason, the apparent rising of the upper 
limb of the moon may occur either somewhat earlier or somewhat 
later than true moonrise. For nautical purposes, it may be conside- 
red that the instant of apparent moonrise (moonset) is roughly coinci- 
dent with the instant of true moonrise (moonset). 

The hour angle of true moonrise is computed from the formula 


(23.1) in the form 
cos t&, = — tan @-tan b¢ (23.9) 


To pick out the declination of the moon from the MAE, one has 
to know 7, at the instant of moonrise (moonset). This problem is 
solved by successive approximation. To a first approximation, the 
problem may be solved by a star globe on which the moon is indi- 
cated and the coordinates a, and 6, arechosen for a very rough 
time of moonrise (moonset): 7;,, = T'" = 6h converted to T,,. 
A second approximation is obtained from the formula (23.9) and 
an almanac (by reverse entry). 

The correction for apparent moonrise is obtained from the for- 
mula 

At’ = — Ah¢ -sec p-cosec Ax 


In the solution, obtain Ah; or hc from (23.8) with p- 
and R, at the given instant and d for the given eye height; 
the azimuth is computed from the formula for true moonrise, 
that is, 

cos Ac = sec @-sin 5¢ 


If it is required to compute the azimuth of the moon to within 
0°.1, formula (17.20), Sec. 94, is used; here we substitute the value 
of h, obtained from (23.8) and 6; obtained from the MAE by a second 


approximation. 
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COMPUTING THE TIME OF MOONRISE (MOONSET) FROM THE MAE 


For practical purposes it is sufficient to know the time of apparent 
rising and setting of the upper limb of the mon to within Oh.1-Oh.5; 
therefore, in place of an exact computation, one can make use of 
prepared values given in the daily tables of the MAE. These tables 
are compiled for the very same latitudes as those for the sun, and 
yield the civil local time of the phenomenon on the Greenwich 
meridian for every day of the year to within O0h.1. To obtain the 
time of the phenomenon in a given place, interpolate the chosen 
instants of 7, in latitude upwards (towards greater latitude) and 
in longitude (by means of diurnal variations given with their signs 
alongside the time of the phenomenon); the sign of variation cor- 
responds to interpolation to the preceding 24-hour period, which 
means it can be applied in case of east longitudes; in case of west 
longitudes the sign is reversed. Time of moonrise (moonset) is 
interpolated for Ag and A by means of tablesat the end of the MAE. 


Example 4. Determine 7,, of moonrise on 24 October, 1961, in = 
= 64°31'N, 4=177°50’E at time of ZD=13E. 


Moonrise | Moonset 
On Greenwich 
merid. ...T7pr 06h.3 15h.9 (on 24.10) A —411h 51m 
Table A... ATy |+0 .1(-+0h.2)} O .0 (—Oh. 1) ZD +13 
Table BB. . . AT, |—O .9 (—1 .9)I4-0 .14 (40h. 2) 
On local merid. T79¢ oh.5 16h.0 (—A-+- +1h 9m 
—XA+ZD |+41 .1 +4 .1 +ZD) ew th.1 


Ts | 6h.6 21 10 17h.1 24.10 


For certain dates the tables have symbols c: or mm which indicate 
that on the Greenwich meridian the moon that day was constantly 
above the horizon or below the horizon. 

In such cases one should take the time of the phenomenon in the 
succeeding day (for east longitudes) or the preceding day (for west 
longitudes) and obtain the 7,, of the phenomenon. It may turn out 
that in the given place the moon neither sets nor rises. 


APPENDIX I 


ESSENTIALS OF PLANE TRIGONOMETRY 


1. Values and Signs of Trigonometric Functions of an Angle in Quadrants 


of a Circle 


Angles 


Cee I 


quaorent II 


eae ITI 


Quadrant IV 


°_9()° 0°—180° —270° 270°—360° 
Functions 

| 0° 90° | 180° 270° | 360° 
sing ) + ,;+14+{;, + 0 — |}—1—|; — 0 
COs & 4+, + 0 — ;—1—} — 0 + | +41 
tan @ 0 + |+too—}| — 0 + |+oo— 0 
cot a oo+;] + 0 — |j—oo+|! + 0 — — oo 
sec a 1+ | + |4too—-| — |—1—] — |—o+} + | +1 
cosec @ cot] + {4144+] + |4o—-}| — |-—1-| — —©Oo 


2. Formulas for 


Functions 


Reducing Functions to an Angle of the First Quadrant 


sin x cos x tan x cot x sec x cosec x 
Ang les 
r= sina cos @ tana cot a sec @ cosec a 
x=: 90°—a +cosa|-+singa | +cota | + tana |+ coseca!-+sec a 
x= 90° +a +cosa|—sina | —cota| —tana |—coseca|-+seca 
x= 180°—a +sina| --cosaj} —tana| -—-cota|—seca |+coseca 
x= 180°+a —sina|w—cosa]| +tana| -+cota!i—seca |—coseca 
x= 270°—a —cosa| —sina | -++cota | -++ tana |--coseca|—- seca 
z= 270°+a —cosa| +sina | ---cota | —tana|-+coseca|/—seca 
x= 360°—a ; 
—sina | +cosa | —tana|—cota/]+seca |—coseca 


t= —a 
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3. Formulas of the Trigonometric Functions of Sums and Differences of 
Angles (Addition and Subtraction Formulas) 
sin(a + B)=sina-cosB + cosa-sinf 
cos (a -+- B)=cosa-cosB + sina-sinB 
tana + tanB 
tan (a = B) 7a a-ton B 


4. Double-Angle Formulas 


sin 2a=—2sina-cosa@ 
cos 2a = cos? a—sin2 a@a==2 cos? a—1t1=—1—2sin2a 


or 


4 & 
cos a= 1—2 sin2 > 


Note. The designation sin? > is given differently in the manuals of 


certain other countries: 
German: sema (semiversus @) 
English: hav a (haversine a, versine @) 


tandaq 2 ne = 2 
~ 4—tan2a ” cota—tana 


5. Formulas of the Sums and Differences of Functions 


sin +sin B=2sin —- (a+B)-cos (~— B) 


(a — f) 


sin a—sin B=2cos + (a+ B)-sin 


ewe rie 


cos a-}-008 B=2.cos (a + B)-cos —- (%—B) 


cos a—cos B= —2 sin + (a+ B)-sin = (a— B) 
6. Tangent Formulas 


1 
a: tan >- (A—B) 


atb 


= tan = (4~B)-tan = C 
tan ->- (A+ B) 
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ESSENTIALS OF SPHERICAL GEOMETRY 


{. Relationship Between the Arcs of Great and Small Circles 


The radius r of a small circle is connected with the radius R of a great circle 
by a relation that follows from the triangle O0,A (Fig. 236): 


r=R-cos 
Multiplying by 2m we have 


2ir=2nR-cos p 
or 


20r-n=20R cos pen 


which means that the length of an arc of a small circle or a part of it is less than 
the length of an arc of a great circle or a part of 
it by the factor cos ». 


2. Peculiarities of the Ares of Great Circles 


(a) The arc of a great circle is the shortest 
distance between any two points on the sphere. 

(b) The position of an arc of a great circle is 
fully defined by two points not lying on the ends 
of one diameter. 

(c) The planes of any two great circles inter- 
sect along the diameter of the sphere. 


3. The Spherical Angle and Its Measurement 


Fig. 236 


A spherical angle is an angle on the surface of 

a sphere that is formed by two arcs of great circles. 

A spherical angle is measured by the arc of a great circle contained between 

its two sides and distant 90° from the vertex of the angle (arc CD in Fig. 236 
measures angle 8B). 


4. The Spherical Triangle 


A spherical triangle is a curvilinear triangle on the surface of a sphere formed 
by three arcs of great circles that do not intersect at one point. 

The sides and angles of a spherical triangle are measured in degrees, hours, 
or radians; in magnitude, they are ordinarily confined within the limits of 180° 
(Euler’s triangles). 
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The principal properties of the sides and angles of a spherical triangle are: 

(a) The sum of the sides of a spherical triangle lies between 0° and 360°. 

(b) The sum of the angles of a spherical triangle lies between 180° and 540°. 

(c) Greater sides lie opposite greater angles of the triangle. 

(d) The sum of two sides of a triangle is always greater than the third side, 
and the difference is always less. 

A right spherical triangle is one in which at least one of the angles is equal 
to 90° (all three may be right angles). 

A quadrantal spherical triangle is one in which at least one of the sides is 
equal to 90° (all three sides may be 90°). 

A small spherical triangle is one in which the sides are small compared to. 
the radius of the sphere (in nautical astronomy a small triangle of the~earth 
is one which has sides less than 2° for an accuracy of solution to within 1’). 

An elementary spherical triangle is one in which one of the sides and the oppo- 
site angle are small relative to the radius of the sphere (for the earth, less than 2” 
for an accuracy of solution to within 1’, and less than 0°.6 for an accuragy to 
within 0’.1). 
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ESSENTIALS OF SPHERICAL TRIGONOMETRY 


1. Basic Formulas of Spherical Trigonometry 


(a) Law of cosines for a side. 

In a spherical triangle the cosine of any side is equal to the product of the cosines 
of the other two sides plus the product of the sines of those sides multiplied by the 
cosine of the angle between them. 

From Fig. 237 we have 


cosa=cos b-cosc-—-sin b-sinc:cos A 


There are three such formulas, one for each side. 

(b) Law of cosines for an angle. 

In a spherical triangle, the cosine of any angle is equal to the negative (minus) 
product of the cosines of the other two angles plus the product of the sines of the same 
angles multiplied by the cosine of the side between them. 


Fig. 237 


From Fig. 237 we have 
cos B= —cos A-cosC-+ sin A-sin C-cos b 


There are three such formulas, one for each angle. 

(c) Law of sines. 

In a spherical triangle, the sines of the sides are proportional to the sines of the 
opposite angles. 

From Fig. 237 we have 


sina ) sin b 
sinA  sinB 


Three such relations may be written. 
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(d) Law of cotangents or four adjacent parts. 

In a spherical triangle with four adjacent parts, the cotangent of the opposite 
angle multiplied by the sine of the middle angle is equal to the product of the cotangent 
of the opposite side by the sine of the middle side minus the product of the cosines of 
the middle parts. 

: From Fig. 237, for the parts indicated by dashes (following the arrow) we 
ave 
cot A-sin C=cot a-sin b—cos b-cosC 


Six such relations may be written. 


2. An Intermediate Formula for Five Parts of a Spherical Triangle 


The cosine of an angle of a triangle multiplied by the sine of the adjacent side 
is equal to the sine of the second side completing the angle by the cosine of the third 
side minus their product in reverse (the cosine of the completing side by the sine 
of the third side), multiplied by the cosine of the angle between them. 

From Fig. 237 for angle B we have 


cos B-sin c-=sina-cos b—cosa:-sin b6-cosC 


Six relations of this type may be written. 
There is a similar formula for the angles of a triangle. 


3. Deriving Formulas for Solution of Right Triangles 


In the solution of right triangles we can use the basic formulas with subse- 
quent simplification. To speed up obtaining the formulas we can use the mnemo- 
nic rules of Napier: 

(1) In a right spherical triangle with three 
adjacent parts, the cosine of the middle part is 
equal to the product of the cotangents of the 
opposite parts. 

(2) If one of the parts is separate, then the 
cosine of the separate part is equal to the pro- 
duct of the sines of the adjacent parts. 

(3) In this case, a right angle is not conside- 
red a separating part, and in place of the sides, 
one has to take their complements (to 90°); for (90°- 
instance, 90° — b, 90° —c. From Fig. 238 4) 


we get Fig. 238 


cos (90° —b)=cot C-cot (90° —c) or sinb=cot C-tance 
cos B=sinC-sin (90° —b) or cos B=sinC-cos b 


4. Semiperimeter Formulas 
1 
P= (a+ b+e) 
A -V sin (p— b)-sin (p—c) 


tan —— : : etc. 
sin p-sin (p-—a) 


2 
Assuming that 


angi SE sme ae 


sil p 
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we get 
A tanp B_ tane 
an = sin(p—a) “2 sins Oo 


do. Formulas for Solving an Elementary Spherical Triangle 


(a) A right elementary spherical triangle. 
(1) The difference between the hypotenuse and a side (Fig. 239) 


B — OO ial j 47 2 3Be~ : . ‘- 
B (a—c)' 7 Sin 2a are 1’ + —>--sin 2c-are 1 
a--c<1’ for B< 2° (117’) 
a—c<0’.1 for BZ 37’ 
a C a, G, (2) a=c; b—B-sina; 90°-—C—8B-cosc=B:-cosa 


(b) An oblique elementary spherical triangle- 
An oblique triangle is solved by means of a right. 
triangle and a small triangle. 


irs A G4 c—a-+b-cos Ay=a—b-cosC 
B-sina=b-sin A=b-sinC 
Ag— A,= 90° —-C=B-cosa 
A, (c) A small spherical triangle. 
To a first approximation, a small triangle is sol- 
Fig. 239 ved by the formulas of plane trigonometry. 


6. An Auxiliary Sphere 


When solving problems that deal with finding angles between directions and 
planes in space, it is very convenient to use a sphere of arbitrary radius, through 
the centre of which the given and sought directions and planes are drawn. Then: 

(a) A bundle of parallel lines in space corresponds to a point on the sphere. 

) A system of parallel planes in space corresponds to one great circle on 
a sphere. 

(c) A bundle of straight lines forming in space the surface of a circular cone 
corresponds to a small circle on a sphere. | 

(d) An angle between two lines or planes in space corresponds to an arc of 
a great circle on a sphere. 

Hence, a consideration of the relations between directions and planes in 
space reduces to the solution of spherical triangles on the surface of a sphere, 
which is called an auxiliary sphere. The auxiliary sphere is widely employed 
in astronomy (celestial sphere), in the study of instruments, crystallography, 
and elsewhere. 


7. Units Used in Measuring Arcs (Angles) 


The arc measuring a given angle may be expressed in two systems of units: 
(a) in parts of the circle, and (b) in parts of the radius of the circle (sphere). 

In the former case, the arc (and angle) are expressed in degrees or hours; 
1° — 1/360 part of the circle, 1h — 1/24 part of the circle; in the latter case, 
the arc is expressed in radians. The radian (yp) is an arc equal to the radius R 
of the circle. Radian measure is also called circular measure. 
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Conversion from degrees to radians and vice versa is done on the basis of 
the following relations: 

The length of a circumference in degrees is 360°. 

The length of a circumference in radians is 


oe =2n. Hence, 
4 radian= 360°; 20 =57°17'44".8 = 3,437’ . 7468 = 206. 264”.8 
- on Ss ire corel 
f= 360°" radian + E709 radian 


To indicate that an angle of so many degrees (or minutes, seconds) is expres- 
sed in radians, we use the designation arc a@°; the notation, therefore, 
“arc a° =” is equivalent to the expression “an arc of @° is expressed in radian 


measure and is equal to...”. In this notation we have 
a 
arc 4 = 37g = 0.01745 (radian) 
arc 1’ ee ae a» zi 
~ 3,437.74 — 3,438 
arc 1” = : : 


206,264.8 ~ 206,265 


To convert to radian measure, an arc expressed in the same arc units °, 
*, ’ is multiplied by the factors arc 1°, arc 1’, arc 1”. For example, 


a==37°; arc 37°=37°-are 1°=0.6458 
a= 2°.15’ = 135’; arc 1385’ = 135’ are 1’ =—0.0393 
In the general form 
arc 2°=2°-arc 1° 
arc z’—2’-are 1’, etc. 


These expressions are constantly used in nautical astronomy. Numerical 
conversion may be performed by using Table 38, MT-63. 
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ESSENTIAL COMPUTATIONAL TECHNIQUES 


1. Computing Arcs from Most Favourable Trigonometric Functions 


When computing with five-place tables of logarithms, a error Az in the 
ira angle for an error in the logarithm of one unit in the fifth decimal place 
yields 


Az’ =0.08 tan‘ ... when computing from log sinz 

Ax’ = —0.08cotz ... when computing from log cosz 
Az’ =: —0.04 sin 2x ... when computing from log tanz 
Az’ = —0.08 tan ... When computing from log sin? = 


These formulas were used to compile Table 1 of the magnitudes of errors Ar. 
Table 1 


When computnig x from the functions 


x log sin x log cos x log tan v ng 

or or or Jog sin2 — 

log cosec x Jog sec x log cot x 2 
()° Q’ . 000 fore) 0’ .Q00 0’ .000 
20 Q .029 QO’ .220 0 .026 0 .014 
40 Q) .067 0 .095 0 .038 0 .029 
60 0 .137 0 .046 0 .035 0 .046 
80 0 .449 Q .016 0 .014 0 .066 
90 ore) Q .000 0 .000 0 .080 


From Table 1 and the formulas it is evident that 
_ (a) angles up to 45° are best computed from log sin? = ; 


(b) log tan z is the most favourable for any angle; 

(c) angles close to 0° (180°) are best computed from log sin z, while. angles 
close to 90°, by log cos x. It is impossible to compute angles close to 90° from 
log sin x and angles close to 0° (180°) from log cos z. 
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2. Trigonometric Functions of Small Angles 


When considering elementary triangles and in other cases, we frequently 
encounter the trigonometric functions of small angles. In such cases, we can 
simplify work and the formulas by replacing the function by its expansion in 
a Taylor’s series. Applying the Taylor’s series in the form 


ey= 40) -t hep FP wep... 4 LE ame... 


1 2! 
to trigonometric functions, we get 


x x3 x5 x? 
ee ay ae alee 
x2 x4 x8 
COS t= ome eae | eer aa ets 


1 2 
—7l—_— 738 4+ -—~— 754. ___ x? 
tanz=27- gh ge ape es 


If we express z in minutes of arc in place of radians, as in the above formulas, 
it is necessary to multiply the series by the conversion factor arc 1’ in order to 
retain the dimensions of both sides of the series: 


. | rey , (x’)3 347 (x’)6 Bar 
sin z’=2’ arc 1 — zy are 1 Py — are A Sih ae 
pa ca aie aa cany 
Cos x =1——;— are 1 +377 are 1’—... 


tan «’=—2’ arc pt (x’)3 arc3 12 (25 arc® 1’... 
3 \*) hae 


Replacement of a function by a certain number of terms of a series depends: 
on the magnitude of the angle z and the accuracy required in the result. The 
magnitude of the error due to substitution by one or several terms of a series 
is equal to the sum of the suppressed terms of the series or, approximately, to 
the largest term. The following is a table of the limits for substitution by one 
or two terms of a series to within 1’ and 0’.1. 


Limiting angles for accu- 


racy: 
Se ae Substitution 
1°.0 0’.1 
x! are 1’ 1? oO” 
sinz x3 
x’ are 1’ ae arc? 1’ 29 13 .5 
4 13 0°.5 
COS x 2 
1{——,— arc? 4° 16 .5 aes 
tan z | z’-arc 1’ | 55 25 
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3. On Linear Interpolation and Extrapolation 


Interpolation is the finding of values of a function that corresponds to inter- 
mediate values of the argument (independent variable). 

If a function on a given interval varies in proportion to the variation of the 
argument (linear function), then interpolation is termed linear or simple and 
is handled in the form of a proportion. The linear character of a function becomes 
evident after the formation of its first differences A (or “tabular differences”), 
which in this case remain constant or, to be more precise, do not change more 
than a few units. In nautical astronomy linear interpolation is used exclusively. 

For example, we have the table 


First 
differences 


Argument | Function 


Forming the first differences A, we see that 
Ay + Ag + Az eee 


If the value of the argument z is given, then the value of the function 
y is found from the formula for linear interpolation 


. Hi 
2 


y=yitAy=M ts =a, 


The value of the term Ay is ordinarily found from the proportion 


(Zo— 24)... Ay 
(x--a4) ... Ay 
whence 
(t—2) 
Ay =—————— A 
ae 


If it is required to find from tables the value of the argument z from 
the value of the function y, the problem is solved by reverse entry and the 
value of the increment of the argument, Az, is determined from the pro- 
portion 


Ay... (2g9—24) 


(y—y,) ... Ax 
whence 


Ar= (Xo—24) « 


Y—Yy1 
Ay 
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and 
r=2,-+ Ax 


It is important to develop skill in rapid mental solution of these proportions 
because interpolation is required in practically every problem in navigation 
and astronomy. 

Extrapolation is the finding of a value of a function for an argument (indepen- 
dent variable) that goes beyond the limits of the given table. In nautical astro- 
nomy, this problem occurs when determining chronometer corrections for the 
instant of observations and in certain other problems. Values obtained by linear 
extrapolation should be treated with caution. 
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ESSENTIALS OF ERROR THEORY 


Terminology and the Classification of Errors 


An error of measurement is the difference between the approximate and 
true values (a; and a, respectively) of the Quantity being measured 


aj—a=6; 


where 6 is the error of measurement. An error is characterized by magnitude 
and sign. 

In certain cases, to eliminate an error from the result of a measurement, 
a correction A is introduced, which is the same as the error but with sign reversed 


A;=a—aj=(—6j) 


Errors are associated with every measurement (independently of the observer) 
due to imperfect methods, instruments, human sense organs, and so forth. 

A blunder is an incorrect observation or slip in computation committed by 
an observer due to lack of attention. Blunders are the greatest danger in navi- 
gation. 

Systematic errors.arc those of which both the nature and origin are known. 
If the magnitude and sign of an error remain unchanged throughout a series of 
observations, the error is termed recurring; the regularity of its variation may 
not be known. In nautical astronomy. systematic errors are usually understood 
to be recurring errors. Systematic (recurring) errors are eliminated either by the 
introduction of corrections or by observational methods. 

Random errors are those brought about by multifarious and contradictory 
causes. Their magnitudes and signs may change in every observation. 

Let us consider certain rules for evaluating and reducing the effects of random 
errors. 

All the formulas and methods given below are those obtained for the normal 
law of distribution of random errors (Gauss’ law). 

(a) The most suitable value of a measured quantity is the arithmetic mean ay 
of the individual measurements a; 


+42 + Agtee+ Tan (1) 


a 
n 


(b) To evaluate the accuracy of an observaticnal result, apply the mean 
square error € which is a conventional quantity obtained from the formula 


D8? 
ey — (2) 
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— a are the random errors of separate measurements 
nis the number of measurements 
a is the true value of the measured quantity. 
(c) The arithmetic mean of a number of observations has a mean error €9 


less than each separate measurement by the factor Yn, or 


where 6; = a; 


eo = + — (3) 
Vn 
(d) The mean square error of a series of observations may be found 
(when the true value a is not known) from the formula 


Dv? 
em + V i (4) 
n—1 
where V; = a; _ ao 


a; are the separate values of the measured quantity 
a) is their arithmetic mean 
n is the number of measurements. 
(e) The mean error of different derivations. Suppose we are given an expres- 
sionz = z + y. If the quantities x and y are obtained from independent observa- 
tions with errors e, and e,, the error e, in their sum (difference) will be 


e,=+ Ver+e? (5) 
Similarly, if z=z+2ytu+t..., then 
Il Veitetefet... (6) 


Here, if e,=—e,=e,—e;—e, then 


eg=te VS (7) 


where S is the number of terms. 
If z=k-ax, then 


€z=h-8y, (8) 
If y=f (x), then 
€y =f’ (Zo) ex (9) 


where zg is a certain finite value of z obtained from measurements. 


38* 


APPENDIX VI 


APPROXIMATE METHODS OF ORIENTATION 


1. Approximate Methods of Measuring Angles 


Natural approximate units are the moon, whose diameter is about 0°.5, 
and Ursa Major, the distance between the separate stars of which is shown in 
Fig. 53. 


Fig 240 


The angular distance between the end knuckles of one’s extended hand 
(Fig. 240) is about 8° (between adjacent knuckles it is about 3°). The distance 
pana wide-open fingers of one’s extended hand as shown in Fig. 240 is 
about 20°. 


2. Approximate Determination of Directions 


In the daytime, south can be found approximately by means of the sun and 
a watch. Hold the watch approximately in the plane of the equator and point 
the hour hand towards the sun. Dividing in half the angle between this hand 
and the number 12 if the watch is set to zone time, or one, if set to legal time, 
we get an approximate southerly direction. 

At night, north may be found from the Pole Star. 

If one has made a preliminary determination by a star globe of the azimuths 
of rising (setting) of individual bright stars for a given latitude, it is possible 
to find one’s position from the places of rising (or setting). 
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3. Approximate Determination of Latitude 


In the daytime, latitude may be approximately determined at noon by 
the sun on the basis of the formula p=90°—H,+ 6, where H should 
be at least approximately measured and 6, approximately computed. At 


night, latitude is readily determined roughly by the altitude of the Pole 
Star: @ = hpo). 


4. Approximate Determination of Time 


In the daytime, the time is approximately found from the hour angle of the 
sun, for which one must know where south is. 

At night, time is found from the position of Ursa Major relative to the meri- 
dian. Describe mentally a circle about the Pole Star and graduate it into hours 


-_—— 
Westwards Fasfwards 


Fig. 241 


as shown in Fig. 241, the hour hand being in the direction Polaris— Y-5 Ursae 
Majoris (the inner part of the ladle). This hand will indicate the number of hours 
of local sidereal time S,,,. A distance of 15° — 4h is approximately equal to 
1.5-2 fists, as shown in Fig. 240. 

In Fig. 241, Sjoe ~ 20h.5. We calculate Oa approximately. Suppose the 
date is August 22. Reckoning from 23.09, we have Og, = 12h —32-4m = 9h.9; 
we get tp=Sio¢e—Aq=10h.6 and T)9¢-=12h-+ tg =22h.6. Introducing a cor- 
rection for the longitude, and, if needed, for the lega} hour, we get 7 ny. If, 
for example, Aw=39°, then AT—21°-4 min/°=1h.4 (ZD=4E) an T shileg) © 
= 22h.6+- 1h.4=0h. 
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CHART OF CONSTANT EPHEMERIDES OF THE SUN (86, 1, &g) 


The chart in Fig. 242 is constructed for the second year after the leap year 
(1966) and makes it possible to obtain the coordinates 6~, 7, a, on the Green- 
wich meridian from the arguments: Greenwich date and 7,,. To find 6. and n, 
locate the date, count the number of hours between dates at a glance and indi- 
cate a point on the curve. Yesing dividers, find the distance from the point 
to the horizontal line; on the right lateral frame we get the declination (up 
to +0°.1-0°.2); the distance from the point to the vertical line yields the equa- 
tion of time on the bottom frame (up to +5-10s). The magnitude of right ascen- 
sion of the mean sun @, is taken from the curve opposite the value of 7,, 
(up to +0°.2-0°.5); lowest accuracy is obtained from May to August). Coordina- 
tes obtained from this chart may be used for determining a compass correction 
and when working with a globe. 


{. Obtaining 6, and ‘2. 
To obtain oF use formula (9 =P gp + 12h—y. 


Example 1. 12 October, 1966, 7,,=17h 45m _ 40s. 
From the chart we get: 6-=7°.4S, n= —13m 30s. 


ee 17h 45m 40s 
~ 42 12 

iP 5h 45m 40s 

n +13 30 

‘> | 5h 59m 10s— 89°48’ W 


From the MAE, 54=7°24’ .28; 12) = 89°46’ .6. 


2. Obtaining S,,=tJ,. 
To obtain S,, use the formula Sy,=Tg, + 12h + ey 


Example 2. 13 August, 1966, 7,,=6h 21m. 
From the chart: ag = 141°.4. 


Deaclinatton 


oe 
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ee Gh 12m 

12 12 : 

i 18h 24m = 275°.2 

Og 144 .4 

Sop |  56°.6 (From MAE S,,=56°30’ .4) 


When using the chart for any other year, before entering the chart introduce 
a correction of the date into 7,, from Table 6, Ch. 9, taking the “compilation 
year” as the second after the leap year (second column from the right) and 
picking out the “year of use” on the left. For example, for 1969 the date correc- 
tion will be Ad — +6h 34m, for 1971 Ad -= —5h 49m. This correction is 
added to 7,, only for entering the chart and does not participate in subsequent 
computations. For rough computations, no corrections need be introduced. 
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ANSWERS TO PROBLEMS 


Chapter 2 

2. h=30° 
A=25°NW 

6. A=60°NE 
t= 50-5 

10. 6=35°N 
t= 85°W 
tY — 100° 

15. h=11°33’.4 
A=9°13’.3NW 

18. ¢=13°47'.5E 
6 = 15°50’.5S 

Chapter 3 

I 


1 


4 


Yes, 70°NE (NW) 


Yes, 75°SE (SW) 
Does not set 


(5n > 90° — gn) 
Does not rise 


(5s > 90° — gs) 


3. 6=45°N 
t=75°E 

7. h=25° 
t= 65°W 

11. §=35°S 
t=50°R 
t= 70° 

16. h== —12°2’.4 


A=17°15’.6SE 


19. h=11°16°.3 


6 = 21°8’.2N 


Yes 
R25" 
t= 70°.0(W) 
No 
No 


No 


No 
No 


4, h=30° 
5=10°S 


8. t=65°W 
A=60°SW 


h = —25° 
A=65°NE 
a == 150° 


12. 


17. t=76°56’.0W 


A= 75°6’ .8N W 


helong = 00° 


5. §=10°N 
A=65°SW 
9. t= 30°E 
h=60° 
A=60°SE 


Aetong = 40°NE (NW) 
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II 
1 | Yes, 70°SE (SW) No Yes — Tf = 90° 
(5s = Qs) 
2 | Yes, 80°SE (SW) Yes No — H = 78° .3N 
, h = 25° 
| t = 65° 
3 | Yes, 70°NE(NW)| No No — H = 50°.6N 
4} Yes, 30°SE (SW) No No helong = 20° H == 97°.38 
Aeltong = 40°SE (SW) 
III 
1 | Nonrising No No — H = 0° 
(5s > 90°—@n 
2 | Nonsetting (6x >| Tangent} Yes — H =90° 
> 90°—gn 
3 | ditto No No heiong = 80° H = 87°N 
Aeiyng = 10°NE (NW) 
4 | ditto Yes No — H =72°-78 
h=50° 
t = 60° 
(7) ¢=61°43’.9E (8) £=102°35’.8W (9) "h==22°0' 7 
A= 42°35’ .6NE A=79°31’ .SONW t = 76°59’. 6E 


(10) h—= —40°21'.9 
t = 130°17’.4W 


Chapter 4 


8. Intermediate solution: 8g  15°S; H=75° to S; A=T5°SE. 

9. Intermediate solution: So © 21°N; H=69° to N; A=69°NW. 
10. 6.04 and 8.09. 

41. 3.04 and 10.09. 

12. Will not pass through zenith, nor will it cross prime vertical. 
13. From 1.05 to 14.08 and from 3.11 to 9.02. 

144. Polar day from 22.05 to 24.07; polar night from 20.11 to 23.01. 
15. P=77°5S. 

16. p=67°.5N and S. 

17. A= 34°. 
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Arcturus and Spica to the south, the constellation Gemini to the west, 
and the constellations Aquila and Lyra to the east. 
18. a@~=295°; a, —=115°; Procyon; a and 6 Geminorum. 


19. a Aquilae; 6, —8°.8N; Hy, =58°.8 to S. 


Chapter 8 

(5) S=0h (24h); t,, = 130°33’W. (6) S=12H; t, = 264°8'.2W. (7) S= 
—=2ih 12m 38s. (8) S=10h 51m 32s. (9) S=8h 28m. (410) tg=77°5; t; = 
= 305°.5. (11) S==18h 40m; ty = 167°; t=84°. (13) T= 2h 2m.5 19.01. (14) to= 
— 28°15’.8. (45) T=11h 44m. (16) Typ=12h 14m; 7Trr=—Oh 14m 16.02. 
(19) T—22h 36m 8.02. (20) S=21h 20m. (21) S=5h 38m 47s. (28) Treg= 
—410h 7m 26s 5.04. (29) Tioe = 10h 52m 14s 14.05. (30) 7,==2h 33m 15s 11.06. 
(31) Tgrp=2h 35m 3.09. (32) Fipe=4h 56m 10s 8.07. (33) Tioc=19h 2m 25.11; 


Tgp =Oh 9m 26.14. (34) t7, = 70°; A= 124°E. (35) S=16h 47m. 
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SUBJECT INDEX 


AAE 170 
Aberration 1014 
annual 104 
diurnal 1014 
Abridged Nautical Almanac 170 
Acceleration of a body in altitude 73 
Achernar 127, 135 
Acrux 127 
Admiralty Chart 354 
AE 170 
Agreement (by inner agreement of mea- 
surements) 308 
Air Astronomical Almanac 170 
Akimov’s method (see Azimuth met- 
hod) 385, 386 
Aldebaran 127, 134 
Algol-type stars 124 
Alioth 126 
Almanacs, 170 ff. 
Alphard 126, 133 
Alphecca 127 
Alpheratz 126 
Altair 127 
Altitude(s) 31-33, 47 . 
acceleration of a body in 73 
is da 292 
of celestial bodies, special cases 
of measuring 248 ff. 
circummeridian (of sun) 244 
computed 393 
correc@ng 292 
of bodies measured “above 
the shore line” 296-298 
of bodies measured “via the 
zenith” 298-299 
of bodies with dip measured 
by dipmeter 301 
errors involved in 303, 304 
measured with artificial hori- 
zon 301, 302 
measured with MAC sextant 
302, 303 
of moon 295 
of planets 294 
of stars 294 
of sun 293, 299, 300 


correcting sextant-measured 272 ff. 

of elevated pole 37 

ex-meridian 504 

measured, checking 314, 318 

measuring (with artificial ho- 

rizon) 200, 251 

measuring (of celestial bodies) 

237 ff., 240 ff. 
measuring (of moon) 245 
measuring (of stars and planets) 
245 ff. 

measuring (of sun) 241 

meridian 33 

meridian (of sun) 244 

method of short equal 542 

547-552 

observed 292, 305 

rate of change of 68, 69 

reduced 309 

reducing (of celestial bodies) to 

a single-declination 313, 314 
reducing (of celestial bodies) to 
a single instant 309-311 
reducing (of celestial bodies) to 
a single zenith 3411-313 

sextant 292 

short equal 547 

special tables for 

407 ff. 

true 292, of centre of a body 292 

true geocentric 272, 292 

variation of 66 ff. 

“via the zenith”, measuring 248 ff. 
Altitude azimuth method 338 
American Nautical Almanac 170 
Amplitude 32 
Analysis of observed position, methods 

of practical 450 ff. 
Andromeda 126, 131 
Angle of reduction 218 
Angles, approximate methods of mea- 
suring 9596 
units used in measuring 538 
Anno Domini 169 
Annual aberration 101 
motion of sun 84 ff. 
parallax 99-101 


computing 
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Anomalistic month 110 
Antares 127, 132 
Antimedian 463 
Aphelion 92 
Apogee 914, 109 
Apparent annual motion of sun, ex- 
planation of 88 ff. 
brightness 125 
diurnal motion of celestial bo- 
dies, 53 
explained 74 ff. 
lunar orbit 108, 109 
places 29 
solar day 144 ff. 
Aquarius 80 
Aquila 127, 134 
Arcs, units used in measuring 588 
Arcturus 126, 132, 137 
ARG 45 
ARG-3 355, 421 
Argo 126, 135 
Argo Navis 135 
Aries 80 
first point of 30, 35, 66, 79 
Artificial horizon 250 
liquid 250 
Asteroids 118 
Astrobiology 20 
Astronomical Almanac of USSR 170 
almanacs 170, 171 
bisector 442, 443 
effect of random errors on 448 
refraction 272 ff. 
mean 275 
triangle 45, 46 
computed 394 
solution of 394 ff. 
unit 100 
Astronomische Rechengerdt 45, 421 
Astronomy 19 
aviation 20 
_ descriptive 20 
field 20 


fundamental 20 
general 20 
geodetic 20 
nautical 19, 214 
observatory 20 
practical 19, 21 
radio 20 
spherical 19, 21, 27 
stellar 20 
theoretical 20 

Astrophysics 20 

Atria 127 

Auriga 126, 133, 134 


Autumn 83 
Autumnal equinox 79 
Auxiliary sphere 25, 27, 588 
Averaging device (of sextant) 258 
Azimuth 31, 47 
computed 393 
rate of change of 70-72 
special tables for computing 407 
systems of reckoning 31 
circular 31, 32 
quadrantal 31, 32 
semicircular 31, 32 
Azimuth line 392 
method (see Akimov’s 
385, 386 
Azimuthal methods 369 


method) 


B 


Backlash of tangent screw 228 
Back-sight observations 248, 249 
Basic error formula 373 
Bellatrix 127 
Belt of position(s) 434, 435 
Benetnasch 126 
Betelgeuse 127, 134 
Bigreave’s rule 424 
Binairies, eclipsing 124 
Blunder(s) 305 

definition of 594 

detection of 451, 472 
Bootes 126 
Bringing body down to horizon 237 
Brown's Nautical Almanac 171 
Burdwood’s tables 353 


C 


Calculating Chart No. 290; 354 
Calendar 166-169 
Gregorian 168 
Julian 167, 168 
lunar 167 
luni-solar 167 
new style 168 
solar 167 
Cancer 80 
Canis Major 126, 133, 134 
Canis Minor 127, 133, 134 
Canopus 126, 135 
Capella 126, 128, 133, 134 
Capricornus 80 
Carina 135 


Cassiopeia 126, 130 
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Cassiopeia A 267 
Castor 126, 133 
Celestial axis 28 
equator 28 
globe 321-324 
aids that replace 329-333 
solving problems with 325-329 
horizon 27 
mechanics 20 
meridians 29 
poles 28 
sphere 25, 27 
construction of 41 
Centaurus 127, 137 
Cetus 126: 
Chart for air navigation, Soviet 330, 
331 
Charts, zone-time 162 
Christian Era 169 
Chronometer 193 ff. 
and watch error 
197-199 
care of 208, 209 
construction of 4194 ff. 
marine 193 
working with 209-242 
Chronometer correction 198, 199, 212 
error 200 
escapement 195 
rate 200 
reducing to observation times 212 
trouble 209 
Circle(s) of equal altitudes 376-381 
equation of (on celestial sphere) 
379 . 


(correction) 


equation of (on Mercator map) 


use of (on celestial sphere) 384 
use of (on earth globe) 383 
of equal zenith distances 378 
of errors 444 
pe latitude 82 
f latitude of Aries 82 
Circle measure 588 
Civil time 148 
Clock, atomic 1414 
marine 197 
quartz 144 
ship 197 
Cocked hat (see Triangle oferrors) 459 
Coincidence, bringing body into (with 
horizon) 240 
Comparison 209 
Compass correction 337 
determining (in general 
349-347 


case) 
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special cases in determining (from 
sun, Polaris) 356-361 
total 337 
Computational techniques 590-593 
Computed altitude 393 
azimuth 393 
position 394 
zenith 394 
Conjunction, inferior 120 
superior 120 
Constellation(s) 124 
circumpolar 130 
navigational 126, 127 
zodiacal 80 
Coordinate system, ecliptic 30, 82 
equatorial 40 
first equatorial 33-35 
galactic 30 
horizon 30, 31 ff. 
second equatorial 35-37 
Coordinates, apparent 106, 107 
ecliptic 82 
lunar, changes in 115 
mean 107 
true 107 
Corona Borealis 127, 132 
Correcting altitude 292 
Correction, index 224 
zero-point 219, 220, 221 
Cosmogony 20 
Crux 127, 136 
Culmination 54 
Cyclic curves 379 
Cygnus 126, 131, 267 
Cylindrical rule 424, 425 


D 


Dead-reckoning position 376 
Declination 34-36, 47 
circle(s) 29, 30 
of zenith 38 
Degrees 37 
Demon Star 124 
Deneb 126, 131 
Denebola 133 
Depressed pole 28 
Determining point 392 
Deviation tables, compilation of 
361-363 
Difference line of position 443 
Diocletian Era 169 
Dip 278, 282 
of horizon 278 
formulas for 284 
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short of horizon 278, 279 
derivation of formulas for 279 
Diphda 126 
Dipmeter 213 
essentials of 283 ff. 
Kavraisky 283, 284, 286, 287 
operation of 286, 287 
new Soviet 287 
Pulfrich 283, 287 
Direct motion 120 
Directions, approximate determina- 
tion of 596 
Diurnal aberration 101 
motion of sun 84 ff. 
parallax 99-101, 288 ff. 
for Mars 290 
for sun 290 
for Venus 290 
Double sights 436 
Draconic points 108 
Draconitic month 110 
Dubhe 126 
E 


Earth 118 
radius 280 
Earth’s orbit 90 
Eccentricity of index arm 225 
errors 227 
Eclipsing binaries 124 
Ecliptic 78, 90 
axis of 78 
north pole of 78 
obliquity of 78 
poles of 78 
south pole of 78 
Ecliptic coordinates 82 
latitude 82 
longitude 82 
system of coordinates 82 
Elevated pole 28 
Ellipse of errors 446 
’ construction of 447 
mean 446 
Elongation 58, 120 
Entry, reverse 177 
Epact 116 
Ephemerides of celestial bodies 170 
Nautiques 170 
of sun, chart of constant 598 
Ephemeris time 140 
Equation of the centre 150 
of time 149-152 
Equinoctial points 79 
Equinox, autumnal 79 
March 79 


September 79 
vernal 79 
Era 169 
Christian 169 
Diocletian 169 
Nabonassar 169 
Eridanus 127 
Error(s) 994 
adjustable (of mirrors and teles- 
cope of sextant) 225 
of alignment 306 
basic equation of, derivation of 
372, 373 
circle of 444 
in computed altitude 4314 
in computing h, from _ instru- 
ments 432, 433 
in constructing lines of position 


definition of 594 
in direction of position line-427 
effect of systematic 440 ff. 
ellipse of 446 
constructing 447 
mean 446 
in hour angle, effect of 508 
reducing and eliminating 511 
instrument (of azimuth circle) 
344 
due to irradiation 291 
joint effect of systematic and 
random 449, 45 
limb division (of sextant) 225 
of manufacture (of sextant) 225 
mean-square 307, 308 
computation of (of altitudes) 
314-316 
definition of 594 
in measured altitudes 305 ff. 
of method, effects of on observed 
latitude 498-504 
of method proper of position 
lines 429 
of micrometer drum 228 
of observation, effect of on ob- 
served latitude 498-504 
in observed altitude 431 
parallelogram of 485 
personal systematic (determining) 
318 
in position of telescope and mir- 
rors (of sextant) 228, 233 
quadrangle of 470 
random 305, 306 
in compass bearing 340 ff. 
definition of 594 
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effects of 462, 471 
in taking bearings of celestial 
bodies 344 
ways of reducing effects of 319 
rhombus of 445 
root-mean-square 306 
sighting 306 
standard 306 
-systematic 305, 306 
in compass bearing 340 ff. 
definition of 594 
effects of 460 
eliminating 470 
ways of reducing effects of 


319, 320 
of threading of gear rack (of sex- 
tant) 225 
total random (in position line) 
343 


triangle of (see Cocked hat) 459 
Error formula, basic 373 
theory 594, 595 
Euler’s triangles 584 
Ex-meridian altitudes 504 
observational limits of 509 
reduction of 504 
Extrapolation 593 


F 


First point of Aries 30, 35, 66, 79 
of Libra 79 

First quarter 112 

Fixes, combination methods for ob- 

taining 492, 493 

Fomalhaut 127, 1314 

Formulas, addition 583 
double-angle 583 
for reducing functions to angle of 
first quadrant 582 
semiperimeter 587 
for solving elementary spherical 
triangle 588 
subtraction 583 
of sums and differences of func- 
tions 583 
tangent 583 
of trigonometric functions of 
suns and differences of angles 
583 

Forward motion 54 

Foucault pendulum 74 

Fourth quarter 113 

Frigid zone 83 

Full moon 112 


G 


Gauss law 308, 594 
tables 395 
Gemini 80, 126, 133 
Geocentric hypothesis 88 
parallax 101 
Geographic position 377 
Globe, celestial 321-324 
solving problems with 325-329 
“30” 321, 324 
Golden number 116 
Great opposition of Mars 120 
Greenwich meridian 40 
Gregorian calendar 168 
Grids for transformation of coordi- 
nates 43 ff. 
Gilden’s theory 275 
Gyrolatitude 371 


H 


Hegner computer 421 
Heliocentric parallax 104 
system 88 
Hemispheres 28 
High Water Full and Change 118 
Horizon, apparent 278 
artificial 250 
visible 278 
Horizon glass 216 
Hour angle 34, 47 
east 34 
ordinary 34 
west 34 
Hydra 126, 132 


I 
Illumination system (of MAC sextant) 
0 


Inclination of line of sight, formula 
for 280 
Increments and Corrections (in N.A.) 
172 
Index arm (of sextant) 215 
correction 221, 234 
finding 233 ff. 
reducing 236 
mirror (of sextant) 2415 
checking perpendicularity of 
231 


Instrument correction 227 
Instrumental methods 370 


SUBJECT 


Instruments for computing altitude 
and azimuth 420 ff. 

Integrator (of sextant) 258 
Intercept 393 

method 392 
International date line 165, 166 
Interpolation, linear 592 

simple 592 
Irradiation 291 

errors due to 294 


J 


Johnson’s method 386 
Julian calendar 167, 168 


days 
period 169 
Jupiter 118, 123 


K 
Kavraisky dipmeter 283, 284, 286, 
287 


planisphere 45, 421 
Kepler law(s) 89 
second 914 


L 


Last quarter 113 
Latitude 47 
approximate determination of 597 
circles of 82 
determination of 496 ff. 
determination of from ex-meri- 
dian altitude of celestial body 
504, 512-519 
determination of from Polaris 
altitudes 519-524 
ecliptic 82 
principle of determining 368 
method 385 
Leeway 404 
Leo 80, 126, 132 
Libra 80 
first point of 79 
Light year 101 
Line of nodes, regression of 110 
Line(s) of position 376, 388 
altitude 384, 392 
difference 443 
elements of 392, 393 
equation of 390, 391 
equivalent 534 
error(s) in constructing 426 ff. 
error in direction of 427 
error of method proper of 429 
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generalized method of 388 ff. 
laying down 402 
method of 392 ff. 
limitations of 430 
plotting 402 ff. 
properties of 404-407 
universality of 406, 407 
using a single 493-495 
Logarithmic method of computation 
395 
Longitude, ecliptic 82 
determination of 496 ff. 
determination of from altitudes 
of celestial bodies and chrono- 
meter 528, 529 
principle of determining 368 
Longitude method (see Sumner 
method) 384, 385 
Loth computer 421 
Lunar calendar 167 
coordinates, changes in 115 
cycle 116 
month 110 
nodes 108 
orbit, apparent 108, 109 
Lunation number 115 
Luni-solar calendar 167 
Lunitidal interval 117 
Lyra 126, 1314 


M 


MAE 170 
MAE tables, structure of 171 ff. 
of earlier years, use of 185 ff. 
Magnitude, stellar 125, 128 
Markab 127 
Mars 118, 123 
great opposition of 120 
Mean day 146, 147 
hours 147 
midnight 147 
minutes 147 
seconds 147 
solar day 146 ff. 
solar time 146 ff. 
sun 146 
time 139, 148 
Measure, circular 588 
radian 588 
Measurement of coordinates, units of 
36, 37 
Mercator projection 379, 426, 427 
Mercury 118 
Meridian 30 
colostial 29) 
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Greenwich 40 
local 28 
lower branch of 28 
observer’s 28, 30 
upper branch of 28 

Meridan altitude 33 
passage (determining time of) 
179 ff. 
zenith distance 33 

Method of altitude lines of position, 

limitations of 430 

latitude and azimuth 386 
latitudes (see Latitude method) 
385 
Marcg Saint-Hilaire 386 ff. 389, 
392 ff 


short equal altitudes 542, 547-552 
transporting chronometers 528 
Metonic cycle 116 
Mirfak 127, 134 
Mnemonic rules of Napier 61, 399 
Month, anomalistic 110 
draconitic 110 
lunar 110 
sidereal 110 
synodic 110 ° 
Moon, age of 142 
angular radius of 109 
apparent motion of 108 
diurnal parallax of 109 
full 4142 
new 112 
phases of 111, 112 
symbol of 108 
oe apparent, determining time 
979 


, computing time of from MAE 584 
Moonset, apparent, determining time 
of 579 
computing time of from MAE 5814 
Motion, annual (of sun) 84 ff. 
apparent (of moon) 108 
apparent annual (of sun) 77 
explanation of 88 ff. 
apparent diurnal 53 
explained 74 ff. 
direct 120 
diurnal (of sun) 84 ff. 
forward 54 
observed annual (of sun) 92 
retrograde 54, 120 


NA 170, 183 
Nabonassar Era 169 


Nadir 27 
Napier, mnemonic rules of 61, 399 
Nautical Almanac 183 
Be Almanac (MAE) 22, 
7 


Tables (MT-63) 22 
Nautisches Jahrbuch 170 
Navigation 19 
Navigational constellations 126, 127 

planets 123 

stars 126-128 

triangle 45, 46 
Neap 113 
Neap tides 118 
Neptune 118 
New moon 112 
New style calendar 168 
Novens law of universal gravitation 
Nights, twilight 578 

white 578 
Node(s), ascending 108 

descending 108 

lunar 108 
Nonrising bodies 57 
Nonsetting bodies 57 
Noon line 28 
Number, golden 116 

lunation 115 - 
Nunki 127 
Nutation 106 

O 


Obliquity of ecliptic 78 
Observations, simultaneous 436 
Ophiuchus 4126 
Orientation 596, 597 
approximate methods of measu- 
ring angles 596 
approximate determination of di- 
rections 596 
of latitude 597 
of time 597 
Orion 127, 133, 134, 267 


P 


Parallactic angle 46, 47 
triangle 45, 46 
Parallax, annual 99-101 
diurnal 99-101, 288 ff. 
of moon 109 
equatorial horizontal 289 
geocentric 101 
heliocentric 104 
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Parallel(s), of altitude 29 
of a body 29 
of declination 30 
Parallelogram of errors 485 
Parsec 1014 
Passage (of a body) across prime ver- 
tical 60, 64 
Pegasus 127, 130 
Pendulum 141 
Perigee 91, 109 
Perihelion 94 
Perseus 127, 1314 
Pisces 80 
Piscis Austrinus 127 
Planets 118, 119 
inferior 118-120 
navigational 123 
superior 1418-120 
Planisphere, Kavraisky’s 45, 424 
Pleiades 134 
Pluto 188 
Point(s), draconic 108 
equinoctial 79 
rising 04 
setting 54 
solsticial 79 
stationary 120 
Polar day 87, 576 
distance 35, 38 
night 87, 576 
Polaris 127-129, 359, 360, 519, 520, 
962, 565, 566 
Pole, depressed 28 
elevated 28 
Pole-finder 3714 
Pole Star 128-130, 519 
Pollux 126, 133 
Position(s), assumed 394, 405, 438 
belt of 434, 435 
chosen 405, 428 
computed 394 
determination of, by astronomical 
“methods 364 ff. 
from four stars 470 ff. 
in low latitudes (for sun altitu- 
des up to 85°) 540-547 
in low latitudes (for sun alti- 
tudes exceeding 88°) 552-561 
by observing altitude and azi- 
muth 368 
from position line and body 
near meridian or prime verti- 
cal 529-532 
from sun altitudes for smal] 
azimuth difference 533 
from three stars 464 1. 


D.R. 394 
by method of position lines 436 ff. 
methods for separate determina- 
tion of latitude and longitude of 
496 ff. 
most probable (of ship) 462 
observed 438 

methods of practical analysis 


of 450 ff. 

obtained from two star sights 
452 ff. 

obtained from differént-time 


sun sights, effect of errors on 
479-487 
special methods for determining 
(of ship) 533-568 
transferred 438 
Position line (see Line of position) 
384, 392 
Precession 103, 
general 105 
Prime vertical 29, 60, 61 
Principal vertical circle 30 
Prism, Wollaston 246 
Prismatic error, of coloured shades 
228 . 
of index mirror 225 
Procyon 127, 134 
Projection, equidistant 43 
Mercator 379, 426, 427 
Postel 43 
stereographic 43 
Pulfrich dipmeter 283, 287 
Pulkovo Astronomical Observatory 
275 
Puppis 135 
Pyxis 135 


104 


Q 


Quadrangle of errors 470 
Quadratures 113 
Quasi-dilference 175 


R 


Radian 37, 588 

Radian measure 588 

Radio sextant 213, 267 ff. 

Rasalhague 126 

Rate 200 
of change of altitude 68, 69 
of change of azimuth 70-72 
chronometer 200 
temperature formula of 201 

Reckoning, circular 3t, 32 
quaadrantab af, a2 
semicivenhar bh, a! 
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Reduction of altitude 505 
to equator 150 
of ex-meridian altitudes 504 
to a single zenith, graphical 437 
Reed’s Nautical Almanac 171 
Refraction, astronomical 272 ff. 
terrestrial 276 
true 276 
Regression of line of nodes 110 
Regulators 141 
Regulus 126, 133 
Relationship between parallel of lati- 
tude and altitude position line 524, 
525 
Résal theorem 105 
Retrograde motion 54, 120 
Reverse entry 177 
Rhombus of errors 445 
Rigel 127, 134 
Rigel Kentaurus 127 
Right ascension 36 
plains, apparent 569 
oI celestial bodies 569 ff. 
true 59, 559 
Rising points 54 
Root-mean-square errors 306 
Rotation, terrestrial 76 
Rude Star Finder 331 
Running fix 436 
instructions for obtaining 487-492 
from two altitudes of one celestial 
body 476-479 


S 


Sagigtarius 80, 127 
Saint-Hilaire method 389, 392 ff. 
Saturn 118, 123 
Scale-angle method 403 
Schedar 126 
Schitte’s Azimuth Graphs 353, 355 
Scorpio 80, 132 
Scorpius 127 
Pe meters of celestial bodies 290, 
Setting, apparent 569 
of celestial bodies 569 ff. 
true 959, 569 
- Setting points 54 
Sextant 243 ff. 
adjustment of 228-233 
artificial-horizon (with integra- 
tor) 243 
with artificial horizon 252 ff. 
Class A 228 


Class B 228 
with gyrohorizon, 
tures of 216, 262 
MAC, 252, 253 
choosing site of observation for 
design of 256 ff. 
determining correction of 263 
observing celestial bodies with 
266 
preparing for observation 265 
use of 262 ff. 
MMC 252 
design of 260, 261 
instrumental errors of 225 ff. 
integrating aviation 252, 253 
marine 213 
elements of 222 ff. 
theoretical principles of 214 ff. 
radio 213, 267 ff. 
Séviet-made micrometer 222 
swinging the 238, 239 
Sextant altitude 292 
reading 292 
Short equal altitudes 542, 547-552 
Sidereal day 141 | 
hour 1414 
hour angle 36, 143 
minute 141 
month 110 
second 1414 
time 36, 138, 
144 
units 147 
year 104 
Sights, four-star 474 
star 436 
Sirius 126, 128, 134 
Solar calendar 167 
day 14 
apparent 144 ff. 
mean 146 ff. 
time 144 
Solstice, December 79 
June 79 
summer 79 
winter 79 
Solsticial points 79 
Sothis 135 
Southern Cross 136 
Spherant 371 
Spherical geometry, essentials of 584, 
585 


design fea- 


139, 141, 142, 


triangle 584 
elementary 585 
quadrantal 585 
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right 585 
small 585 
Spherograph 381 
of foreign make 382 
Spica 126, 132, 137 
Spring 83 ; 
Standard of time 193 
Standard Time 204 
Star-altitude-curve chart 382 
Star altitude curves 382, 383, 561-568 
definition of 561 
identification by means of tables 
° 3 


33 
identifier 331-333 
maps 128 
sights 436 
Stars, Algol-type 124 
classification of 124 ff. 
navigational 126-128 
Stationary point 120 
Stellar magnitude 125, 128 
Student’s law 308 
Sublunar point 377 
Subsolar point 377 
Substellar point 377 
Summer 83 
Summer triangle 131 
Summer line (see Line of position) 
384 
method (see Longitude method) 
384, 385 
Sun, apparent annual motion of 77 
apparent motion of 77 
ephemerides of, chart of constant 
098 
nonrising 9576 
nonsetting 576 
observed annual motion of 92 
Sunrise, apparent 570 
true 570 
Sunset, apparent 570 
true 570 
Swinging the arc 238, 239 
Swinging the sextant 238, 239 
Swinging under the sun 242 
Synodic month 110 
System of formulas, first 394 
second 397 
third 399 
Syzygies 113 


T 


Table(s), Akhmatov’s 410 
AP No. 3270 420 
artificial 408, 410 


BAC-58 412, 414, 416, 419 
Burdwood’s 347, 353 
for computing altitude and azi- 
muth 407 ff. 
correction 418 
Demin’s 350 
deviation 361 
Gauss 395 
H.D. No. 486; 412, 414 
H.O. No. 214; 4412, 414 
H.O. No. 249; 420 
Hughes’ 411 
Japanese No. 603; 420 
Kotlaric’s 411 
numerical 408, 411 
special (for computing azimuth or 
bearing of celestial body) 347 ff. 
TBA 409, 412 
TUI-56; 345 
TUC-51; 350 
TUIIC-56; 350, 354 
trigonometric 407, 408 
Yushchenko’s 348, 349, 353, 408 
Tangent formulas 399, 400, 583 
Taurus 80, 127, 133 
Temperate zone 83 
Terrestrial rotation 76 
horizontal component of 76 
vertical component of 76 
Tides 112-118 
neap 118 
spring 117 
sere approximate determination of 
7 


atomic and molecular systems for 
measuring 140 

basic formula of 142-144 

Central European 162 

civil 148 

converting from mean to sidereal 
154-156 

converting from mean to sidereal 
units 153. 

converting from sidereal to mean 
154-156 

converting from sidereal to mean 
units 153 

daylight saving 163 

ephemeris 140 

equation of 149-152 

Greenwich 157 

Greenwich mean 157, 171 

legal 160, 163 

local 157 

mean 139, 148 

measurement of 138 ff. 


614 SUBJECT 


Moscow 163 
reckoning 139 
ship 160, 163 
‘ sidereal 138, 139, 141, 142, 144 
solar 138, 144 
standard 204 
standard of 193 
summer 163 
units of 138 
universal 157 
on various meridians 156 ff. 
zone 160, 1614 
Time azimuth method 337 
measurement, relationship bet- 
ween sidereal and mean units 
152-154 
signals, American program of 203 
English system of 203 
J apanese program of 203, 205 
new internat’] program of 203 
radio 202 ff. 
United States 204 
units 37 
zone 1614 
Timekeeping at sea 193 
Timepieces, care of ship 212 
Torrid zone 83 
Transferring dead reckoning 473 
to observed position 451, 452 
Transit 954 
lower 54 
upper 04 
Triangle, astronomical 45, 46 
of errors (see Cocked hat) 459 
navigational 45, 46 
-parallactic 45, 46 
summer 131 
Triangulum Australis 127, 137 
Trigonometry, plane, essentials of 582, 
083 


spherical, basic formulas of 586- 
088 
essentials of 586-589 
Tropic of Cancer 81 
Tropic of Capricorn 84 
Tropical year 80 
True rising of a body 59, 569 
True setting of a body 59, 569 
Twilight, astronomical 577 
civil 577, 578 
determination of ship’s time of 
976-579 
nautical 577 
Twilight days 578 
nights 578 
Twaq-altitude problem 368 


INDEX 


U 


Units used in measuring arcs, angles 
588 

Uranus 118 

Ursa Major 126, 129 

Ursa Minor 127 


Vv 


Variation of altitude 66 ff. 
analytical solution of 67-69 
geometric solution of 66, 67 

Vega 126, 131 

Vela 135 

Venus 118, 123 

Vernal equinox 79 

Vernier, theory and design of 294 ff. 

Vertical circle(s) 29, 30 
of a body 29 

Virgo 80, 126, 132 


W 


Watch, deck 196 
stop 197 
Watch correction 199 
Wedge angle 225 
Weier’s Azimuth Diagram 353 
White nights 578 
Willis machine 421 
Winter 83 
Wollaston prism 246 


Y 


Year(s), calendar 168 
civil 168, 185 
common 168 
leap 168 
sidereal 104 
tropical 80, 185 
Yushchenko’s tables 348, 349, 353, 408 


Z 
ZD 164 
Zenith 27 
computed 394 
determining place of (by instru- 
ments) 369, 
determining position of (gra phi- 
cally from lines of position) 369 
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general principles for determining Zodiac, belt of 80 


366 ff. ring of 80 

instantaneous position of 366 Zodiacal constellations 80 
Zenith distance 33 Zone, frigid 83 

of elevated pole 37 temperate 83 

meridian 33 torrid 83 
Zenithometer 370 ~~ Zone description 164 


Zero-point correction -219, 221 Zone-time charts 162 
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